Quantum Field Theory

Training Exercises

Exercise 1

Consider the following lagrangian for three real scalars:

1 1 1 1 1 1
L= 5@@6“@ + 5M?qﬂ + iﬁﬂgb18“¢1 + 5@@8%2 — §A1<I>¢f — §A2<p¢§ .

e What is the dimensionality of the couplings A1, Ay 7

e Compute the amplitude of the processes ¢1¢1 — G101, P2 — Pada, P12 — G1ds.

e Under which conditions are the first two amplitudes equal 7 What can we say, in that case, at the level of
the lagrangian 7

Now consider the following lagrangian for three real scalars ®1, @5, @3, and 2 complex scalars ¢1, ¢o:

3 3
1 1
L=3 > 0,240" 04+ G M2 > % + 0,010 1 + 0,050" 62

A=1 A=1

— NP1 (Phpr + Dl 2) — iXa®a(Phr — Dl 2) — A3 ®a(|n|? — [dal?) .

e Compute the total decay rates of the three massive scalars @1, &5, 3.

Check that they are equal if \; = Ao = As.
e Can you interpret this result ?

e Will the decay rates still be equal at higher order ?

Exercise 2

Consider a quantum field theory with one dirac fermion v and two real scalars ¢1, @2, and lagrangian

_ 1 1 _
L= P—m)p+ §5u¢18“¢1 + 55’#‘7528”‘?52 — 9910,P297" P .

What is the dimensionality of the coupling g 7

e Compute the following amplitudes
M1 = ¢av), M1 = ), MY — d1¢2).

e Compute the total unpolarized cross-section for the first process o(¢19 — p21)).

e What changes if ¢1 = ¢o 7



Exercise 3

Consider a theory with a massive complex scalar field ¢ with charge e and a massless real vector field A, (photon).
(a) Write the most general Lagrangian for this theory up to dimension d < 4 and specify the dimension of the
parameters of your theory.

(b) Compute the Feynman rules for this theory.

(c) Draw all the Feynman diagrams that contribute to the scattering ¢y — ¢y.

(d) Compute the amplitude for this process and show that the Ward identity is satisfied.

(e) Compute the unpolarized differential cross section for this process in the rest frame of the initial ¢. Compute
then the total cross section in the limit where the energy of the incoming photon is smaller then the mass of the
scalar.

Exercise 4

Consider the decay of a massive Dirac fermion ¥ (of mass M) through the interaction lagrangian
L= A?/;L\I/R(ﬁ + h.c.

where ¥ and ¢ a massless Dirac field and a massless real scalar respectively and A is the coupling constant.

(a) What is the dimensionality of A?

(b) Compute |M|?, summing (averaging) over polarizations of the final (initial) state particles.

(c) Compute the total decay width I" of the field ¥.

If you cannot finish the computation, at least estimate the dependence of I' upon M and A by dimensional analysis.



