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UMR8502, Université Paris Sud XI, F 91405 Orsay, France

ABSTRACT We introduce a theory to describe the interaction of swift electrons with strong evanescent light fields. This allows us to
explain recent experimental results of multiple energy losses and gains for electrons passing near illuminated nanostructures. A complex
evolution of the electron state over attosecond time scales is unveiled, giving rise to non-Poissonian distributions of multiphoton
features in the electron spectra. Prospects for application to nanoscale-resolved transmission electron microscopy and spectroscopy
are discussed.
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Transmission electron microscopes are ubiquitous in
nanoscience because they can yield images with
subangstrom space resolution.1 Simultaneous analy-

sis of electron energy losses can add information on the
optical response with nanometer detail.2 Unfortunately, the
best reported energy resolution (∼0.1 eV) is still insufficient
to resolve fine spectral features commonly encountered in
nanostructures. It has been suggested3,4 that electrons pick-
ing up photon-generated energy losses or gains from exter-
nally supplied light can largely improve energy resolution
down to the light spectral width. An experimental advance
in this direction has been recently made by Barwick et al.,5

who demonstrated multiphoton absorption by pulsed elec-
trons passing near nanostructures in coincidence with pulsed
laser irradiation. These authors managed to image carbon
nanotubes and silver nanowires by resorting to energy-
filtered accelerated electrons. They also reported time-
resolved measurements as a function of the delay between
the photon and electron pulses with subpicosecond resolu-
tion, whose duration (>200 fs) was unfortunately too large
to resolve the dynamics of electronic collective modes in
these nanostructures (lifetime ∼ tens of femtoseconds).

Except for high-order processes requiring intense il-
lumination (for example, in the Kapitza-Dirac effect6), the
electron-photon coupling is weak in free space due to
energy-momentum mismatch. However, a sampled nano-
structure can break the mismatch by supplying extra mo-
mentum through induced light fields, as observed in illumi-
nated gratings (inverse Smith-Purcell effect7). Likewise,
thermal phonons were long realized to produce electron
energy gains,8 and so were plasmons generated by other

electrons in an intense beam.9 The interaction of swift
electrons and evanescent light fields can therefore be a
practical way of sampling fine spectral features in nano-
structures, excited under finely tuned external illumination.

In this Letter, we present a theory of multiple energy
losses and gains of electrons traversing a light field induced
near a nanostructure. The light and the electrons are realisti-
cally described as classical and quantum-mechanical pulses,
respectively. The results are compared with available experi-
ments for electrons interacting with silver nanowires.5

Although the interaction time lies in the subfemtosecond
domain, the electron wave function is found to exhibit a
complex evolution that gives rise to oscillations in probability
when varying the laser intensity or when considering dif-
ferent numbers of exchanged photons. Besides their intrinsic
interest, we study these phenomena for their relevance in
on-going efforts aimed at developing space-resolved energy-
gain spectroscopy.4

We focus on the system described in Figure 1a, in which
an energetic electron pulse passes near a nanostructure in
coincidence with a light pulse. The light-electron interaction
is mainly driven by the evanescent optical field. Current
ultrafast-optics technology allows subpicosecond pulses to
be produced with light peak intensities of several GW/cm2,
leading to multiphoton absorption and emission as shown
for example in the spectra of Figure 1b. The spectral features
display a marked non-Poissonian distribution that suggests
an important role of coherence between subsequent single-
photon events.

The parameters used in Figure 1 are taken to reproduce
Barwick et al.’s experiment:5 the photon pulse has a duration
of 220 fs; the light focus is so large that it can be ap-
proximated by a plane wave at the position of the sample;
the pulse of 200 keV electrons has a fitted duration of 424
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fs, in good agreement with the experimental estimate;5 the
sample consists of a long 100 nm thick silver nanowire; both
electron and photon pulses propagate along nearly the same
direction, perpendicular to the wire; finally, no exact values
are reported on the exact light intensity and range of impact
parameters used in the experiment, so we have chosen the
electron to pass at a distance of 10 nm from the silver
surface, rather than integrating over electron impact param-
eters, and we use a light intensity of 3 GW/cm2. We model
the experiment by solving the quantum-mechanical evolu-

tion of the electron in its interaction with the evanescent light
field; the latter is obtained by solving Maxwell’s equations
for the silver wire using the boundary element method,10

using the tabulated frequency-dependent dielectric function
of silver to represent the response of the metal.11

It should be mentioned that the experimental results so
far available5 tell us nothing new about the nanostructures
under consideration, although they provide compelling evi-
dence of a complex subfemtosecond electron evolution, as
we discuss below. The technique should be capable of
yielding details on the optical response of nanostructures in
the time domain, with a temporal resolution dictated by the
duration of the electron and photon pulses. The latter should
be still greatly reduced in order to study short-lived excita-
tions such as plasmons. As it stands, the technique is
however unique in its potential to image evanescent light
fields with nanometer resolution (e.g., the standing waves
of an interference optical corral).

Electron-Light Interaction. Low-energy exchanges be-
tween swift electrons and a specimen can be safely de-
scribed by only considering electron motion along the beam
direction ẑ.10 For instance, since the electron momentum
(≈250 Å-1 at 200 keV kinetic energy) is large compared to
the wave function spreading along transversal directions
(j0.1 Å-1 for a typical beam diameterJ1 Å), we are allowed
to approximate the electron-light interaction as ∝E·∇ψ ≈
Ez∂ψ/∂z. The resulting coupling Hamiltonian reduces to

where ω is the central light frequency and

is the component of the total electric field parallel to the
beam. This light field incorporates a Gaussian profile of
temporal duration ∼2∆p (95% of the light intensity lies in
the time interval |t + τ| < ∆p) and delay -τ relative to the
electron pulse (see below). We consider the pulse to have a
narrow spectral width ∆ω ∼ ∆p

-1 , ω, over which the
dispersion in the response of the sample can be overlooked.
Incidentally, our using a classical light field in HI is justified
when the light pulse contains a large number of photons.

Incident Electron Wave Function. We write the wave
function of the unperturbed incident electron as ψ0(z, t) )
ψk0

G(z, t), where

is a Gaussian electron pulse of temporal duration ∼2∆e, the
normalization constant |ℵk|2 ) ((π/2)1/2∆evk)-1 is introduced

FIGURE 1. (a) Sketch of the system under consideration. An electron
pulse passes near a nanostructure in coincidence with a light pulse.
The electron-photon interaction is mediated by evanescent com-
ponents of the induced light field (see exponentially decaying light
field intensity to the right of the nanostructure and the Ez electric
field component along the electron trajectory). Parameters used
throughout this work are shown by text insets. (b) Transmitted
electron spectrum revealing multiphoton absorption and emission
events under the conditions of (a). The photon pulse has central
energy pω ) 2.4 eV and duration of 220 fs. The electron pulse in
centered around 200 keV. Solid curve: experimental data from ref
5. Broken curve: present theory, convoluted with experimental zero-
loss peak (ZLP) and calculated for a peak light intensity of 3 GW/
cm2, an electron pulse duration of 424 fs and delay τ )0.

HI(z, t) ) -ep
meω

[Ez(z, t) - Ez
/(z, t)]

∂

∂z
(1)

Ez(z, t) ) Ez(z) exp[-iωt - (t + τ)2/∆p
2] (2)

ψk
G(z, t) ) ℵk exp[ikz - iεkt - (t - z/vk)

2/∆e
2] (3)
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to have one electron per pulse, pεk ) c(p2k2 + me
2c2)1/2 is

the electron energy, and vk ) ∂εk/∂k is the pulse group
velocity (vk ≈ pk/me at low kinetic energies). We assume
small spreading in electron energy and momentum around
pεk0 and pk0, respectively, or equivalently, εk0∆e . 1.

Full Electron Wave Function. Using the Lippmann-
Schwinger equation, the total electron wave function is

where

is the Green function for motion along z. We have ap-
proximated the pole εk - εq ≈ (k - q)vk to derive the last
expression and extend the integral to negative k, since the
main contribution to eq 4 is strongly peaked around k ≈ k0.

We solve eq 4 using the perturbation expansion

where the sum is extended over scattering orders N. Each
new order of scattering raises by one the number of ex-
changed virtual photons, which involves either absorption
(term proportional to Ez in HI) or emission (term in Ez*).
Consecutive virtual emissions and absorptions can take
place, so that the Nth term in eq 6 includes electrons that
have gained or lost L real photons, under the condition |L|
e N. Therefore, it is reasonable to expand ψN in terms of
Gaussian waves ψkL

G as

where kL is the electron wave vector after exchanging L real
photons (i.e., it corresponds to electrons of energy pε0 +
pLω), and the exponential factor accounts for the reduction
in laser-pulse N-order intensity at the time of interaction. In
the nonrecoil approximation,10 one has kL ) k0 + Lω/v,
where v is the electron central velocity (v ≈ 0.7c at 200 keV).

We expect FL
N to be time-independent and vary smoothly

with z. A proof of this intuition can be found by induction,
using the explicit expressions of eqs 1-7 to write

where

At this point, it should be noted that the wavelength of a 200
keV electron is only 2π/k0 ≈ 2.5 pm, so that for z < z′, the
functions I( oscillate fast with z′ compared to the remaining
factors in the integrand of eq 8 (for example, light fields
should be nearly constant over distances of several nano-
meters). Therefore, only for z > z′ is I( going to contribute
non-negligibly to eq 8, because then the oscillations of wave
vectors k and kL are partially compensated. We find

Now, the δ function allows us to directly carry out the t′
integral of eq 8 and to write ψN+1 as in eq 7, with Nf N +
1. The resulting functions FL

N+1 are subject to the recursion
relation

where the starting value is F0
0 ) 1 and we define FL

N ) 0 for
|L| > N. In the derivation of eq 9 we have assumed that the
light Gaussian profile does not vary significantly over a
distance equal to the interaction path length ∆z (i.e., ∆pc .
∆z). Interestingly, this recursion produces FL

N ) 0 unless N
+ L is an even number, so that it mixes contributions of
orders N ) |L|, |L| + 2, |L| + 4, ..., within each final kL.

Transmitted Spectrum. The transmitted electron spec-
trum exhibits peaks centered around energies pεkL, equally
spaced by pω. The width of each peak is of the order of
p(∆e

-1 + L∆p
-1) , pω, and therefore, different Gaussian-

wave components ψkL
G in eq 7 contribute to separate peaks

ψ(z, t) ) ψ0(z, t) + ∫ dz' dt'G(z - z', t - t')HI(z', t')ψ(z', t')

(4)

G(z - z', t - t')

) 1

4π2p
∫ dεk ∫ dq

exp[iq(z - z') - iεk(t - t')]

εk - εq + i0+

≈ -i
2πp∫ dk exp[ik|z - z'|-iεk(t - t')] (5)

ψ(z, t) ) ∑
N)0

∞

(GHI)
Nψ0 ≡ ∑

N)0

∞

ψN(z, t) (6)

ψN(z, t) ) ∑
L)-N

N

ψkL

G(z, t)FL
N(z)e-N(t-z/vkL+τ)2/∆p

2
(7)

ψN+1(z, t) ) GHIψN )

ie
meω

∑
L)-N

N

ℵkL∫ dz'∫ dt'[Ez(z')I+ - Ez
/(z')I-] ×

(ikL + ∂

∂z')FL
N(z')e-(t'-z'/vkL)

2/∆e
2
e-N(t'-z'/vkL+τ)2/∆p

2
e-(t' + τ)2/∆p

2
(8)

I( ) ∫ dk
2π

eik|z-z'|eikLz'e-iεk(t-t')e-iεkLt'e-iωt'

I( ≈ exp[i(kL(1z - εkL(1
t - iωz'/v)]θ(z - z') ×

δ[z - z' - vkL(1
(t - t')]

FL
N+1(z) ) e

mevω ∫-∞

z
dz'[Ez(z')e-iωz'/v(i ∂

∂z'
- kL)FL-1

N(z') -

Ez*(z')eiωz'/v(i ∂

∂z'
- kL)FL+1

N(z')] (9)
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L with negligible overlap. We can calculate the probability
that the electron ends up having momentum around a given
kL from the contribution to the time-integral of the electron
current (Im{ψ*∂ψ/∂z}) produced by terms of fixed L in eqs
6 and 7. It is convenient to do this outside the interaction
region, where εz is negligible and the functions FL

N(z) con-
verge to constant values CL

N. One obtains

Interestingly, the probabilities depend on the pulse durations
and delay only through the ratios τ/∆p and ∆e/∆p.

We solve the recursion relation (9) by iteration and
achieve numerical convergence in ΣLPL ) 1 with an error
<10-3. The electric field Ez is obtained from the boundary
element method.10 Figure 1b shows a characteristic result
compared to measured data for electrons passing near a
silver nanowire.5 Experimental parameters have been imple-
mented in the theory, and although no values were reported
for the electron-wire distance and the ∆e/∆p ratio, we find
that they are not critical for the comparison (see caption of
Figure 1). In particular, the electron pulse should have a
duration of the order of a second light pulse used in the
photoemission effect from which the electron is produced.
Furthermore, the electron-wire distance should be as-
similable to an effective light strength. Figure 1b demon-
strates that the present theory is capable of explaining the
observed non-Poissonian multiphoton distribution.

Point-Electron and Continuous-Wave Limits. An inter-
esting result is obtained in the ∆p . ∆e limit of eq 10 (i.e.,
when the electron pulse lasts much less than the photon
pulse)

where the exponential factor reflects the attenuation of the
photon pulse with τ (eq 2), as observed by the electron
during interaction (i.e., at times |t|/∆p , 1). Equation 11 can
also be derived from the stationary perturbation theory,
describing the electron as a sum of plane waves along z.
Incidentally, the probability derived in ref 4 corresponds to
the low light-intensity limit of eq 11 (N ) 1 term).

We show in Figure 2 a characteristic example of the
evolution of multiphoton probabilities with the intensity of
the external light. At low intensities, the elastic signal is
slowly depopulated and single-photon peaks show up on

either side of it. As the intensity increases, multiphoton
processes take over, and simultaneously, some of the lowest-
order peaks become depopulated. The effect of multiple
photon absorptions and emissions is to produce oscillations
in electron probability with the net number of exchanged
photons. These oscillations are the result of interference
between different multiple-order processes (i.e., different N
values) contributing the same final electron state L. Coher-
ence becomes critical, and a dramatic departure from Pois-
sonian statistics is observed.

Effect of Pulse Durations and Delay. The oscillations of
PL with L are washed out when ∆e/∆p increases, as shown
in Figure 3a. The amplitude cancelations observed by inter-
ference of subsequent N contributions in Figure 2 are simply
smeared out when virtual photon exchanges can take place
over an increasing period of time ∼∆e (Figure 3a). In
particular, these oscillations are already gone under the
experimental conditions of ref 5. Nevertheless, there is
physical room for exploring the lowest region of Figure 3a
(∆e , ∆p) because the electron period is many orders of
magnitude shorter than the light period.

The effect of pulse delay simply consists in reducing the
effective interaction strength, thus producing a decrease in
multiphoton probabilities with increasing τ (Figure 3b).

Time evolution. Figure 4 shows the evolution of the
electron wave function with time over the interaction region.
It clearly reveals the transfer of electron probability from L
) 0 to L ) (1 at t ≈ -0.3 fs, and the subsequent transfer

PL ) ∑
N)|L|

∞

∑
N')|L|

∞

CL
N(CL

N′)*
exp{- (N + N')(τ/∆p)

2

1 + [(N + N')/2](∆e/∆p)
2}

�1 + N + N'
2

(∆e/∆p)
2

(10)

PL ) | ∑
N)|L|

∞

CL
N exp[-N(τ/∆p)

2]|2 (11)

FIGURE 2. Probability of multiphoton emission (L > 0) and absorp-
tion (L < 0) under the conditions of Figure 1a for ∆p . ∆e. The
probabilities PL (eq 11) are represented as a function of light
intensity for different net numbers of exchanged photons L.
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from L )(1 back to L ) 0 and also to L )(2 around t ≈ 0.
These results further corroborate our interpretation of mul-
tiple virtual photon exchanges leading to interference effects
in the final distribution of electron states.

In conclusion, the interaction of swift electrons with
intense induced light fields in nanostructures gives rise to a
complex evolution of the electron states over characteristic
subfemtosecond interaction times. This results in non-
Poissonian distributions of energy gains and losses in the

transmitted electron spectra. Although we have considered
the light to be spectrally narrow, an extension of our theory
would permit speculating with applications to time-resolved
spectroscopy, involving the frequency dependence of the
sample response when using spectrally broader light. Alter-
natively, time- and space-resolved spectroscopy could be
performed by varying the central light frequency ω, with
energy and time resolution limited by the uncertainty prin-
ciple. Finally, access to nonlinear spectroscopy could be
granted by finer analysis of spectral features under intense
illumination.
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FIGURE 3. Influence of electron pulse duration ∆e and pulse delay τ in multiphoton probabilities under the conditions of Figure 1a. (a)
Dependence of PL (eq 10) on ∆e/∆p for τ ) 0. (b) Dependence of PL on τ/∆p for ∆e ) 2∆p. The peak light intensity is 3 GW/cm2. The inset of (b)
shows measurements from ref 5 for a carbon nanotube over a similar range of τ/∆p.

FIGURE 4. Evolution of the electron wave function over the interac-
tion region under the conditions of Figure 1a for ∆p . ∆e and τ ) 0.
We represent the intensity of the electric-field component along the
electron trajectory |Ez(z)|2 (see Figure 1a) and the occupation
probability of electron states after a net exchange of L photons
(|ΣNFL

N(z)|2) for the lowest values of L. The peak light intensity is 1
GW/cm2.
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