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1 Introduction

The modified Rutherford equation (MRE), starting from the Rutherford equa-
tion [Rutherford1973], can be written as follows:
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where p, represents the radial location, in meters, of the rational surface where
g = m/n for the m, n mode considered (m, n, being the poloidal and toroidal
mode numbers). 7g is defined as [SauterPoP1997]:
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where 7,,¢, is the neoclassical resitivity at the rational surface using [SauterBS1999;2002].
The definition of ps will be discussed in the next Section.

The various terms contributing to the island growth rate in Eq. , AL
correspond to the various contribution: classical (A/,,..), perturbed bootstrap
(A},), current drive (A’,), etc. They are detailed in the following sections.

2 On the radial variable

The radial variable has historically been “r”; the minor radius (or averaged
minor radius 7 = (Rmax — Rmin)/2) since the various terms have been derived
from large aspect ratio calculations. However, when various shapes and realistic
aspect ratio tokamaks are being compared, and in particular gradients, we prefer
a variable based on flux surface. The closest to a radial variable is py ~ V'V,
but pg ~ V@ is good as well, where V is the volume enclosed in a flux surface
and @ the toroidal flux. In addition the “simple” relation between ¢ and B, is



often used to simplify or modify the various terms, since it is a relation valid
for large aspect ratio:
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Note that all these variables need to be defined in realistic aspect ratio and
shape, hence the ’ 7 ’. For B¢ = By and R = Ry, it is a natural choice. Note
that it is important to keep Ry and By related, thus By is usually the vacuum
field at R = Ry, to keep Ry - By = cst relevant for the case studied. Following
[HintonHazeltine1986] we can define:
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with pg = \/®/(7Byp). And using ¢ = (1/27) d®/dy) we obtain:
pa By
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It is often useful to have a normalized radial variable, which value lies between
0 and 1, in particular for interpolations. We therefore also define p:

P= Pomorm. = —o— = L2 (6)
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where , stands for the value at the plasma boundary which has a minor radius
noted a. The minor radius of the plasma boundary is defined as:

= Rmax - Rmin7 (7)
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where Ry.x and Ry, are the maximum and minimum values of R of the last
closed flux surface, or more precisely at Z = Z,,;s- For the modified Ruther-
ford equation (MRE) in particular, but actually in many situations to compare
with experimental results, one needs a “flux surface” radial variable close to the
configuration space minor radius. This is obtained by using either py = /V/V,
or p multiplied by the last closed flux surface minor radius a. Since we want
to relate By and B, as we shall see below, it is better to use p and Eq. .
For MHD-related equations, it is useful since the position of the rational surface
q = m/n is important and should be between 0 and «a, thus we define p as:

5= pafml, (8)

and the value at the rational surface often written p; in published papers which
we write here as:

pmn = p(q =m/n)a [m]. (9)



This allows also to define the flux surface inverse aspect ratio with the same
radial variable:

Pmn
e = 2 (10)

In this way we define B, such that we can replace it with:
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Since all the radial variables “p” are related to the toroidal flux, if not otherwise

stated, we omit the subscript “s” in the following.

3 Al

The bootstrap term has been combined essentially using [Fitzpatrick1995] and
the bootstrap formulas [SauterBS1999;2002]. In addition, following the work by
[Poli2002] showing that the effective wq for ions is much larger than for electrons,
we can separate the fraction of bootstrap current due to electrons (fpse) from
the one due to ions (1 — fpse). These lead to the equation first published in
[SauterPPCF2002, Eq(1)]:
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In this equation, as is a “free” parameter which is known only in large aspect
ratio, circular shape. It has been taken around 2.6 since [SauterPoP1997]. This
was to match the observed saturated islands, assuming pp,Aj = —m. Thus
they are somewhat related. The term wq,. should be taken as in Eq.(6) of
[SauterPP CF2002]:
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with x| = veRoLg/n in [m?/s] and x. from local value or a?/7p, using a
scaling law for energy confinement time. The wg,; is taken as:

wai = V28 pp = V28 /€ pp, (14)

with p, the banana width and p, the ion poloidal Larmor radius v;/w.;, where
the thermal velocities are taken here with v/2.

Note that the ion part of the bootstrap current, mainly due to ion density
gradient is relatively small, this is why fyse = 1 is used most of the time. Note
also that Lys ~ L3; = f; can be used, with f; = 1.46./€ the large aspect ratio
value used in |[Fitzpatrick1995].

The value of 3, in Eq. has been taken either as the global value, especially
when comparing with experimental results, or as the local value, in particular



when coupled with a transport code. Since there are many definitions for Sy,
it is sometimes better to replace it. Using above equations and B, (Eq.(11))) in
Bp, we have:

g, = 200 _ 260 Pmn B (15)
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which leads to introducing:
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Thus
p
= — 1
s=2, (17)

which can be introduced in Eq. with Eq. (15):
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It is now interesting to introduce the bootstrap current density itself. In fact
the term p/ — L, comes from jys =< jps - B > /By = (p/Bpo) (|Lss|/ — Lp), thus
we obtain:
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which we introduce in Eq.
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It is also sometimes written as:
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where again the subscript ,,, means that the term is evaluated at ¢ = m/n. If
frse is evaluated from the actualy profiles, then it should also be the local value
fose,mn- The local bootstrap current density jps mn represents the equilibrium
bootstrap current density, that is the “maximum” perturbed current density
that can be driven by the presence of an island, if the profiles are fully flattened.
The terms in parenthesis reduce this value if the island is not too large and the
profiles not fully flattened. If the MRE is coupled to a transport code, which
leads to flattened profiles in the presence of an island, then the local 7,5 from
these profiles will be reduced and close to zero. However in the MRE one should



use the bootstrap current density one would obtain if there was no island, which
we can call jis0. Thus Eq.(20) can be written:
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In practice, jps0,mn can be evaluated from a linear interpolation of j,s obtained
at one full width away, on each side, from p,,,,, where the profiles are not altered,
thus using:
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/
4 Aclassical
The classical A’ should be calculated from an equilibrium and effective ¢ pro-
file. However it is very sensitive to derivatives of ¢q. For simulations using the
MRE, another approach is used, assuming the island is relatively large and the
“average” effect of equilibrium current density leads to a value of:

Prnly = —m (24)

It is important to note that this leads to two “side” effects. First the satu-
rated island width is essentially related to A’z¢/Aj, thus the coefficients used
in prnAlzg would be different if another value for Af; was used. Second, the
characteristic increase of the island width with time is also related to this as-
sumption. This is why sometimes, keeping pmn,Aj = —m, the value of 7x
(effective resistive time) needs to be modified to match the experimental ob-
servation. If the island is driven due to an unstable ¢ profile, that is due to a
positive A, .. . at w =0 and if one wants to simulate the full time evolution,
from small island size, the term needs to be modified following the stabilizing
effect of the modification of the current density by the island [White1982] and
the observation as in TCV [Reimerdes2002]:

ﬁmnAf:lass = ﬁmnA6 - O‘—L7 (25)
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where g, Aj takes a positive value and « is always positive. From [White1982]
we can take as first approximation their lowest order term:
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while ensuring that « stays positive (for example taking v = max[FEq.(26)), m]).
However this is for w between 0 and the “classical” saturation value Py, Af) Prmn /-

At larger w, A/, .. should saturate as well, thus we define:
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written such that if p,,, Al = —m it is well defined and we recover Eq., such
that we follow Eq.(25) at small island width and we recover Eq.(24) at large
island width.

5 Agas

From [Lutjens2001] and following the notation of [SauterPPCF2002]
6Dp
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where the resistive interchange term Dpg can be obtained from CHEASE output
([CHEASE1996]), for example, or approximated by:
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Thus we get:
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Note that 3, L,/ — L, expresses the fact that the term is also proportional to the
pressure gradient and indeed it should be kept similar as the bootstrap term,
as shown in [SauterPPCF2002] and [Sauter1997], since at large island the GGJ
term leads to a “simple” reduction of the bootstrap term (proportional to p’/w).
Therefore one should either use Eq. with Egs. and . On the other
hand, if jps is introduced, which is useful when coupling with a transport code
and when ECCD is involved, using Eq. , then one should also introduce it
here. But first, as we did for the BS term, we can replace §:
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Now we can also introduce jy,, following Eqs. (15, we first write:
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or using Eq. :
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Note that the term €2 expresses the fact that the GGJ term is actually propor-
tional to 8 rather than f, and thus is much smaller than the BS term except
for tight aspect ratio tokamaks as discussed for example in [Buttery2002]. For
MAST-type tokamaks, we might also need to use Dr from CHEASE instead of
the approximation.

6 Al

For this term, we shall follow mainly the fitted functions, notations and results
given in [Sauter2004] and [DeLazzari2009]:
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with I.4 the total driven current by the beam considered deposited at pg.p, with
a deposition width wgep,. Hence the relation we shall use between j.q and I.4:

Ieqg = # Wep Pdep Jedo- (37)
Note that in this case using pg would be more consistent, since it is the surface
which counts between j.; and I.4, however the small differences are included
in the free coefficients in front of each terms. The function Neg(w/wgep, D)
(or 7gus) determines the dependence of A/, on the island width, the function
Ged(W/Wep, Paep) the misalignement with respect to py,, and M(w/wgep, D)
the effect of modulation relative to the on-time fraction D. We shall assume
CW deposition here, thus D = 1 and M (w/wqep, D) = 1.
We can replace B, in the same way as before, in order to not depend on its
effective definition, yielding:
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This equations would be used in particular with the relations where 3, and B,

have been substituted without introducing j,, thus Eqgs. 32). If one
37):

wants to relate to the driven current density, introducing Eq. (|
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where j.q0 marks the fact that it is not j.g at the ¢ = m/n surface but
the value at pgep since the misalignement effect is already accounted for in
Ged(W/Wep, Paep) (defined below).

Since the criteria for NTM stabilization includes either I.4, hence Eq. ,
or jed/jbs, we still need to introduce j,s here as well. Using Eq. we can
write:
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The function Neg(w/wgep) is taken from [Perkins2003, Sauter2004], assuming
CW local deposition:
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The misalignement term is taken from [DeLazzari2009] (Fig. 2). The mis-
alignement mainly leads to a significant decrease when the deposition is outside
the island, thus |pgep — Pmn| < max(w,wqep)/2. Therefore, defining 2,orm =
(Pdep — Prmn) /max(w, Wyep ), one obtains Fig. 2 of [DeLazzari2009] for G4, which
can be approximated by:

(1 . tanh[ (0‘75‘*938.02,“.,,170.3) ])

(1 — tanh[Z%%]) + 223

norm
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with Geoerr = 0.6. The function is constructed such as to be one at pgep = pmn
and zero at large value of 0. The first function yields the drop due to
misalignement, with a small negative value when the deposition is just outside.
The second function yields the slower return to zero, as shown in Fig[l] A better
fit can be obtain and a finer dependence on w/wqe, could be recovered as well.
However the main effect is the drop from 1 to below 0.2 within z,,0pm, < 0.5.
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