
Quantum Field Theory

Set 6

Exercise 1: P and T for a vector field

Consider a vector field Aµ(x). In this exercise we will derive its transformation properties under parity and time
reversal starting from the Lorentz transformation properties of the field.

Start by considering a field at the origin xµ = 0. Write the transformation law for this field under a Lorentz
transformation and use it to compute the following commutators with the generators of the Lorentz group

[J i, Aµ(0)] and [Ki, Aµ(0)]

Use this result, together with the transformation properties under P and T for the generators

UPJ
iUP = J i, UPK

iUP = −Ki

ATJ
iAT = −J i, ATK

iAT = Ki

to prove that

UPA
µ(0)UP = ηPPµ

νA
ν(0)

ATA
µ(0)AT = −ηTPµ

νA
ν(0)

where
Pµ

ν = diag(1,−1,−1,−1).

Generalize then the formulas to the case where the field is at some point xµ by using the transformation properties
of the field under translations and

UPP
0UP = P 0, UPP

iUP = −P i

ATP
0AT = P 0, ATP

iAT = −P i

where Pµ = P 0, P i are the generator of translations.

Exercise 2: Time Reversal of the scalar current

Derive the action of the anti-linear time reversal operator T on the scalar current:

A†
TJ

µ(x⃗, t)AT = Pµ
νJ

ν(x⃗,−t) , Jµ = i(ϕ†∂µϕ− ∂µϕ
† ϕ).

Starting from the scalar field transformation property

A†
Tϕ(x⃗, t)AT = ηTϕ(x⃗,−t)

Exercise 3: Parity of Dirac Fermions

Recalling the transformation properties of Weyl fermions under parity

U†(P )χL(x)U(P ) = ηRχR(xP ),

U†(P )χR(x)U(P ) = ηLχL(xP ),



where xP = (t,−x⃗), show that the Dirac action

S =

∫
d4x

(
iχ†

L σ̄
µ∂µ χL + iχ†

Rσ
µ∂µχR −m(χ†

RχL + χ†
LχR)

)
is invariant under parity. Which values of ηR and ηL are allowed? Derive the matrix Up that describes the
transformation properties of a dirac fermion according to the following formula:

U†(P )ψ(x)U(P ) = ηPUPψ(xP ), ψ =

(
χL

χR

)

Finally, deduce the transformation properties of all the bilinears of the form ψ̄Γψ, where Γ is an element of the
usual basis

Γ = {14, γ5, γµ, γµγ5, γµν}.
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