Quantum Field Theory
Set 6

Exercise 1: P and T for a vector field

Consider a vector field A*(x). In this exercise we will derive its transformation properties under parity and time
reversal starting from the Lorentz transformation properties of the field.

Start by considering a field at the origin a# = 0. Write the transformation law for this field under a Lorentz
transformation and use it to compute the following commutators with the generators of the Lorentz group

[J4, A*(0)] and [K*, A*(0)]

Use this result, together with the transformation properties under P and T for the generators

UpJiUp=J, UpK'Up=—-K"'
ApJ'Ap = —J' ArK'Ap = K*
to prove that

UPA“(O)UP = HPWMVAV(O)
ApAM(0)Ap = —np 2*, A”(0)

where
P*, =diag(l,—-1,-1,-1).

Generalize then the formulas to the case where the field is at some point z* by using the transformation properties
of the field under translations and

UpP°Up = P°, UpP'Up = —P"!
ApP°Ap = P°,  ApP'Ap = —P°

where P#* = P% P? are the generator of translations.

Exercise 2: Time Reversal of the scalar current

Derive the action of the anti-linear time reversal operator T on the scalar current:
ALJME ) Ar = P,V (F, 1), Ju = (6106 — 0,0" 9).
Starting from the scalar field transformation property

AV o(Z,t) Ar = npé(E, —t)

Exercise 3: Parity of Dirac Fermions

Recalling the transformation properties of Weyl fermions under parity

U (P) x(z) U(P) = nrxr(zp),
U (P) xr(x) U(P) = nrxe(zp),



where xp = (t, —Z), show that the Dirac action

S = /d4;1; (zXTL o xr + iXEUMaMXR — m(X}aXL + XTLXR))

is invariant under parity. Which values of nr and 7y are allowed? Derive the matrix U, that describes the
transformation properties of a dirac fermion according to the following formula:

UN(P)¢(x) U(P) = npUpt(zp), = (ié;)

Finally, deduce the transformation properties of all the bilinears of the form T't), where I' is an element of the
usual basis
L= {14,7° 4", "9°, v}



