
MS PI controller explanation
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Quick clarification of the PI controller of the gradient-based (MS) model implemented
in RAPTOR, with a little help from [Haugen, 2010].

We start from eq. 2.7 of Teplukhina [2018], generalised to µ ∈ {µne, µTe}:

µ = µff(tk) +Kp · e(t) +Ki ·
∫ δt

e(t)dt (1)

We discretise eq. 1 using Euler’s Backward differentiation method, namely:

ẋ(tk) =
x(tk)− x(tk−1)

∆t
(2)

The key thing here (which is also the confusing one) is that we actually want to compute
the incremental control value:

∆µ(tk) = µ(tk)− µ(tk−1) = ∆t · µ̇(tk), (3)

such that one must take the time derivative of eq. 1:

µ̇(tk) = µ̇ff(tk) +Kpė(tk) +Kie(tk)

=
µff(tk)− µff(tk−1)

∆t
+Kp ·

e(tk)− e(tk−1)

∆t
+Ki · e(tk).

(4)

Hence, by multiplying µ̇(tk) with the time step ∆t we get the µ increment:

∆µ = ∆µff(tk) + ∆µfb(tk) (5)

such that, for each time iteration:

µ(tk) = µ(tk−1) + ∆µff(tk) + ∆µfb(tk) (6)

with
∆µff(tk) = µff(tk)− µff(tk−1) (7)

and:
∆µfb(tk) = Kp · [e(tk)− e(tk−1)] +Ki ·∆t · e(tk) (8)

In practice in the code, the errors are computed from the previous state estimate
x(tk−1) and the µ value computed at time iteration k is µ(tk−1), using the error e(tk−1).
In chi MS.m and vpdn MS.m, the errors are expressed respectively:

eTe(tk−1) = Href
e (tk−1)−Heff

e (tk−1)

ene(tk−1) = nref
e,l(tk−1)− neff

e,l(tk−1)
(9)

Final note: in the code, the gi gain is equivalent to Ki∆t.
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