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Jean Baptiste Joseph Fourier

France, 1768 - 1830
F(I/l) — ﬁj‘f(x) ) e—i-Zﬂ.u.x dx
F(u)=%ff(x)-[cos(2n-u°x)—i-sin(2yt°u-x)]dx

F(u) =FT(f(x))
2
PS(u) = ‘F(u)‘
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Real Space Fourier Space
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Real Space Fourier Space
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https://www.youtube.com/watch?v=xh08iz2qCOE

Describing anything with sine waves?
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https://www.youtube.com/watch?v=xh08iz2qCOE

Summing up spatial frequencies
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Fourier
Transform
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2D Fourier Transforms in the Computer Memory

Fourier Transform of the same image

6 x 6 Reals = 36 Floats
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1 2 3 4 5 6 c - c

* The FT of real functions (e.g. images) are Hermitian: for every point (a+bi), there is a corresponding point (a-bi)
* Foran N x N pixel image, the Fourier transform has the dimensions N/2+1 x N
* The positive Nyquist and negative Nyquist values are the same, and they are real.

(after John Rubinstein, NRAMM 2014)
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2D Fourier Transforms in the Computer Memory

6 x 6 Reals = 36 Floats 14 Complex + 10 Reals = 38 Floats
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* The FT of real functions (e.g. images) are Hermitian: for every point (a+bi), there is a corresponding point (a-bi)
* Foran N x N pixel image, the Fourier transform has the dimensions N/2+1 x N

* The positive Nyquist and negative Nyquist values are the same, and they are real.

(after John Rubinstein, NRAMM 2014)
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2D Fourier Transforms in the Computer Memory

6 x 6 Reals = 36 Floats 12 Complex + 8 Reals = 32 Floats
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* The FT of real functions (e.g. images) are Hermitian: for every point (a+bi), there is a corresponding point (a-bi)
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2D Fourier Transforms in the Computer Memory
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2D Fourier Transforms in the Computer Memory

(after John Rubinstein, NRAMM 2014)
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2D Fourier Transforms in the Computer Memory

a+ib = “Cosinus-Term (Real)” and “Sinus-Term (Imaginary)”

Imaginary 4
Argand Diagram:

Polar Coordinate Transform:
3 / © F = |a+ib|
2 ib ® = atan (b/a)
a+l
1
O 1 2 3
-1
-2 (F®) = “Amplitude” and “Phase”

(after John Rubinstein, NRAMM 2014)
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eal-space image <=> Fourier Transform

Fourier space
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Basics of image processing:
Fourier filters of images

Real -->Fourier -->Real Band-pass
= A% 791

Low-pass filter

http://sharp.bu.edu/~slehar/fourier/fourier.html
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Fourier
Transform
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Real Fourier
Space Transform




2dx_automator (2013):
Automated movie frame alignment and averaging,
based on the MotionCorr(1) (Cheng lab) alignment tool.

Motion Correction GUI (beta_2)

Input: jrunjuser/1001/gvis/smb-share:server=cina-qnap01.sharewcina_k2/Sarah_Shahmoradian/161213-TGBS1/raw_stacks Launch Automation
Output: frunjuser/1001/gvfs/smb-share:server=cina-gnap01.share=cina_k2/Sarah_Shahmoradian/161213-TG8S1/aligned_averages

Stop Automation

Starting Frame Number: 2
Change min frame
Ending Frame Number: 0
Change max frame
Frame Offset: 5
Change frame offset
Wait time: 60
Change wait time Image Statistics:
Export Location: Input image: 2013-12-16_12.48.48.mrc
not set
Change Export Location Time: 2013-12-16 12:50:33

Export Image

Troubleshoot

13 Images
12.29.34.mrc
12.43.13.mrc
12.41.50_2200.mrc

1251.20mec | . Shift profie
12.54.41_double
12.58.55.mrc N
13.03.32.mrc 0 -
13.06.53.mrc .
13.10.06.mrc

13.16.29.mrc 8| o
14.35.09.mrc
14.42.06.mrc

drift corrected |
original |

200

150

100

Reprocess Image
Reprocess ALL Image

Open Image
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Fourier
Transform
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Extract the information from the noise

N Oisy FFT
image

Filtered Filtered
image FFT
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Fourier Transformation

Fourier transformation.

1

F(u) _ Ef(x) Lo 2T o
F(u)= %:f(x)-[cos(Zn'-u-x)— i-sin(27-u -x)]dx
F(u)=FT(f(x))

Inverse Fourier transformation exists.

f(x)=FT(F(u))

1 - 2TU-X
f(x):EJ’F(u)-e“' du
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Fourier Equations

FT(a-f(x))=a"F(u)

FT(f(x)+g(x))=F(u)+G(u)

FT(f(ax))=F(u/a)

FT (rotated f(x))=rotated F(u)

If you put more contrast in the image,
then the FFT’s amplitude gets stronger.

Adding two images f and g and calculating their FFT
is like adding the FFTs F and G of them.

If you stretch an image by a,
then you shorten the FFT by a.
(===> reciprocity)

If you rotate and image,
then you also rotate its FFT.
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Convolution
f(xX)® g(x)=FT'|F(u)-G(u)]

Convolution of f with g in real space is slow. It can be done much faster by
multiplying their FFTs, and calculating the inverse FFT of the result.

“Convolution of a set of spots with a duck produces a set of ducks.”

“Convoluting a structure’s projection map with a Point Spread Function gives you the recorded image.
This is equivalent to multiplying the FFT of the map with the Contrast Transfer Function.”
(=> deconvolution)

Cross-Correlation
fOXg(x)=FT™'| F(u)-G"(u) |

Couple Conjugation; Cross-correlation of f with g in real space is slow. It can be done much faster by
calculating their FFTs F and G, taking the complex conjugate of G*,

G=a+ib
G =a—ib multiplying F with G*, and calculating the inverse FFT of the result.
Phase(G)=® ) ) } . ) } ) .
. “Cross-correlation of a noisy image of many viruses with a virus-like circular reference
Phase(G )=—-® . .
produces a map with peaks that show where the viruses are.”
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Real
Space

Fourier
Transform
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Fourier
Transform
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Drawing by John O‘Brien; © 1991 The New Yorker Magazine
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Projection

Real-Space Method



Projection

\

Real-Space Method




Backprojection

I Summqr—t;o’h .

Real-Space Method




Backprojection

Summ’\ar't';é"'\

Qiom

Summai':o"'\

Real-Space Method



The Radon projection theorem for 3D reconstructions

inverse 2D Fourier
Transformation

Pastea 1 k
into the 2D

Fourier space

2D Fourier Space

Fourier-Space Method
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The Radon projection theorem for 3D reconstructions

Object

2D pictures

(projections)

l Imaging

2D Fourier
transformation

N

it O SR T,

*

vy

Reconstruction

3D Fourier
Transformation

Projection into
the 3D
Fourier Space

Founer—Space Method

Lake, J. (1971). In "Optical Transforms”, (H. Lipson, Ed.), Academic Press, London.
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3D reconstruction
Computing requirements: ﬂ ?

- 50 images at different tilt angles
+ 1000x1000 px in each image
* 1000x1000x1000 voxels for the 3D reconstruction

RS
o/

'.J.T/

<

Real-space backprojection: = 22229
i i oc—— 22321
Number of required summations: ¥ etk
50 x 1000 x 1000 x 1000 = 50°000°000°000 = s |‘E| 58
Fourier-space backprojection: T &
Number of required summations: L R—
50 x 1000 x 1000 = 50°000°000 R - oy I3
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Central Section Theorem
F(M,V,W) = FT(f(x,y,Z)) A 3D space with x,y,z

corresponds to a Fourier space with u,v,w.

F(u ,V ,O) = FT [f f(x ,y 9Z)dZ] A projection in the vertical direction dz

corresponds to the central section in the w=0 plane.

The Fourier Transform
of the 3D reconstruction:

The Protein:

f(x,3.2)

The Fourier Transform
of the Image:

F(u,v,0)

The Projection Image:

| feey.2)dz

PHYS-468-02b-Fourier.key - 2 March 2022



Special Cases

FT ( re Ct( a x)) — l sinc ﬁ The Fourier transform of a rectangular function
| Cl| a is the sinc function.
FT ( sin C( ax)) — i rect Z The Fourier transform of a sinc function
| a| a is a rectangular function.
2
JU (]m) The F f faG f
2 B e Fourier transform of a Gaussian function
—ax
F T(e ) =L, "€ “ is a Gaussian function.
a
F T((S(x )) =1 The Fourier transform of a delta function is a constant.
F T(l) = (S (l/l) The Fourier transform of a constant function is a delta function.
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Fourier Transformation

1 —i27u-x
Use it to: F(u)= Eff(x)-e dx

* Analyze performance of microscope
* Analyze resolution and quality of image
» Modify or correct certain image artifacts (=> CTF)

* In case of crystal: Extract structure (=> Fourier filtering)
e Use to
Calculate cross-correlation function with a reference

Calculate convolution with or deconvolution of a kernel function

* In case of different sample orientations in set of images:
combine into 3D reconstruction (=> Backprojection)

PHYS-468-02b-Fourier.key - 2 March 2022



