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Case Studies

[three concrete examples of accelerators]

Laboratory for Particle Accelerator Physics, EPFL



The Goal for this lesson

apply the studied concepts to realistic applications, determine
the key parameters for three accelerator configurations

1. design of a compact cyclotron for medical isotope
production [10MeV]

2. parameters of a high energy proton accelerator [500GeV]

3. use the same synchrotron for electrons [20GeV]

— recapitulation of several accelerator concepts



Case Study : 10MeV Cyclotron

motivation

Step 1: define bending magnet

Step 2: focusing properties

Step 3: realise acceleration to full energy
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Isotope Production for medical Purposes

Carbon-11 (C-11) radiotracers are widely used for

production rate of C11 the early diagnosis of cancer, monitoring therapeutic
as function of p-energy

UN(p.«)''C

response to cancer treatment, and pharmacokinetic
investigations of anticancer drugs.

The short half-life of carbon-11 (20.38 minutes)
creates special challenges for the synthesis of C-11
labeled tracers; these include the challenges of
synthesizing C-11 target compounds with high
radiochemical yield ...

! » " - = [Z.Tu, R.H. Mach, Washington University School of

Particle energy (Me) Medl(:lne]

— we need a super compact and cost efficient accelerator
delivering ~ 10MeV protons, suited for installation in a hospital




The Classical Cyclotron

two capacitive electrodes , Dees”, two
gaps per turn

internal ion source

homogenous B field, radial gradient
possible

constant revolution frequency for low E,

our plan: accelerate fast and survive with
a slight non-synchronism

RF
voltage

extraction
electrode

X

magnetic
field

extracted
beam




Lorentz force in magnetic field

force perpendicularto  centrifugal
velocity 7 and field B~ force

Solution is circular path:

p=—
7t ‘in wi ith oD
r(t)=p | sinw with: ¢B.
0 W =
m
note:

<L

circular path

vertical magnetic field




Relativistic Factors

relativistic energy-momentum
relation: convenient relativistic factors:

proton rest energy: momentum: p = v

938 MeV
) cp = Bymoc’

— BEtot



Step 1: Choice of Field for Energy = 10MeV

magnetic rigidity

Bp [T -m] = 3.3356 - p [GeV /c]

not negligible in this case, f<<1

|

Bp [T -m] = 3.3356 x 8 X Fiot [GeV]

C. Oliver, CIEMAT, Spain et al.

superconducting cyclotron, B=4 Tesla (z 4.426\/Ek/m062 for 8 < 1)
kinetic energy E, 10 MeV
velocity 3 0,145

superconducting magnet 40T

. . The high field of 4T results
extraction radius @ 4T 11,4 cm s

in compact dimensions.
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Step 2: Focusing in Classical Cyclotron

Even with a simple magnet we can introduce a radial gradient to achieve focusing.

the field index describes the (normalized) L — E d_B
radial slope of the bending field: " BdR
we want focusing in both planes: T+ wg(l +k)z=0
j—wiky=0

tunes in a cyclotron, both
should real numbers:

thus -1 < k < 0 (negative slope of field) to keep beam focused!
but: not isochronous!




Overview on cyclotron type accelerators

* our choice

Classical Cyclotron*

[B(O) = const]
e vy
N
C
v O,))
0/ 5
Thomas cyclotron Q. f
L = - ;
. . . ) AVF concept — harmonic pole shaping,
[AzBlrguthzlly Va;yelng Field, | £ electron model, Richardson et al (1950),
\_ e.g. B(6) oc b+cos(30), one pol] Y, | courtesy of Lawrence Berkeley National Laboratory

|
—_—

\ 4

Separated Sector

Cyclotron
[separated magnets, resonators] )
compact machine

high energy

high intensity
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Obtaining a minimal focusing in vertical plane

parametrization of B:
— a small for value for k is sufficient

k
B(R) — By (ﬂ) (compromise between focusing strength and
Ry phase slip)
L — E @ — chose k =-0.01
B dR — Q, = 0.1 — one oscillation per 10 turns

RF

4.0T

extraction
electrode

3.9Tr

field |

\
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Step 3: Acceleration Process

very simple simulation process, for example using Excel:

set of equations to iterate through
the acceleration process:

AEk = Vg X Sinqb

A = 2 x DUHER) = Biso

Biso

B.,, = field theoretically required to
obtain a fixed revolution frequency f

2TyYm
Bisoz i Ofrev

€

rev

energy and phase are computed from turn to turn

— the aim is to see whether the desired energy can be reached
without losing completely the synchronism with the RF wave
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Qualitative Explanation of Acceleration in a non-
isochronous Cyclotron

field to high, RF frequency to low
for the beam, beam moves earlier

injection
final energy must be reached
before phase equals 180deg
— high enough voltage needed

@
&
! isochronous .
o extraction
= beam
A -
phase

sketch by F.Chautard (GANIL)
and W.Kleeven (IBA)

at higher energy & larger at even larger radius RF
radius (BY) circulation time frequency is too high,
exactly matches RF freq. beam moves later in phase
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Simulation Result

result:

with 2x46kV voltage gain per turn
an energy of 10MeV is reached
Nr of turns: 65
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phase [deg]

field [T]

lllustration of insufficient voltage
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- 10
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8
z
6 =
s 2
2
0 o .
illustration:
with 70kV voltage the phase
turns over and beam is
decelerated again
E,..x falls below 10MeV
120
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Presenter Notes
Presentation Notes
70kV, F0 = 0.9850


Summary on Cyclotron Example

using a high field of a superconducting magnet a compact and simple
10MeV cyclotron for isotope production can be realised

in this classical cyclotron the beam stays not in phase with the RF, thus a
high gap voltage >45kV is needed to perform the acceleration quickly

we needed:

isochronous

\ beam

* knowledge on focusing via radial field index phase

extraction

voltage

* magnetic rigidity, cyclotron frequency

e a bit of longitudinal dynamics and ..

* numerical integration of energy, phase coord.
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Recap Synchrotron:
Stable phases above and below transition ?

ry

below transition

v

E<E,: with increasing energy
circulation time is reduced

f

P<Ps

(dominated by velocity) / t
e < 0 | |
< > p>p,
i< >i p=p (synchronous particle)
— —> p<p,
above transition
E>E,.: with increasing energy : \
circulation time is increased | | X
(dominated by path length) | | t
e > 0 i i
— i o,
i p=p, (synchronous parti<1:I7e)



Synchrotron: Transition Energy

dependence of circulation time on momentum
competing effects: path length <> speed of particles

momentum compaction factor

1 fD
2o

Etr — f)/trmOC

Slip factor: 7jc

the transition energy is a parameter of the magnet lattice

compare cyclotron example:

Ar (1 1T\ Ap  RdB  field
C\14+k A2

Y

T D k= B dR index

= 0 for isochronous cyclotron ”



Stationary Bucket and Separatrix

maximum energy acceptance unstable fixpoint defines
on separatrix \ Hqeps separatrix\
. . . | |
relation with slip factor: 0.06
AT Ap
— =, 0.04
T p
0.02
for example above transition: ﬁ 0
n.>0—>AE>0, Ap>0 <
-0.02
-0.04
-0.06

0 / M 2n
phase [rad]

see also Wiedemann Stable fixpoint g ==
sec. 9.3.2 1




=PrL

Next: Case Study 500GeV Synchrotron

bending strength, injection/extraction energy

 focusing and beam size

main parameters, chromaticity and its correction
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Common Accelerator Types: Synchrotron

Synchrotron:

* multiple use of cavities

* high energies possible — limited by B-
field (p, ions) or SR power (e)

* for arange of parameters cost effective

— dipole
l/ quadrupole

</

— this is the best choice for accelerating
protons to 500GeV

21



CERN Accelerator Zoo

SPS = Super Proton Synchrotron, 25 — 450GeV

CMS
- <

LHC ->7TeVv

Morth Area
2008 (27 k)

TT40 LRE]

N\
1976 (7 km)
L LRALY L A

ATLAS ->450 GeV WAKE
HiRadMat
20M I TTe0
AD

M2

) BOOSTER
rings = e LD ISOLDE
synchrotrons K e East Area
— 5
n-ToF _'“’ff i« PS - ev ; T
Em - ' 1959 (628 m)
a LINAC 2 | _‘_LIH':
AEUtRons ) o
& wocs [ ) anki®
i B} 2005 (78 m) |
b p (proton) b ion P neulrons P p lantiproton) b electron 4+ protonfantiproton conversion
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A high energy proton synchrotron a la SPS

a proton synchrotron for 500GeV

— ring size and field strength
— FODO lattice choices
— other machine parameters

[Super Proton Synchrotron, CERN]
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main dipoles of the SPS at CERN: 2.0 T x 6.3 m

[A.Milanese, CERN]
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Presenter Notes
Presentation Notes
The SPS main dipoles are resistive magnets, with coils in copper. Demineralized water flows in the conductor to remove the Joule heating.

At the peak current of 5.8 kA, they provide a dipole field of 2.0 T in a rectangular aperture. Two types of magnets with a smaller (36 mm, MBA) and larger (52 mm, MBB) vertical aperture are used.

Each dipole bends the beam by 360 / 744 = 0.48 deg.

They now work in a cycled mode and they can be ramped in a few seconds.

In the 1970s, also a superconducting option was studied for the SPS, then abandoned.

The main SPS converters are designed for a peak (active) power of 144 MW, which is drawn directly from the 400 kV line. The average (rms) power depends on the duty cycle, though it is usually a factor of 2 less.

The photo was taken in 1974.


Bending magnets (dipoles)

inated magnets (B < 2 Tesla)

NNNNNNN [T

7,

WW/%//////////////////////X -

[cross section perpendicular to beam path]

A\

field strength




Step 1: A Magnet for a 500GeV Ring

length = 12m magnetic rigidity:

room temp. magnet: B, = 2T Bp[T - m] = 3.3356 - p[GeV /c]
— bend radius p,;, = 835.5m

— bending angle 6 = 1/p = 14.4mrad

magnets needed for ring: N =21/0 =437.4
— rounding up: N = 440 Magnets

magnet specification:

— p =840.4m
B=1.988 Tesla, | =12.0 m, N =440



Step 2: Energy Range

the synchrotron ramps from an injection energy E_, to E, _, = 500GeV

due to field errors etc. the factor E__ /E, ... cannot be arbitrarily large

min

we coose E_.. = 25 GeV, which is reasonably possible

the normalized emittance
is conserved:

= [ye = e

example value:
const g, =5 mm mrad

the geometric emittance at E ., is larger by a factor 20

the transverse beam size at E_ ., is larger by a factor v20 = 4.5

— magnet aperture and beam pipe must accommodate the beam atE_
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Recap: Beam Emittance

emittance characterizes the phase space
volume of the beam, here of x,x °

X\F

beam emittance as statistical property:

e, = V<22 >< 22> — < g >2

projected distribution:

Op = V< 22 >

30 20 0 0 O 20 30 X

28



Comparison to low energy cyclotron

the synchrotron is highly relativistic CYC'°“°“ synchrotron SV“Chmtron
=10MeV | E, = 25GeV =500GeV

the circulation time is practically 1.011 27.6
constant

[3 0.145 0.9993 0.999998
variations of f,_, as we considered

. 2T 0.229 m 835 m
for the cyclotron are not an issue Pe
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Step 3: Focusing using Quadrupoles

[SPS quadrupoles, A.Milanese, CERN]
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Presenter Notes
Presentation Notes
The SPS main quadrupoles are resistive magnets, with coils in copper. 

Demineralized water flows in the conductor to remove the Joule heating, as for the SPS dipoles.

At the peak current of 2.1 kA, the quadrupole gradient is 22 T/m in a 88 mm diameter circular aperture. The pole tip field is then 1.0 T ( = 22 × 0.044).



(W)
|

FODO Cell Structure

Four dipoles per FODO cell: 440/4 = 110 cells

Besides bending also focusing is needed

— part of the circumference cannot be covered with bending field, but is

needed for gaps between magnets and for quadrupoles

dipole H dipole H F dipole

dipole

12m 3m 12m

A

57m = length of one cell

bending radius: p = 840.4m
average radius: R =57/48 x p = 998m
circumference: C=2n xR =6270m

in practice more “insertions” needed: C ~ 8000 m
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Presenter Notes
Presentation Notes
6864m / 2.998e8m/s = 23us
= 43.7kHz


FODO Cell Geometry

1.5

O/
|

05 |- B

x [m]
o
|
\\

A\

[l

| | | | | |
0 10 20 30 40 50 60

length [m]
Note scale ratio s/x = 20
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Recap: Beta Function

— the beta function is a scaling factor for the amplitude of orbit
oscillations and their local wavelength at the same time

1 1
@ - @

mplitude [mm)]
o
mplitude [mm)]
o

FOFDFDFDFDFDFDFDFDFDFDFD

i FOFDFDFDFDFDFDFDFDFDFDFD

weak quads, B3 large strong quads, 3 small

3 3 ‘;
" "’-W/\W/\/W\‘
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Rough estimates of key parameters

phase advance per cell:
we choose 90deg:

90deg o7 &

~ Nce ) —
@ 7 360deg

1

ds R

Q=

21 | B(S)  Bave

Beta-function is estimated from
smooth approximation (R=998m):

Bavg %R/Q = 36m
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Resonance Plot

condition for resonance: 7 -, + k - Qy =n

order of resonance: 7] + | k]

2Q,-Q,=1, order:3

__3Q,=2, order: 3

Q, +3Q, =2, order: 4

[up to 4-th order]
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Estimate of dispersion, momentum compaction

D" + K(s)D = 1 simplifying D(8) = Dayg = const
p assumptlons: K(S) — 1//8§Vg
ﬁavg — R/Q
R <D> 1
Davg ~ @ Qe X 7 — @

our 500GeV lattice, Q ~ 27.5, R * 998m:

Daye = 1.32m
-3
O{c — ]. . 3 X ].0 momentum compaction = path
length vs momentum change
AC Ap

C p
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Recap: FODO Cell

1/2 QF abp 1/2 QF

\

thin lens approximation: <

FODO Period L

2
v 1 — &= L(1+%) 1 I (1 L)
FODO — . ’ . T r
_1* 1_L_22 f 4f2 4f
f 8f

F: focusing quadrupole
D: defocusing quadrupole

f = focal length of quadrupole

Simplest case: f=f, =-f., |, =, (distance between quads)



Recap: FODO Cell Parameters

we obtain for B* in the focusing quad
and [~ in the defocusing:

gt — L 1 £+ sin(u/2)

sin 4

phase advance per cell (adjustable):

L
sin(n/2) = 1%

beta-function

0 0.5 1 15



FODO Cell Beam Optics (90deg)

the three main optics functions in the FODO cell are j3,, 3, D,

] I
2 BT ~92m
E E _
1is § B~ ~18m
2 2 [t A=
oy 3 )8a,vg ~ /6+ 6
= 1
= 40.5m
20 horizonta| — -1 0.5
10 - Joerica (estimate was 36.3m)
Ispersion
0 [ [ | | 0
0 10 20 30 40 50

length [m]
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Emittance and Beam Size

normalized emittance <> geometric emittance

e, = 5bmmmrad — €500qev = 107 mm mrad

€95 ey = 2+ 107" mm mrad

Beam size and angular spread:
Or — V Eﬁma O-;: —V E/ﬁm

max/min values in FODO lattice:

B*=92m 1.0 mm 10 prad 4.3 mm 47 prad

B =18m 0.4 mm 23 prad 1.8 mm 102 prad



Beam Envelopes, at 25GeV and at 500GeV

beam pipe magnet pole
100 —\ ~ 100
8c @ 25GeV
50 — m 50 — m
€ €
E 0 . E O0oF .
-50 - . -50 - .
8c @ 500GeV
Focusing Defocusing
Quadrupole Quadrupole
-100 ! -100 :
-100 -50 0 50 100 100 50
X [mm]

50 100

X [mm]

The normalised emittance is £ — 5,}/8 norm. emittance:
. . . . mn
invariant during acceleration: €, =5 mm mrad
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FODO Cell Dispersion (90deg)

| I
-1 2.5
72 Dt ~23m
E E _
5 1is § D™ ~12m
2 N
Y 2 Daye = VDT D
-1 1
= 1.6m
20 horizontg| — - 0.5
10 - Joerica (estimate 1.3m)
Ispersion
0 I I | | 0
0 10 20 30 40 50

length [m]



Recap: Chromaticity

Chromaticity ¢ = change of tune per relative change of momentum:

A
AQ=¢="
Po

integration over gradients around ring, betafunction as “sensitivity factor”:

— chromaticity is overall negative in a FODO lattice and it must be corrected
towards a small number using sextupoles besides each quadrupole
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Recap Chromaticity: Correction using Sextupoles

nominal focal length

Y

Ap/p >0

A
positive
dispersion Ap/p =0
D,>0 - —

Ap/p<0

a sextupol acts like a position
dependent quadrupol

qguadrupol sextupol

|

J

total chromaticity Eiot = 1 }{(m(S)D(S) — K(s))Bz(s)ds

in a ring: 47




Summary Case Study Proton Accelerators

* a 10 MeV classical cyclotron with a simple s.c. magnet as cost effective
solution for a hospital

* 2 500GeV large proton synchrotron with 7km circumference, FODO
structure and electron beam option

keywords:

cyclotron, relativistic factors 3 & vy, magnetic rigidity, cyclotron frequency,
field index & tunes in cyclotron

synchrotron, transition energy, normalized & geometric emittance

beta function, FODO structure, phase advance per cell, betatron
frequency/tune, chromaticity
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How about electrons in same Synchrotron?

The CERN SPS was used to
accelerate also Electrons and
Positrons to ~20GeV for LEP.

Our example synchrotron is
good for 500GeV protons.
Why only 20GeV electrons?

LINACS
(LIL)

AIN

B 170 T 10

= ]\\ 7» LSS 6
LSS S .
Proton Bypass B oy 8
SPS

20 GeV



Presenter Notes
Presentation Notes
2e11x1.602e-19C/23us = 1.4mA


Parameters for electron acceleration.

Emin 3.5 GeV note circulation
E o 20 GeV time: 21pus
N, (e*&e’) | 2x10%
| 1.5 mA

* for leptons the maximum energy results from SR losses and RF
voltage/power

* the equilibrium emittance can be reduced with stronger focusing, SPS was
operated with 135deg phase advance per FODO cell


Presenter Notes
Presentation Notes
2e11x1.602e-19C/23us = 1.4mA


20GeV — SR losses, RF voltage and power

energy loss / turn
per photon

energy loss / turn ==
beam current =g
RF power m=p

Uo[keV] = 88.H X

E*[GeV?]

our machine at 20GeV:

=17MeV / turn

hypothetical @ 500GeV:

E, . 20 GeV E,__. 500 GeV
U, 17 MeV U, 6.6 TeV!

| 1.5 mA | 1.5 mA
Per 25 kW Per 9.9 GW!




Critical Energy of Dipole Radiation

E3[GeV?]
plm]

critical energy
of radiation:

0.1 L

in our model accelerator (p=840m):

E.(20GeV) =21 keV oon |
E(3.5GeV)=0.11 keV |

S(x)

0.001 T S

max. ca. u/3

[

50% 50% ||

0.0001 0.001

photon

A 10—10
wavelength: 1A =10""m ~ 12.4 keV

0.01 0.1

X = 0/, = ufu,

1




Radiation Damping

Eph = hw

photon

photon radiated in direction of motion

/ lost energy recovered by RF system

— angle reduced
— emittance reduced

electron

/ /
Ty < T

damping times: L U | B B L
(most cases: D=0) 7. 21, XJi, Je=2+D, J,=1, J,=1-D

The balance between emission of photons with stochastic
energy distribution and compensation of average energy
loss leads to an equilibrium emittance.



Estimate of equilibrium electron beam emittance

C,=384x10""m
Jp =~ 1

Energy |Emitance

E =20 GeV g, ~ 34 nm
E=3.5GeV g, ~1.1nm

energy

focusing

» for electrons the beam is larger at higher energies !

 vertical emittance: assume coupling factor 1/50 = 2% — beam is flat




Beam Envelopes for Electrons

beam pipe

magnet pole
100 T

2

100
200 @ 3.5GeV
50 — m 50
€ €
E 0 E O0oF .
-50 — m -50 m
200 @ 20GeV
Focusing Defocusing
Quadrupole Quadrupole
-100 ! -100 :
-100 -50 0 50 100 -100 -50
X [mm]

50 100

X [mm]



Summary Electron Synchrotron Example

* although the magnets are good for 500GeV , electrons can reasonably be
accelerated only to several 10GeV; limited by synchrotron radiation losses

* the electron beam assumes an equilibrium size which is larger at 20GeV
than at 3.5GeV

key topics:

properties of radiation: synchrotron radiation loss per turn oc E4, critical
energy of radiated photons oc E3, photon energies in keV range, 12keV
correspond to 1A

electron beam shrinks to equilibrium emittance = balance of radiation
damping and quantum excitation, emittance scales as E? and Q,3



Appendix: focusing in a classical cyclotron

centrifugal force mv?/r
H Lorentz force qvxB

ﬂ

mi = mré? — qr@Bz

focusing: consider small deviations x from beam orbit R (r = R+x):

i + LB, (R+ ) i 0
i+ —vB, T) — = 0,
m R+
. . q dB., v? X
() (18 =
x—l—mv< (R)—I—dRaz> I I 0
P+wi(l+k)x = 0.

using: we = ¢B./m=v/R, rf v,k = £42



Appendix: betatron tunes in cyclotrons

thus in radial plane: wr = wWeV1+k=uwc,
Vy = V 1 —I— k using isochronicity condition
~ c)

note: simple case fork=0: v, =1
(one circular orbit oscillates w.r.t the other)

. 5 _ dB dB. _
using Maxwell to relate B, and Bg: rot B = “7F — T =

— /5 < [
in vertical plane: v, =~k <dmmmmm k<Otoobtain

vertical focus.

thus: in classical cyclotron k < 0 required for vert. focus;
however this violates isochronous condition k =y2-1 >0
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