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 dipole-dipole

 (direct) exchange

 GKA rules

 double exchange

 Dzyaloshinskii-Moriya interaction

INTERACTIONS



INTERACTIONS
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dipole

 long-range

 it can act both FM and AFM

𝐸𝐸 =
𝜇𝜇0
4𝜋𝜋

𝜇⃑𝜇1𝜇⃑𝜇2
𝑟𝑟3 −

3 𝜇⃑𝜇1𝑟𝑟 𝜇⃑𝜇2𝑟𝑟
𝑟𝑟5

≈
𝜇𝜇0
4𝜋𝜋

𝜇𝜇2

𝑟𝑟3
𝜇𝜇=𝜇𝜇𝐵𝐵,𝑟𝑟=1Å

10−23𝐽𝐽 ≈ 1𝐾𝐾

 typical distances in materials are 2-3 Å

 at those distances exchange interactions are (usually) significantly stronger
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 typical distances in materials are 2-3 Å

 at those distances exchange interactions are (usually) significantly stronger

PRL 77, 940 (1996)

 RE = Ho (c-axis anisotropy) a ferromagnet with Tc=1.5K

 RE = Er (ab-plane anisotropy) an antiferromagnet with Tc=0.38K

 transverse field induced QPT



INTERACTIONS

 (very) short-range

 ‘side-effect’ of electro-static interactions

ψa ψb

r1

r2

ψ𝑎𝑎 𝑟𝑟1 ψ𝑏𝑏 𝑟𝑟2 + ψ𝑎𝑎 𝑟𝑟2 ψ𝑏𝑏 𝑟𝑟1

ψ𝑎𝑎 𝑟𝑟1 ψ𝑏𝑏 𝑟𝑟2 − ψ𝑎𝑎 𝑟𝑟2 ψ𝑏𝑏 𝑟𝑟1

spatial part spin part

singlet (antisymmetric)

triplet (symmetric)

| ⟩↑↓ − | ⟩↓↑

| ⟩↑↓ + | ⟩↓↑ , � ⟩↑↑ , | ⟩↓↓

Ψ𝑒𝑒 = Ψ𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠Ψ𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

Ψ1 =
1
2
ψ𝑎𝑎 𝑟𝑟1 ψ𝑏𝑏 𝑟𝑟2 + ψ𝑎𝑎 𝑟𝑟2 ψ𝑏𝑏 𝑟𝑟1 ψ𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

Ψ2 =
1
2
ψ𝑎𝑎 𝑟𝑟1 ψ𝑏𝑏 𝑟𝑟2 − ψ𝑎𝑎 𝑟𝑟2 ψ𝑏𝑏 𝑟𝑟1 ψ𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡

𝐸𝐸1 = �Ψ1
∗ �ℋΨ1𝑑𝑑𝑟𝑟1𝑑𝑑𝑟𝑟2

𝐸𝐸2 = �Ψ2
∗ �ℋΨ2𝑑𝑑𝑟𝑟1𝑑𝑑𝑟𝑟2

exchange



INTERACTIONS

 without knowing E1 and E2, rewrite the Hamiltonian

�ℋ =
1
4
𝐸𝐸1 + 3𝐸𝐸2 − 𝐸𝐸1 − 𝐸𝐸2 𝑺𝑺𝒂𝒂𝑺𝑺𝒃𝒃

stot stot(stot+1) E ms

(↑)(↓) 0 0 -3J/4 0

(↑)(↑) 1 2 J/4 -1,0,1

�ℋ = −𝐽𝐽𝑺𝑺𝒂𝒂𝑺𝑺𝒃𝒃 �ℋ = −�
𝑖𝑖,𝑗𝑗

𝐽𝐽𝑖𝑖𝑖𝑖𝑺𝑺𝑖𝑖𝑺𝑺𝑗𝑗

𝐽𝐽 = �ψ𝑎𝑎∗ 𝑟𝑟1 ψ𝑏𝑏
∗ 𝑟𝑟2 �ℋψ𝑎𝑎 𝑟𝑟2 ψ𝑏𝑏 𝑟𝑟1 𝑑𝑑𝑟𝑟1𝑑𝑑𝑟𝑟2

exchange



INTERACTIONS

 two atoms (H2) → ‘bounding box’, kinetic energy ~ L-2

direct exchange

bonding

antibonding



INTERACTIONS direct exchange

452 kJ 270 kJ 0.05 kJ

H2 H2
+ He2

301 kJ

He2
+

 two atoms (H2) → ‘bounding box’, kinetic energy ~ L-2



INTERACTIONS direct exchange

 the number of interacting atoms = 1023 → valence and conduction bands!

 predictions for metallic hydrogen (p > 400 GPa), no magnetism

 some 3d transition metal elements do show magnetic phases in elemental form (band structure!)

SDW FM FM FM FM



INTERACTIONS Goodenough–Kanamori–Anderson rules

M M

E

1. GKA rule (AFM, equivalent orbitals, half full)



INTERACTIONS

M M

E

Goodenough–Kanamori–Anderson rules

Ud

1. GKA rule (AFM, equivalent orbitals, half full)



INTERACTIONS

M M

E

𝐸𝐸(2) =
ψ𝐺𝐺𝐺𝐺

(0) 𝐻𝐻𝐻 ψ𝑒𝑒𝑒𝑒𝑒𝑒
(0)

2

𝐸𝐸𝑒𝑒𝑒𝑒𝑒𝑒
(0) − 𝐸𝐸𝐺𝐺𝐺𝐺

(0) =
𝑡𝑡2

𝑈𝑈 = 𝐽𝐽𝐴𝐴𝐴𝐴𝐴𝐴

Goodenough–Kanamori–Anderson rules

Ud

1. GKA rule (AFM, equivalent orbitals, half full)
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E

M MO

∆CT

Ud

1. GKA rule (AFM, equivalent orbitals, half full)
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E

M MO

∆CT

Ud

1. GKA rule (AFM, equivalent orbitals, half full)



INTERACTIONS Goodenough–Kanamori–Anderson rules

E

M MO

∆CT

Ud

𝐽𝐽𝐴𝐴𝐴𝐴𝐴𝐴 =
2𝑡𝑡𝑝𝑝𝑑𝑑4

Δ𝐶𝐶𝐶𝐶2
1
𝑈𝑈𝑑𝑑

+
1

Δ𝐶𝐶𝐶𝐶 + 1
2𝑈𝑈𝑝𝑝

M
ot

t-
Hu

bb
ar

d 
re

gi
m

e

𝑈𝑈𝑑𝑑 ≪ Δ𝐶𝐶𝐶𝐶

𝐽𝐽𝐴𝐴𝐴𝐴𝐴𝐴 =
2𝑡𝑡𝑑𝑑𝑑𝑑2

𝑈𝑈𝑑𝑑
𝑡𝑡𝑑𝑑𝑑𝑑 =

𝑡𝑡𝑝𝑝𝑑𝑑2

Δ𝐶𝐶𝐶𝐶
𝑡𝑡𝑝𝑝𝑝𝑝 ≪ Δ𝐶𝐶𝐶𝐶

insulators

super-exchange

semi-covalent exchange

1. GKA rule (AFM, equivalent orbitals, half full)



INTERACTIONS

M M

E

x2-y2 3z2-r2

Goodenough–Kanamori–Anderson rules

2. GKA rule (FM, orthogonal orbitals, half full)



INTERACTIONS

M M

E

x2-y2
3z2-r2

Goodenough–Kanamori–Anderson rules

Ud

2. GKA rule (FM, orthogonal orbitals, half full)



INTERACTIONS

M M

E

JH

3z2-r2

Goodenough–Kanamori–Anderson rules

𝐽𝐽𝐹𝐹𝐹𝐹 = −𝑡𝑡𝑑𝑑𝑑𝑑2
1

𝑈𝑈𝑑𝑑 − 𝐽𝐽𝐻𝐻
−

1
𝑈𝑈𝑑𝑑

𝐽𝐽𝐻𝐻 <𝑈𝑈𝑑𝑑 −
𝑡𝑡𝑑𝑑𝑑𝑑2

𝑈𝑈𝑑𝑑
𝐽𝐽𝐻𝐻
𝑈𝑈𝑑𝑑

Ud

2. GKA rule (FM, orthogonal orbitals, half full)

x2-y2



INTERACTIONS Goodenough–Kanamori–Anderson rules

E

M O

∆CT

M

JH

Ud

𝐽𝐽𝐹𝐹𝐹𝐹 = −𝑡𝑡𝑑𝑑𝑑𝑑2
1

𝑈𝑈𝑑𝑑 − 𝐽𝐽𝐻𝐻
−

1
𝑈𝑈𝑑𝑑

𝐽𝐽𝐻𝐻 <𝑈𝑈𝑑𝑑 −
𝑡𝑡𝑑𝑑𝑑𝑑2

𝑈𝑈𝑑𝑑
𝐽𝐽𝐻𝐻
𝑈𝑈𝑑𝑑

𝑡𝑡𝑑𝑑𝑑𝑑 =
𝑡𝑡𝑝𝑝𝑑𝑑2

Δ𝐶𝐶𝐶𝐶

2. GKA rule (FM, orthogonal orbitals, half full)



INTERACTIONS Goodenough–Kanamori–Anderson rules

O

M

M

O O

M

M

O

𝐽𝐽𝐹𝐹𝐹𝐹 = −
𝑡𝑡𝑑𝑑𝑑𝑑2

Δ𝐶𝐶𝐶𝐶 + 1
2𝑈𝑈𝑝𝑝

𝐽𝐽𝐻𝐻
𝑝𝑝

Δ𝐶𝐶𝐶𝐶

 a crossover from FM to AFM for angles 95-100deg

3. GKA rule (FM, orthogonal p-orbitals, half full)



INTERACTIONS Goodenough–Kanamori–Anderson rules

O

M

M

O O

M

M

O

𝐽𝐽𝐹𝐹𝐹𝐹 = −
𝑡𝑡𝑑𝑑𝑑𝑑2

Δ𝐶𝐶𝐶𝐶 + 1
2𝑈𝑈𝑝𝑝

𝐽𝐽𝐻𝐻
𝑝𝑝

Δ𝐶𝐶𝐶𝐶

 a crossover from FM to AFM for angles 95-100deg

3. GKA rule (FM, orthogonal p-orbitals, half full)



INTERACTIONS

M MO

E

U

Goodenough–Kanamori–Anderson rules

M MO



INTERACTIONS

 symmetries of respective orbitals

O

M O

𝑑𝑑𝑥𝑥2−𝑦𝑦2

𝑝𝑝𝜎𝜎

𝑝𝑝𝜋𝜋

+

-

+
-

-+

�Ψ𝑑𝑑𝑥𝑥2−𝑦𝑦2
∗ Ψ𝑝𝑝𝜎𝜎𝑑𝑑𝑑𝑑 ≠ 0+

-
�Ψ𝑑𝑑𝑥𝑥2−𝑦𝑦2

∗ Ψ𝑝𝑝𝜋𝜋𝑑𝑑𝑑𝑑 = 0

O

M O

𝑑𝑑𝑥𝑥𝑥𝑥

𝑝𝑝𝜎𝜎

𝑝𝑝𝜋𝜋

+

-+

-
-+

+

-

�Ψ𝑑𝑑𝑥𝑥𝑥𝑥
∗ Ψ𝑝𝑝𝜎𝜎𝑑𝑑𝑑𝑑 = 0

�Ψ𝑑𝑑𝑥𝑥𝑥𝑥
∗ Ψ𝑝𝑝𝜋𝜋𝑑𝑑𝑑𝑑 ≠ 0

 s-p hybridization

 JT effect

 180deg is always AFM

 for smaller angles every path/integral 
contributes individually → DFT

Goodenough–Kanamori–Anderson rules



INTERACTIONS double-exchange

 FM coupling due to mixed valences

M MO

Mn3+Mn4+

delocalization

not just the nearest neighbor → metallicity

J. Phys. Soc. Jpn. 67, 2582 (1998)



INTERACTIONS anisotropic exchange

ℋ𝑖𝑖𝑖𝑖 = 𝑺𝑺𝑖𝑖 � ̿𝐽𝐽 � 𝑺𝑺𝑗𝑗 = �
𝛼𝛼𝛽𝛽

𝑆𝑆𝑖𝑖𝛼𝛼𝐽𝐽𝛼𝛼𝛽𝛽𝑆𝑆𝑗𝑗𝛽𝛽

ℋ = �
𝑖𝑖𝑗𝑗

𝐽𝐽∥𝑆𝑆𝑖𝑖𝑧𝑧𝑆𝑆𝑗𝑗𝑧𝑧 + 𝐽𝐽⊥(𝑆𝑆𝑖𝑖𝑥𝑥𝑆𝑆𝑗𝑗𝑥𝑥 + 𝑆𝑆𝑖𝑖
𝑦𝑦𝑆𝑆𝑗𝑗

𝑦𝑦)

sy
m

m
et

ric

𝐽𝐽∥ ≠ 𝐽𝐽⊥
anisotropic



INTERACTIONS anisotropic exchange

ℋ𝑖𝑖𝑖𝑖 = 𝑺𝑺𝑖𝑖 � ̿𝐽𝐽 � 𝑺𝑺𝑗𝑗 = �
𝛼𝛼𝛽𝛽

𝑆𝑆𝑖𝑖𝛼𝛼𝐽𝐽𝛼𝛼𝛽𝛽𝑆𝑆𝑗𝑗𝛽𝛽

ℋ = �
𝑖𝑖𝑗𝑗

𝐽𝐽∥𝑆𝑆𝑖𝑖𝑧𝑧𝑆𝑆𝑗𝑗𝑧𝑧 + 𝐽𝐽⊥(𝑆𝑆𝑖𝑖𝑥𝑥𝑆𝑆𝑗𝑗𝑥𝑥 + 𝑆𝑆𝑖𝑖
𝑦𝑦𝑆𝑆𝑗𝑗

𝑦𝑦)

𝐷𝐷𝛼𝛼 = �
𝛽𝛽𝛾𝛾

𝜀𝜀𝛼𝛼𝛼𝛼𝛼𝛼𝐽𝐽𝛽𝛽𝛽𝛽

ℋ𝑖𝑖𝑖𝑖
𝐷𝐷𝐷𝐷 = 𝑫𝑫𝑖𝑖𝑖𝑖 � (𝑺𝑺𝑖𝑖 × 𝑺𝑺𝒋𝒋)

sy
m

m
et

ric

𝐽𝐽∥ ≠ 𝐽𝐽⊥
anisotropic

off-diagonal

antisymmetric



INTERACTIONS antisymmetric exchange

 often called Dzyaloshinskii-Moriya interaction (DMI)

M MO

M M
O

�Η = −𝐽𝐽𝑺𝑺𝒂𝒂𝑺𝑺𝒃𝒃

�Η = −𝐽𝐽𝑺𝑺𝒂𝒂𝑺𝑺𝒃𝒃 + 𝑫𝑫(𝑺𝑺𝒂𝒂 × 𝑺𝑺𝒃𝒃)

E

U

λ𝑳𝑳𝑳𝑳

𝐸𝐸(2) =
ψ𝐺𝐺𝐺𝐺|𝑎𝑎

0 λ𝑳𝑳𝒂𝒂𝑺𝑺𝒂𝒂 ψ𝑒𝑒𝑒𝑒𝑒𝑒|𝑎𝑎
0 𝐽𝐽 𝐺𝐺𝐺𝐺|𝑎𝑎 𝑒𝑒𝑒𝑒𝑒𝑒|𝑎𝑎 𝐺𝐺𝐺𝐺|𝑏𝑏 𝐺𝐺𝐺𝐺|𝑏𝑏 𝑺𝑺𝒂𝒂𝑺𝑺𝒃𝒃

𝐸𝐸𝑒𝑒𝑒𝑒𝑒𝑒
0 − 𝐸𝐸𝐺𝐺𝐺𝐺

0 +

+
𝐽𝐽 𝐺𝐺𝐺𝐺|𝑎𝑎 𝑒𝑒𝑒𝑒𝑒𝑒|𝑎𝑎 𝐺𝐺𝐺𝐺|𝑏𝑏 𝐺𝐺𝐺𝐺|𝑏𝑏 𝑺𝑺𝒂𝒂𝑺𝑺𝒃𝒃 ψ𝑒𝑒𝑒𝑒𝑒𝑒|𝑎𝑎

0 λ𝑳𝑳𝒂𝒂𝑺𝑺𝒂𝒂 ψ𝐺𝐺𝐺𝐺|𝑎𝑎
0

𝐸𝐸𝑒𝑒𝑒𝑒𝑒𝑒
0 − 𝐸𝐸𝐺𝐺𝐺𝐺

0 + ⋯

non-degenerate ground state & L is purely imaginary



INTERACTIONS antisymmetric exchange

 often called Dzyaloshinskii-Moriya interaction (DMI)

M MO

M M
O

E

U

λ𝑳𝑳𝑳𝑳

Dij =

1) When a center of inversion exists, D = 0
2) When a mirror plane perpendicular to AB passes through C, D ||

mirror plane or D ⊥ AB
3) When there is a mirror plane including A and B, D ⊥ mirror plane
4) When a 2-fold rotation axis perpendicular to AB passes through 

C, D ⊥ 2-fold axis
5) When there is an n-fold axis (n ≥ 2) along AB, D || AB

C
BA
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