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134 'r'Some sPecial toPics

{Xr,Xr,...,Xr,}. For an example of superstability with a cycle of period

on", tn" Newton-Raphson method to calculate a fixed point is superstable

and so converges very rapidly once a close approximation to a fixed point
has been found.

Example 4.3: the logistic map. Itis shown in $3'4 thatif F(a,x) : ax(l - x)

thenthereis astablefixed point, i.e.a2o'cycle,X:(a- l)la for I < a (
ar:3 with eigenvalue q - 2 - a.Therefote Ao: 2 because 4 :.0 when

a:2; then *:+. Also there is a stable 2r-cycle {Xr,Xr} when

at 1 a { az :1 + /O with q : l0F2(a,x)l0xlx,: F"(a,X)F*(a,X,) :
4 + 2q- ai. therefbre .4r is the zero of q such that a, < Ar < ar' i'e'
At : | + J5 : 3.236;then Xt : t, X, -- i$ + J5). tr

Recall that, by use of the chain rule, the multiplier q determining the

stability of the 2"-cycle can be shown to have the same value fl;tlr F"(a' Xi)
at eaclr point of the 2'-cycle, so that q : 0 if and only if the derivative of F
vanishes at one point of the cycle. Therefore, if F is a smooth convex

function with a simple maximum at X' then 4 : 0 if and only rt Xi: X^
for one value ofj, i.e. if and only if X' belongs to the 2'-cycle, i'e'

F2"1A,,X^1 : y-.

Thus ,4, is a value such that

F!'1A,,X^',1: g.

In fact if F is a smooth convex function then .4, is the unique value; indeed,

as a increases from a, to A, Io a,11, F,2'(a,Xt) decreases monotonically
from 1 to0to -1.

We have established that if e : A, then X. belongs to the 2"-cycle. So

the other points ate Fj(A,,x^) for;: 1,2, "''2' - !' of these points the

closest to X_ is Ft'-'(A,,X.). To see why this is true, first note that each

member of i 2,-t-cycle of F is a fixed point of F2'-' and the 2'-cycle of F
contains two 2'-1-cycles of .F. The 2"-cycle of F bifurcates from the 2'-r-
cycle of F as a increases through a, and the line y : x cuts the curve

i: pz'-'(a,x) at the two-cycle as well as the fixed point of F2" (see, e'g',

Fig.3.a). So, as a increases through q,,the two points of the two-cycle of
F2'-' separate from the fixed point and one another. However, this leaves

Xr, the point that becomes X' when a: A,, closest to F''''(a,Xt) and

these two points of the 2'-cycle stay closest as c increases to .4,. To prepare

to investigate the scaling of the separations of the points {Xr,Xr,""Xr'}
of a2'-cycle for large r, define

xrr:l

as Ao a1 At azAz a3 A3 a

Fig. 4.4 Sketch (not to scale) in the (a, x)-plane of the bifurcation diagram of a
one-dimensional map, showing the flip bifurcations and superstable 2"-cycles.

d, : Ft'-'(A,,x-) - x^ for r : 1,2,.'., (1)

the distance from X- to the nearest other member of the superstable 2'-
cycle. Then the location of the flip bifurcations and superstable cycles is
summarized in Fig.4.4.

3.2 Feigenbaum's theory of scaling
We are now ready to describe Feigenbaum's theory of period doubling,
although in addition a knowledge of the elements of applied functional
analysis will.help. It is interesting that Feigenbaum's (1978) paper was
rejected by the first journal to which it was submitted (Cvitanovi6 1984,
p. 244). Feigenbaum,galculated A, and d, numerically for several values
ofr and for a few functions F and concluded that

A,: a- - B6-', * o(6-"), d, - Dl(a)' as r -+ @, (2)

where B, D are constants which depend upon the map F, but 6 : 4.6692...
and a : 2.5029... are'universal'constants which do not. This shows that a
is the x-scale of the route to chaos by period doubling much as d is the
a-scale. The scaling of d,can be expressed as

lim (-a)"{r'"(A,*r,X^) - X^\ : -Dla. (3)

This leads to the further hypothesis that the limit
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