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Exercise 2

Problem 2.1 Exact diagonalization for an Harmonic Well

In this exercise we will approach the general problem of finding bound states of a quantum
model. The quantum mechanical description of this problem is based on an eigenvalue
problem (the time-independent Schrédinger equation),

H|V) = E|V) (1)
where
e |U) € H is a vector in some Hilbert space H,
e [ is the Hamiltonian operator which acts on vectors in H,
e [ are the energy eigenvalues.

The goal of this exercise is to find bound-state solutions (E < 5) to the 1D time-
independent Schrodinger equation for an harmonic well, i.e. for a potential V' (z) sat-
isfying

V(z) = 2%/2. (2)

Construct the main and off-diagonal of the hamiltonian for a the potential choosing a
suitable interval [x¢, zf] and a discretization interval 0, as described in section 3.1.1 of the
lecture script. Use a suitable eigenvalue solver for this symmetric tridiagonal matrix.

e Check the convergence of the ground and first excited states as a function of 9.

e What happens if we make the interval [z, x| smaller or larger?

e Plot the bound-state spectrum and the wavefunctions of the first and excited state
and compare it to the exact solutions of the Harmonic oscillator.

Now add an anharmonic term Az* to the potential to obtain
Va(z) = 2%/2 + Az, (3)

e What happens to the energy gap between the ground state and the first excited
state when A is varied?

e Compare the results with those obtained with first order perturbation theory



Problem 2.2 Particles against a wall

Here, we will study the dynamics of a quantum particle in one dimension being reflected
off a tilted wall by using the techniques described in the lecture notes. As initial state at
t = 0, we choose a Gaussian wave packet going in z-direction

\I/(QZ) — Neikgxef(mfxo)z/aa

with center 7y = —10, spread a = 1 and ky = 5. The normalization constant N =
(ma?/2)~1/* is chosen such that [*_dz |¥(z)|* = 1.

1. Show that the operator (1 + %HY1 (1 — £tH) is unitary.

2. Numerically compute the free time evolution of the particle in the absence of any
potential. Compare the performance of the different methods in the lecture notes.

(a) Start by implementing the spectral method from section 3.3.1 in the lecture
notes.
(b) Compare it to the implicit integrator from section 3.3.2 in the lecture notes.
(c) Plot Re[¥(z,t)], Im [¥(z,t)] and the density |¥(x,t)|* at different times .
Hint: Compare your results with the exact solution (A =1, m = 1):
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3. Modify your code to include an infinite wall at x = 0, as described by the following

potential:
0 <0
V(w) = { X

oo x>0

4. We now insert a tilted wall at x = 0,

V(x):{o <0

tan(@)x x>0

where 6 is the tilting angle. In this case, the solution can no longer be found
analytically.

Investigate the behaviour of the wave packet numerically as it hits the wall. In
particular, study the time evolution of the velocity of the wave packet

v(t) = /_00 Im[V(z,t)" %‘I’(m,t)] dx

for different tilting angles.

Hint: You can use finite differences for computing the spatial derivative.
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