
The spherical p-spin solved with replica 

• Compute the complexity 

• Replica symmetry breaking
and its physics 



<latexit sha1_base64="RtC3kT8tKiukzap3mWg/xF9yBaY="></latexit>

Z(m)
N =

Z
dfeN⌃(f)e�m�fN ⌘ e��m�(m)N

Computing the complexity from cloning

<latexit sha1_base64="JJ/Cx54WO8C0+a+q21FFHGhIO+8="></latexit>

�m��(m) = maxf |⌃(f)�0 [⌃(f)�m�f ]

Reminder
of the clone 
method:



<latexit sha1_base64="RtC3kT8tKiukzap3mWg/xF9yBaY="></latexit>
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Z
dfeN⌃(f)e�m�fN ⌘ e��m�(m)N

Computing the complexity from cloning

<latexit sha1_base64="JJ/Cx54WO8C0+a+q21FFHGhIO+8="></latexit>

�m��(m) = maxf |⌃(f)�0 [⌃(f)�m�f ]

Parametric determination of complexity from 𝜙(𝑚):
<latexit sha1_base64="fh48pqueLMPLknUcb+VVL892ruw=">AAACAXicdVDLSsNAFJ3UV62vqAsXbgZLoW5Kmta2LoSiG5cV7APaUiaTSTt0JgkzE6GErPwUV4KCuPUzXPk3TtoKKnrgwuGce7n3HidkVCrL+jAyK6tr6xvZzdzW9s7unrl/0JFBJDBp44AFoucgSRj1SVtRxUgvFARxh5GuM71K/e4dEZIG/q2ahWTI0dinHsVIaWlkHnkXA08gHLtFDgfhhJ4mscsTODLzVum8UbPPbGiVLKtuV2opsetVuwLLWkmRB0u0Rub7wA1wxImvMENS9stWqIYxEopiRpJcYRBJEiI8RWPS19RHnMhhPP8ggQWtuNALhC5fwbma+zYRIy7ljDu6kyM1kb+9VPzL60fKawxj6oeRIj5eLPIiBlUA0zigSwXBis00QVhQfSzEE6QDUTq0nE7h61X4P+nYpXKtVL2p5puXyzyy4BicgCIogzpogmvQAm2AQQIewBN4Nu6NR+PFeF20ZozlzCH4AePtE7COlmQ=</latexit>
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method:



<latexit sha1_base64="RtC3kT8tKiukzap3mWg/xF9yBaY="></latexit>

Z(m)
N =

Z
dfeN⌃(f)e�m�fN ⌘ e��m�(m)N

Computing the complexity from cloning

<latexit sha1_base64="JJ/Cx54WO8C0+a+q21FFHGhIO+8="></latexit>

�m��(m) = maxf |⌃(f)�0 [⌃(f)�m�f ]

<latexit sha1_base64="wbGOkVxlGO1cjZKfpal1kTUU/sk="></latexit>

⌃(f) = minm [�m��(m) +m�f ]
<latexit sha1_base64="tLK4pjAPiQl0WevW4qvhUHCeBak="></latexit>

= ��m[�(m)� f ]|d(m�)/dm=f

= ��m


�(m)� d(m�)

dm

�
|d(m�)/dm=f

= �m2�0(m)|d(m�)/dm=f

Parametric determination of complexity from 𝜙(𝑚):
<latexit sha1_base64="fh48pqueLMPLknUcb+VVL892ruw=">AAACAXicdVDLSsNAFJ3UV62vqAsXbgZLoW5Kmta2LoSiG5cV7APaUiaTSTt0JgkzE6GErPwUV4KCuPUzXPk3TtoKKnrgwuGce7n3HidkVCrL+jAyK6tr6xvZzdzW9s7unrl/0JFBJDBp44AFoucgSRj1SVtRxUgvFARxh5GuM71K/e4dEZIG/q2ahWTI0dinHsVIaWlkHnkXA08gHLtFDgfhhJ4mscsTODLzVum8UbPPbGiVLKtuV2opsetVuwLLWkmRB0u0Rub7wA1wxImvMENS9stWqIYxEopiRpJcYRBJEiI8RWPS19RHnMhhPP8ggQWtuNALhC5fwbma+zYRIy7ljDu6kyM1kb+9VPzL60fKawxj6oeRIj5eLPIiBlUA0zigSwXBis00QVhQfSzEE6QDUTq0nE7h61X4P+nYpXKtVL2p5puXyzyy4BicgCIogzpogmvQAm2AQQIewBN4Nu6NR+PFeF20ZozlzCH4AePtE7COlmQ=</latexit>

f =
d(m�)

dm
<latexit sha1_base64="yv5uVKGh+Xl4T9k9TzGtaYJAi2Q="></latexit>

⌃ = �m2�0(m)

Reminder
of the clone 
method:



<latexit sha1_base64="RtC3kT8tKiukzap3mWg/xF9yBaY="></latexit>

Z(m)
N =

Z
dfeN⌃(f)e�m�fN ⌘ e��m�(m)N

Computing the complexity from cloning

<latexit sha1_base64="JJ/Cx54WO8C0+a+q21FFHGhIO+8="></latexit>

�m��(m) = maxf |⌃(f)�0 [⌃(f)�m�f ]

m

𝜙

Physical range of 𝜙 : Σ > 0 ↔ 𝜙! > 0
and Σ!′ 𝑓 < 0 ↔ (𝑚𝜙)!!< 0

1

Total quenched free energy:
<latexit sha1_base64="MWrYxd2Oqtd5y3oQpyM3PzOg03k="></latexit>

e��F =

Z

⌃(f)�0
dfeN(⌃(f)��f)

<latexit sha1_base64="AycGmNCY03Du3zi4tfHhTVE5oak="></latexit>

F = minf |⌃(f)�0

⇥
f � ��1⌃(f)

⇤
= �(1),

if ⌃(fmin) ⇠ �0(1) � 0,

else

= f |⌃(f)=0 = �|�0=0 = maxm�(m).
<latexit sha1_base64="VJha6b860EKDVV4y2F6kdb3aqvE="></latexit>

F = Fqu = maxm1 �(m)!



Cloned free energy of spherical p-spins with replicas
<latexit sha1_base64="BKsDuOhBRKJyLgoqNJYrb539mmc="></latexit>

�(m) ⌘ m�(m) = ?
<latexit sha1_base64="6qHOs9Ktnu9C0m7PA0CRFe1PUdw="></latexit>

Z(m) = exp(��N�(m)) = ?

Clone forming attraction 
(dropped in the end)



Cloned free energy of spherical p-spins with replicas
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<latexit sha1_base64="6qHOs9Ktnu9C0m7PA0CRFe1PUdw="></latexit>
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Clone forming attraction 
(dropped in the end)Quenched average:



Cloned free energy of spherical p-spins with replicas
<latexit sha1_base64="BKsDuOhBRKJyLgoqNJYrb539mmc="></latexit>

�(m) ⌘ m�(m) = ?
<latexit sha1_base64="6qHOs9Ktnu9C0m7PA0CRFe1PUdw="></latexit>

Z(m) = exp(��N�(m)) = ?

Clone forming attraction 
(dropped in the end)Quenched average:

Replica trick to express the log-average:



Cloned free energy of spherical p-spins with replicas
<latexit sha1_base64="BKsDuOhBRKJyLgoqNJYrb539mmc="></latexit>

�(m) ⌘ m�(m) = ?
<latexit sha1_base64="6qHOs9Ktnu9C0m7PA0CRFe1PUdw="></latexit>

Z(m) = exp(��N�(m)) = ?

Clone forming attraction 
(dropped in the end)Quenched average:

Replica trick to express the log-average:

For integer n:
n x m copies!



Cloned free energy of spherical p-spins with replicas
<latexit sha1_base64="eNwWhO5aK9QePhxnyLlKCVhejKU=">AAAB8nicdVDLSgMxFM3UVx1fVZdugqXgogyZUmq7EIpuXFawD2yHkkkzbWgmMyQZoQz9C1eCgrj1b1z5N2baCip64MLhnHu59x4/5kxphD6s3Nr6xuZWftve2d3bPygcHnVUlEhC2yTikez5WFHOBG1rpjntxZLi0Oe060+vMr97T6VikbjVs5h6IR4LFjCCtZHu8IVbdhynLMJhoYgcZFCrwYy4deQa0mjUK5UGdBcWQkWwQmtYeB+MIpKEVGjCsVJ9F8XaS7HUjHA6t0uDRNEYkyke076hAodUeeni5DksGWUEg0iaEhouVPvbRIpDpWahbzpDrCfqt5eJf3n9RAd1L2UiTjQVZLkoSDjUEcz+hyMmKdF8ZggmkpljIZlgiYk2Kdkmha9X4f+kU3HcmlO9qRabl6s88uAEnIIz4IJz0ATXoAXagAABHsATeLa09Wi9WK/L1py1mjkGP2C9fQIlhI/b</latexit>

a = 1, ..., nm

Product over all p-tuples 
(clone attraction is now not explicitly written)



Cloned free energy of spherical p-spins with replicas

Gaussian average over 
independent couplings
Get rid of disorder!

<latexit sha1_base64="eNwWhO5aK9QePhxnyLlKCVhejKU=">AAAB8nicdVDLSgMxFM3UVx1fVZdugqXgogyZUmq7EIpuXFawD2yHkkkzbWgmMyQZoQz9C1eCgrj1b1z5N2baCip64MLhnHu59x4/5kxphD6s3Nr6xuZWftve2d3bPygcHnVUlEhC2yTikez5WFHOBG1rpjntxZLi0Oe060+vMr97T6VikbjVs5h6IR4LFjCCtZHu8IVbdhynLMJhoYgcZFCrwYy4deQa0mjUK5UGdBcWQkWwQmtYeB+MIpKEVGjCsVJ9F8XaS7HUjHA6t0uDRNEYkyke076hAodUeeni5DksGWUEg0iaEhouVPvbRIpDpWahbzpDrCfqt5eJf3n9RAd1L2UiTjQVZLkoSDjUEcz+hyMmKdF8ZggmkpljIZlgiYk2Kdkmha9X4f+kU3HcmlO9qRabl6s88uAEnIIz4IJz0ATXoAXagAABHsATeLa09Wi9WK/L1py1mjkGP2C9fQIlhI/b</latexit>

a = 1, ..., nm



Cloned free energy of spherical p-spins with replicas

Gaussian average over 
independent couplings
Get rid of disorder!

Crossterms with identical 
indices are subleading by 
O(1/N)

<latexit sha1_base64="eNwWhO5aK9QePhxnyLlKCVhejKU=">AAAB8nicdVDLSgMxFM3UVx1fVZdugqXgogyZUmq7EIpuXFawD2yHkkkzbWgmMyQZoQz9C1eCgrj1b1z5N2baCip64MLhnHu59x4/5kxphD6s3Nr6xuZWftve2d3bPygcHnVUlEhC2yTikez5WFHOBG1rpjntxZLi0Oe060+vMr97T6VikbjVs5h6IR4LFjCCtZHu8IVbdhynLMJhoYgcZFCrwYy4deQa0mjUK5UGdBcWQkWwQmtYeB+MIpKEVGjCsVJ9F8XaS7HUjHA6t0uDRNEYkyke076hAodUeeni5DksGWUEg0iaEhouVPvbRIpDpWahbzpDrCfqt5eJf3n9RAd1L2UiTjQVZLkoSDjUEcz+hyMmKdF8ZggmkpljIZlgiYk2Kdkmha9X4f+kU3HcmlO9qRabl6s88uAEnIIz4IJz0ATXoAXagAABHsATeLa09Wi9WK/L1py1mjkGP2C9fQIlhI/b</latexit>

a = 1, ..., nm



Cloned free energy of spherical p-spins with replicas

Gaussian average over 
independent couplings
Get rid of disorder!

Crossterms with identical 
indices are subleading by 
O(1/N)

<latexit sha1_base64="eNwWhO5aK9QePhxnyLlKCVhejKU=">AAAB8nicdVDLSgMxFM3UVx1fVZdugqXgogyZUmq7EIpuXFawD2yHkkkzbWgmMyQZoQz9C1eCgrj1b1z5N2baCip64MLhnHu59x4/5kxphD6s3Nr6xuZWftve2d3bPygcHnVUlEhC2yTikez5WFHOBG1rpjntxZLi0Oe060+vMr97T6VikbjVs5h6IR4LFjCCtZHu8IVbdhynLMJhoYgcZFCrwYy4deQa0mjUK5UGdBcWQkWwQmtYeB+MIpKEVGjCsVJ9F8XaS7HUjHA6t0uDRNEYkyke076hAodUeeni5DksGWUEg0iaEhouVPvbRIpDpWahbzpDrCfqt5eJf3n9RAd1L2UiTjQVZLkoSDjUEcz+hyMmKdF8ZggmkpljIZlgiYk2Kdkmha9X4f+kU3HcmlO9qRabl6s88uAEnIIz4IJz0ATXoAXagAABHsATeLa09Wi9WK/L1py1mjkGP2C9fQIlhI/b</latexit>

a = 1, ..., nm

Overlap (global similarity) 
between replica a and b :



Cloned free energy of spherical p-spins with replicas

and



Cloned free energy of spherical p-spins with replicas

and



Jacobian J(Q)

Important:

Virtue of all-to-all (mean field) setting: 
Different sites have been decoupled!
Only single-site interactions between the mn replica  

<latexit sha1_base64="areUxWD2rOlHPpXg+IvN9BJGkMI="></latexit>

J(Q) =

Z
d�ab

Z
d� exp
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X
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<latexit sha1_base64="n1aSaT1EJUAYsm25ZVuhlrs7F70=">AAAB/3icdVBdSwJBFJ21L7MvK3rqZUiEHmTZXU3tIZB66dEgTVCT2XHUwZnZZWY2kMWHfkpPQUH02u/oqX/TrBpU1IELh3Pu5d57/JBRpR3nw0otLa+srqXXMxubW9s72d29pgoiiUkDByyQLR8pwqggDU01I61QEsR9Rm788UXi39wRqWggrvUkJF2OhoIOKEbaSL3sQUfRIUc9ehujM7dg23aBi2kvm3Ps02rZO/GgYztOxSuWE+JVSl4RukZJkAML1HvZ904/wBEnQmOGlGq7Tqi7MZKaYkammXwnUiREeIyGpG2oQJyobjy7fwrzRunDQSBNCQ1naubbRIy4UhPum06O9Ej99hLxL68d6UG1G1MRRpoIPF80iBjUAUzCgH0qCdZsYgjCkppjIR4hibA2kWVMCl+vwv9J07Pdsl26KuVq54s80uAQHIFj4IIKqIFLUAcNgEEMHsATeLburUfrxXqdt6asxcw++AHr7RNpupUM</latexit>

�a=1,...,mn
i



Jacobian J(Q)

Saddle point wrt 
<latexit sha1_base64="X82leDVjuzUqYKzA65OlVsdtvfg=">AAAB9nicdVDLSgMxFL1TX3V8VV26CZaCqzJTSm13RTcuK9gHtGPJZNI2NJMZkoxYhv6HK0FB3PovrvwbM20FFT0QOJxzL/fk+DFnSjvOh5VbW9/Y3Mpv2zu7e/sHhcOjjooSSWibRDySPR8rypmgbc00p71YUhz6nHb96WXmd++oVCwSN3oWUy/EY8FGjGBtpNsBN6MBHqYY+XM0LBSdsmNQq6GMuHXHNaTRqFcqDeQuLMcpwgqtYeF9EEQkCanQhGOl+q4Tay/FUjPC6dwuDRJFY0ymeEz7hgocUuWli9hzVDJKgEaRNE9otFDtbxspDpWahSZYKcR6on57mfiX10/0qO6lTMSJpoIsD40SjnSEsg5QwCQlms8MwUQyExaRCZaYaNOUbVr4+ir6n3QqZbdWrl5Xi82LVR95OIFTOAMXzqEJV9CCNhCQ8ABP8GzdW4/Wi/W6HM1Zq51j+AHr7ROvaZKO</latexit>

�ab

<latexit sha1_base64="GmID/t+veWnCMQV14DRWIUuwzCQ="></latexit>

(��1
⇤ )ab = Qab

<latexit sha1_base64="areUxWD2rOlHPpXg+IvN9BJGkMI="></latexit>
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<latexit sha1_base64="EAb0Zi9wFnjnWMd4UjrYtj5YnLc="></latexit>

J(Q) = const ·
Z

d� exp

0

@nmN �
X

ab

Q�1
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NX
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b
i

1

A = const · [detQ]N/2



Cloned free energy of spherical p-spins with replicas

Due to mean field structure:
Final integral over global replica overlaps Qab , with an action ~ N

Saddle point over Qab ! ?



Cloned free energy of spherical p-spins with replicas

Due to mean field structure:
Final integral over global replica overlaps Qab , with an action ~ N

Saddle point over Qab ! ?

But recall:

Saddle point requires exchange of limits to                                               ! 

Find a saddle point Q*ab for any m,n!  

<latexit sha1_base64="g96nD18BXIxMNteBeiDQgZg9yxE=">AAACBHicdVBLSwMxGMzWV11fVW96CZaCBynZUmp7K3rxJBXsA7qlZLPZNjSbXZOsUErBkz/Fk6AgXv0Tnvw3ZtsKKjoQmMx8H8mMF3OmNEIfVmZpeWV1Lbtub2xube/kdvdaKkokoU0S8Uh2PKwoZ4I2NdOcdmJJcehx2vZG56nfvqVSsUhc63FMeyEeCBYwgrWR+rkD4eoIohPo3iTYh/AyvbpMBHrcz+VRERlUKjAlThU5htRq1VKpBp2ZhVAeLNDo595dPyJJSIUmHCvVdVCsexMsNSOcTu2CmygaYzLCA9o1VOCQqt5kFmIKC0bxYRBJc4SGM9X+tjHBoVLj0DOTIdZD9dtLxb+8bqKDam/CRJxoKsj8oSDh0ARNG4E+k5RoPjYEE8nMZyEZYomJNr3ZpoWvqPB/0ioVnUqxfFXO188WfWTBITgCx8ABp6AOLkADNAEBd+ABPIFn6956tF6s1/loxlrs7IMfsN4+Ab7iluM=</latexit>

n ! 0, N ! 1



Cloned free energy of spherical p-spins with replicas

Due to mean field structure:
Final integral over global replica overlaps Qab , with an action ~ N

Saddle point over Qab ! ?

But recall:

Saddle point requires exchange of limits to                                               ! 

Find a saddle point Q*ab for any m,n!  & Make sure the second derivatives of X(Q*) are negative!  

<latexit sha1_base64="g96nD18BXIxMNteBeiDQgZg9yxE=">AAACBHicdVBLSwMxGMzWV11fVW96CZaCBynZUmp7K3rxJBXsA7qlZLPZNjSbXZOsUErBkz/Fk6AgXv0Tnvw3ZtsKKjoQmMx8H8mMF3OmNEIfVmZpeWV1Lbtub2xube/kdvdaKkokoU0S8Uh2PKwoZ4I2NdOcdmJJcehx2vZG56nfvqVSsUhc63FMeyEeCBYwgrWR+rkD4eoIohPo3iTYh/AyvbpMBHrcz+VRERlUKjAlThU5htRq1VKpBp2ZhVAeLNDo595dPyJJSIUmHCvVdVCsexMsNSOcTu2CmygaYzLCA9o1VOCQqt5kFmIKC0bxYRBJc4SGM9X+tjHBoVLj0DOTIdZD9dtLxb+8bqKDam/CRJxoKsj8oSDh0ARNG4E+k5RoPjYEE8nMZyEZYomJNr3ZpoWvqPB/0ioVnUqxfFXO188WfWTBITgCx8ABp6AOLkADNAEBd+ABPIFn6956tF6s1/loxlrs7IMfsN4+Ab7iluM=</latexit>

n ! 0, N ! 1



Cloned free energy of spherical p-spins with replicas

Saddle point equation for Qab is complicated: no general solution 

Recall clone coupling
in blocks (B) of m spins: 



Cloned free energy of spherical p-spins with replicas

Saddle point equation for Qab is complicated: no general solution 

But: Physical guess of a sensible structure (confirmed by exact solution):
• Replicas of the same block are coupled in the same valley-> finite overlap

• a and b in different blocks: uncorrelated

“One-step replica symmetry
breaking structure” :

Recall clone coupling
in blocks (B) of m spins: 

<latexit sha1_base64="Q9murshWRHGd8aE1LS6YO7RmrwA=">AAAB9XicdVDLSgNBEJz1GddX1KOXwRDwFHZDiMlBCHrxmIB5QLKE2UlvMmR2djMzq4Ql3+FJUBCvfown/8bJQ1DRgoaiqpvuLj/mTGnH+bDW1jc2t7YzO/bu3v7BYfbouKWiRFJo0ohHsuMTBZwJaGqmOXRiCST0ObT98fXcb9+BVCwSt3oagxeSoWABo0QbyWv0U9ITMMH+7HLSz+acgmNQLuM5cSuOa0i1WikWq9hdWI6TQyvU+9n33iCiSQhCU06U6rpOrL2USM0oh5md7yUKYkLHZAhdQwUJQXnp4uoZzhtlgINImhIaL1T720RKQqWmoW86Q6JH6rc3F//yuokOKl7KRJxoEHS5KEg41hGeR4AHTALVfGoIoZKZYzEdEUmoNkHZJoWvV/H/pFUsuOVCqVHK1a5WeWTQKTpD58hFF6iGblAdNRFFE/SAntCzdW89Wi/W67J1zVrNnKAfsN4+ASZ4kkY=</latexit>

Qa 6=b = q
<latexit sha1_base64="16UkdjU3dMHQ4+Tx3L2BsBULBl8=">AAAB8HicdVBNS8NAEN3Urxq/qh69LJaCp5KUUtuDUPTisQX7AW0ok+2mXbrZhN2NUEL/hCdBQbz6dzz5b9y0FVT0wcDjvRlm5vkxZ0o7zoeV29jc2t7J79p7+weHR4Xjk66KEkloh0Q8kn0fFOVM0I5mmtN+LCmEPqc9f3aT+b17KhWLxJ2ex9QLYSJYwAhoI/XboxRgceWOCkWn7BjUajgjbt1xDWk06pVKA7tLy3GKaI3WqPA+HEckCanQhINSA9eJtZeC1IxwurBLw0TRGMgMJnRgqICQKi9dHrzAJaOMcRBJU0LjpWp/m0ghVGoe+qYzBD1Vv71M/MsbJDqoeykTcaKpIKtFQcKxjnD2PR4zSYnmc0OASGaOxWQKEog2Gdkmha9X8f+kWym7tXK1XS02r9d55NEZOkcXyEWXqIluUQt1EEEcPaAn9GxJ69F6sV5XrTlrPXOKfsB6+wRPMJAT</latexit>

Qaa = 1
<latexit sha1_base64="qNtw2yMa4jLhHaWKlSNBmfZkCD8=">AAAB8HicdVDLSgNBEOyNr7i+oh69DIaApzAbQkwOQtCLxwTMA5IlzE5mkyGzD2ZmhbDkJzwJCuLV3/Hk3zibRFDRgoaiqpvuLi8WXGmMP6zcxubW9k5+197bPzg8KhyfdFWUSMo6NBKR7HtEMcFD1tFcC9aPJSOBJ1jPm91kfu+eScWj8E7PY+YGZBJyn1OijdRvj1LiLa7wqFDEZWxQq6GMOHXsGNJo1CuVBnKWFsZFWKM1KrwPxxFNAhZqKohSAwfH2k2J1JwKtrBLw0SxmNAZmbCBoSEJmHLT5cELVDLKGPmRNBVqtFTtbxMpCZSaB57pDIieqt9eJv7lDRLt192Uh3GiWUhXi/xEIB2h7Hs05pJRLeaGECq5ORbRKZGEapORbVL4ehX9T7qVslMrV9vVYvN6nUcezuAcLsCBS2jCLbSgAxQEPMATPFvSerRerNdVa85az5zCD1hvn08zkBM=</latexit>

Qab = 0

m=3   (clones)

n=2 (blocks of replica clones) → 0 eventually



Cloned free energy of spherical p-spins with replicas

Saddle point equation for Qab is complicated: no general solution 

But: Physical guess of a sensible structure (confirmed by exact solution):
• Replicas of the same block are coupled in the same valley-> finite overlap

• a and b in different blocks: uncorrelated

“One-step replica symmetry
breaking structure” :

Recall clone coupling
in blocks (B) of m spins: 

<latexit sha1_base64="Q9murshWRHGd8aE1LS6YO7RmrwA=">AAAB9XicdVDLSgNBEJz1GddX1KOXwRDwFHZDiMlBCHrxmIB5QLKE2UlvMmR2djMzq4Ql3+FJUBCvfown/8bJQ1DRgoaiqpvuLj/mTGnH+bDW1jc2t7YzO/bu3v7BYfbouKWiRFJo0ohHsuMTBZwJaGqmOXRiCST0ObT98fXcb9+BVCwSt3oagxeSoWABo0QbyWv0U9ITMMH+7HLSz+acgmNQLuM5cSuOa0i1WikWq9hdWI6TQyvU+9n33iCiSQhCU06U6rpOrL2USM0oh5md7yUKYkLHZAhdQwUJQXnp4uoZzhtlgINImhIaL1T720RKQqWmoW86Q6JH6rc3F//yuokOKl7KRJxoEHS5KEg41hGeR4AHTALVfGoIoZKZYzEdEUmoNkHZJoWvV/H/pFUsuOVCqVHK1a5WeWTQKTpD58hFF6iGblAdNRFFE/SAntCzdW89Wi/W67J1zVrNnKAfsN4+ASZ4kkY=</latexit>

Qa 6=b = q
<latexit sha1_base64="16UkdjU3dMHQ4+Tx3L2BsBULBl8=">AAAB8HicdVBNS8NAEN3Urxq/qh69LJaCp5KUUtuDUPTisQX7AW0ok+2mXbrZhN2NUEL/hCdBQbz6dzz5b9y0FVT0wcDjvRlm5vkxZ0o7zoeV29jc2t7J79p7+weHR4Xjk66KEkloh0Q8kn0fFOVM0I5mmtN+LCmEPqc9f3aT+b17KhWLxJ2ex9QLYSJYwAhoI/XboxRgceWOCkWn7BjUajgjbt1xDWk06pVKA7tLy3GKaI3WqPA+HEckCanQhINSA9eJtZeC1IxwurBLw0TRGMgMJnRgqICQKi9dHrzAJaOMcRBJU0LjpWp/m0ghVGoe+qYzBD1Vv71M/MsbJDqoeykTcaKpIKtFQcKxjnD2PR4zSYnmc0OASGaOxWQKEog2Gdkmha9X8f+kWym7tXK1XS02r9d55NEZOkcXyEWXqIluUQt1EEEcPaAn9GxJ69F6sV5XrTlrPXOKfsB6+wRPMJAT</latexit>

Qaa = 1
<latexit sha1_base64="qNtw2yMa4jLhHaWKlSNBmfZkCD8=">AAAB8HicdVDLSgNBEOyNr7i+oh69DIaApzAbQkwOQtCLxwTMA5IlzE5mkyGzD2ZmhbDkJzwJCuLV3/Hk3zibRFDRgoaiqpvuLi8WXGmMP6zcxubW9k5+197bPzg8KhyfdFWUSMo6NBKR7HtEMcFD1tFcC9aPJSOBJ1jPm91kfu+eScWj8E7PY+YGZBJyn1OijdRvj1LiLa7wqFDEZWxQq6GMOHXsGNJo1CuVBnKWFsZFWKM1KrwPxxFNAhZqKohSAwfH2k2J1JwKtrBLw0SxmNAZmbCBoSEJmHLT5cELVDLKGPmRNBVqtFTtbxMpCZSaB57pDIieqt9eJv7lDRLt192Uh3GiWUhXi/xEIB2h7Hs05pJRLeaGECq5ORbRKZGEapORbVL4ehX9T7qVslMrV9vVYvN6nUcezuAcLsCBS2jCLbSgAxQEPMATPFvSerRerNdVa85az5zCD1hvn08zkBM=</latexit>

Qab = 0

m=3   (clones)

n=2 (blocks of replica clones) → 0 eventually

Explicit breaking of replica 
symmetry (permutation of 
replica indices) 



Cloned free energy of spherical p-spins with replicas

q*: stationary point

<latexit sha1_base64="nQf/YBthNGxflhrc0HLu9rVpKNE="></latexit>

�(m,T ) = �T@nX(Q⇤)

Recall clone coupling
in blocks (B) of m spins: 

Explicit breaking of replica 
symmetry (permutation of 
replica indices) 

Choose solution with q* > 0



Cloned free energy of spherical p-spins with replicas

<latexit sha1_base64="nQf/YBthNGxflhrc0HLu9rVpKNE="></latexit>

�(m,T ) = �T@nX(Q⇤)

Recall clone coupling
in blocks (B) of m spins: 

Explicit breaking of replica 
symmetry (permutation of 
replica indices) 

Due to uncorrelated blocks (in this simple model!):  Φ = annealed average  
<latexit sha1_base64="Wx6qmvskyodKChJDXmLQ9C6kfD4="></latexit>

�(m,T ) = � T

N
logZm

(cf DPRM on tree)



Cloned free energy of spherical p-spins with replicas

Having

Obtain the spectrum of metastable states! 

<latexit sha1_base64="fCyuqJ5Jxwj8dCwyQ+BV6x+iy80=">AAAB8nicdVDLSgMxFM34rOOr6tJNsBQqSMmUUttd0Y3LCn1hO5RMmrahSWZIMkIZ+heuBAVx69+48m/MtBVU9MCFwzn3cu89QcSZNgh9OGvrG5tb25kdd3dv/+Awe3Tc1mGsCG2RkIeqG2BNOZO0ZZjhtBspikXAaSeYXqd+554qzULZNLOI+gKPJRsxgo2V7vqNCSuIi+Y5HGRzqIgsKhWYEq+KPEtqtWqpVIPewkIoB1ZoDLLv/WFIYkGlIRxr3fNQZPwEK8MIp3M33481jTCZ4jHtWSqxoNpPFifPYd4qQzgKlS1p4EJ1v00kWGg9E4HtFNhM9G8vFf/yerEZVf2EySg2VJLlolHMoQlh+j8cMkWJ4TNLMFHMHgvJBCtMjE3JtSl8vQr/J+1S0asUy7flXP1qlUcGnIIzUAAeuAR1cAMaoAUIkOABPIFnxziPzovzumxdc1YzJ+AHnLdPocyQKg==</latexit>

�(m,T )



Cloned free energy of spherical p-spins with replicas

Physical range:  <latexit sha1_base64="Q8/40TEspnQGCIXT0VV4slCDdTM=">AAAB8HicdVDLSgMxFM3UVx1fVZdugqXgqmRKqe1CKLpxWdE+oB1KJs20oUlmSDJCGfoTrgQFcevvuPJvzLQVVPTAhcM593LvPUHMmTYIfTi5tfWNza38truzu7d/UDg86ugoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTK8yv3tPlWaRvDOzmPoCjyULGcHGSr3BLRsLfIGGhSIqI4taDWbEqyPPkkajXqk0oLewECqCFVrDwvtgFJFEUGkIx1r3PRQbP8XKMMLp3C0NEk1jTKZ4TPuWSiyo9tPFwXNYssoIhpGyJQ1cqO63iRQLrWcisJ0Cm4n+7WXiX14/MWHdT5mME0MlWS4KEw5NBLPv4YgpSgyfWYKJYvZYSCZYYWJsRq5N4etV+D/pVMperVy9qRabl6s88uAEnIIz4IFz0ATXoAXagAAOHsATeHaU8+i8OK/L1pyzmjkGP+C8fQIhSY/1</latexit>

⌃ = 0 <latexit sha1_base64="eJXCTNxORM0rUSkLVVi2sHN8hVk="></latexit>

⌃(f) > 0 ⌃00(f) < 0

q>0 can be found 



Cloned free energy of spherical p-spins with replicas

q>0 can be found 

Physical range:  <latexit sha1_base64="Q8/40TEspnQGCIXT0VV4slCDdTM=">AAAB8HicdVDLSgMxFM3UVx1fVZdugqXgqmRKqe1CKLpxWdE+oB1KJs20oUlmSDJCGfoTrgQFcevvuPJvzLQVVPTAhcM593LvPUHMmTYIfTi5tfWNza38truzu7d/UDg86ugoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTK8yv3tPlWaRvDOzmPoCjyULGcHGSr3BLRsLfIGGhSIqI4taDWbEqyPPkkajXqk0oLewECqCFVrDwvtgFJFEUGkIx1r3PRQbP8XKMMLp3C0NEk1jTKZ4TPuWSiyo9tPFwXNYssoIhpGyJQ1cqO63iRQLrWcisJ0Cm4n+7WXiX14/MWHdT5mME0MlWS4KEw5NBLPv4YgpSgyfWYKJYvZYSCZYYWJsRq5N4etV+D/pVMperVy9qRabl6s88uAEnIIz4IFz0ATXoAXagAAOHsATeHaU8+i8OK/L1pyzmjkGP+C8fQIhSY/1</latexit>

⌃ = 0 <latexit sha1_base64="eJXCTNxORM0rUSkLVVi2sHN8hVk="></latexit>

⌃(f) > 0 ⌃00(f) < 0

Achieved: full thermodynamics 
AND distribution Σ 𝑓 of metastable states!
Typical values of Σ ~ 0.01 (quantify how much “information” can be stored! 



Marginal stability of threshold states

Physical range:  <latexit sha1_base64="Q8/40TEspnQGCIXT0VV4slCDdTM=">AAAB8HicdVDLSgMxFM3UVx1fVZdugqXgqmRKqe1CKLpxWdE+oB1KJs20oUlmSDJCGfoTrgQFcevvuPJvzLQVVPTAhcM593LvPUHMmTYIfTi5tfWNza38truzu7d/UDg86ugoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTK8yv3tPlWaRvDOzmPoCjyULGcHGSr3BLRsLfIGGhSIqI4taDWbEqyPPkkajXqk0oLewECqCFVrDwvtgFJFEUGkIx1r3PRQbP8XKMMLp3C0NEk1jTKZ4TPuWSiyo9tPFwXNYssoIhpGyJQ1cqO63iRQLrWcisJ0Cm4n+7WXiX14/MWHdT5mME0MlWS4KEw5NBLPv4YgpSgyfWYKJYvZYSCZYYWJsRq5N4etV+D/pVMperVy9qRabl6s88uAEnIIz4IFz0ATXoAXagAAOHsATeHaU8+i8OK/L1pyzmjkGP+C8fQIhSY/1</latexit>

⌃ = 0 <latexit sha1_base64="eJXCTNxORM0rUSkLVVi2sHN8hVk="></latexit>

⌃(f) > 0 ⌃00(f) < 0

Threshold states: 

Some eigenvalue of 
X’’(Q), the “replicon”
become zero!

q>0 can be found 



Marginal stability of threshold states

Physical range:  <latexit sha1_base64="Q8/40TEspnQGCIXT0VV4slCDdTM=">AAAB8HicdVDLSgMxFM3UVx1fVZdugqXgqmRKqe1CKLpxWdE+oB1KJs20oUlmSDJCGfoTrgQFcevvuPJvzLQVVPTAhcM593LvPUHMmTYIfTi5tfWNza38truzu7d/UDg86ugoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTK8yv3tPlWaRvDOzmPoCjyULGcHGSr3BLRsLfIGGhSIqI4taDWbEqyPPkkajXqk0oLewECqCFVrDwvtgFJFEUGkIx1r3PRQbP8XKMMLp3C0NEk1jTKZ4TPuWSiyo9tPFwXNYssoIhpGyJQ1cqO63iRQLrWcisJ0Cm4n+7WXiX14/MWHdT5mME0MlWS4KEw5NBLPv4YgpSgyfWYKJYvZYSCZYYWJsRq5N4etV+D/pVMperVy9qRabl6s88uAEnIIz4IFz0ATXoAXagAAOHsATeHaU8+i8OK/L1pyzmjkGP+C8fQIhSY/1</latexit>

⌃ = 0 <latexit sha1_base64="eJXCTNxORM0rUSkLVVi2sHN8hVk="></latexit>

⌃(f) > 0 ⌃00(f) < 0

Threshold states: 

Marginally stable!
TAP minima with 
gapless fluctuation 
spectrum 

<latexit sha1_base64="Nuum5YaacScd1E17J/z2DZWeAhU="></latexit>

@2G(m(↵))/@mi@mj

q>0 can be found 



Marginal stability of threshold states

Physical range:  <latexit sha1_base64="Q8/40TEspnQGCIXT0VV4slCDdTM=">AAAB8HicdVDLSgMxFM3UVx1fVZdugqXgqmRKqe1CKLpxWdE+oB1KJs20oUlmSDJCGfoTrgQFcevvuPJvzLQVVPTAhcM593LvPUHMmTYIfTi5tfWNza38truzu7d/UDg86ugoUYS2ScQj1QuwppxJ2jbMcNqLFcUi4LQbTK8yv3tPlWaRvDOzmPoCjyULGcHGSr3BLRsLfIGGhSIqI4taDWbEqyPPkkajXqk0oLewECqCFVrDwvtgFJFEUGkIx1r3PRQbP8XKMMLp3C0NEk1jTKZ4TPuWSiyo9tPFwXNYssoIhpGyJQ1cqO63iRQLrWcisJ0Cm4n+7WXiX14/MWHdT5mME0MlWS4KEw5NBLPv4YgpSgyfWYKJYvZYSCZYYWJsRq5N4etV+D/pVMperVy9qRabl6s88uAEnIIz4IFz0ATXoAXagAAOHsATeHaU8+i8OK/L1pyzmjkGP+C8fQIhSY/1</latexit>

⌃ = 0 <latexit sha1_base64="eJXCTNxORM0rUSkLVVi2sHN8hVk="></latexit>

⌃(f) > 0 ⌃00(f) < 0

Threshold states: 

Marginally stable!
TAP minima with 
gapless fluctuation 
spectrum 

<latexit sha1_base64="Nuum5YaacScd1E17J/z2DZWeAhU="></latexit>

@2G(m(↵))/@mi@mj

Dynamics (after a quench from high T) floats along the nearly 
unstable directions, without really settling into the minima

q>0 can be found 



Spontaneous replica symmetry breaking

Clone attraction explicitly breaks permutation symmetry among nm replica

But  what about computing for single copy (with no cloning) directly?



Spontaneous replica symmetry breaking

Clone attraction explicitly breaks permutation symmetry among nm replica

But  what about computing for single copy (with no cloning) directly?

Same structure of calculation with ν = 𝑛𝑚 → 0 replica.
Only difference: there is no clone structure suggesting the block ansatz with definite m



Spontaneous replica symmetry breaking

Clone attraction explicitly breaks permutation symmetry among nm replica

But  what about computing for single copy (with no cloning) directly?

Same structure of calculation with ν = 𝑛𝑚 → 0 replica.
Only difference: there is no clone structure suggesting the block ansatz with definite m

Parisi’s proposal (pre-clone!):  regard m and q as variational and find stationary point!

Imposes the ‘equilibrium’ choice m* = min(1,ms) !

<latexit sha1_base64="irxXTNFGJh6ABSDAhvhob8CDgpU="></latexit>

feq(T ) = maxq,0m1�1RSB(m, q)



Spontaneous replica symmetry breaking

Clone attraction explicitly breaks permutation symmetry among nm replica

But  what about computing for single copy (with no cloning) directly?

Same structure of calculation with ν = 𝑛𝑚 → 0 replica.
Only difference: there is no clone structure suggesting the block ansatz with definite m

Parisi’s proposal (pre-clone!):  regard m and q as variational and find stationary point!

Imposes the ‘equilibrium’ choice m* = min(1,ms) !

<latexit sha1_base64="irxXTNFGJh6ABSDAhvhob8CDgpU="></latexit>

feq(T ) = maxq,0m1�1RSB(m, q)

T < TK    :  m* < 1!
Saddle point chooses a multi-block 
structure:  Spontaneous replica 
symmetry breaking!    ”RSB”



Meaning of replica symmetry breaking

Meaning of the spontaneous block structure

The different replica lie in the lowest available minima of G(m)

A pair of replica thus may lie in the same minimum (and have overlap q)
or in different valleys (no overlap):

<latexit sha1_base64="53jU2lurKnGPbOefbJXaGnP8bps="></latexit>

P (Q12) ⌘ �(Q12 �
1

N

X

i

�1
i �

2
i ) = lim

⌫!0

1

⌫ � 1

X

b 6=1

�(Q12 �Q1b)

= lim
⌫!0

(m� 1)�(Q12 � q) + (⌫ �m)�(Q12 � 0)

⌫ � 1
= (1�m)�(Q12 � q) +m�(Q12)

Only non trivial for freezing: m=meq < 1 
where O(1) different minima compete!


