Exam
Quantum Field Theory 1

Exercise 1 Consider the following Lagrangian involving three triplets of scalar fields A;, B; and C; withi=1,2,3
(we have therefore 3 x 3 = 9 scalar fields)
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a) What are the dimensions of the parameters appearing in .7

b) What are the symmetries of .£?

c) What would they be, if we set A = 07

d) Limiting the analysis to dimension < 4, can you find more terms invariant under the symmetries of £?
e) Find the Noether currents and charges associated with the continuous internal symmetries of .Z.

f) Consider now the two additional terms
ALy = A1By — Ao By, AL =Cs

How do the symmetries of .Z change by adding one or both of these terms?

Exercise 2

e Theory Question: Discuss succinctly the various examples of spinorial wave equations.
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{¥a(x), ¥s(y)} = {wl(x), ¥} (y)} =0, {¥a(x), ¥}(y)} = 0apd® (x —y),

and with Hamiltonian

Given a bi-spinor quantum field ¥ = ( 1> satisfying the fixed time anticommutation relations
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with m real, prove that

a) H is hermitian,

b) the time evolution equation )
b(x) = ilH, ) (x)]

coincides with the Majorana wave equation

i(a—#alﬂp)a = mea[%q/};' (1)

As shown in the course, eq. (1) implies (92 + m?)1) = 0, whose general solution can thus be expanded in plane
waves as (wp = v/p? +m?2)

B(t, %) = / 0P (7 20E, (p) + e 7E_(p))



c) Show that ¢(t,x) = ¢(z) can be rewritten as (pr = p"z, = wpt — p - X, p* = (wp, P))
vla) = [ a8y (777 () + €77 ()

d) Show that eq. (1) along with its complex conjugate imply (p-& = ptG,, p- o = pto,)

p-a&i(p) =me(—p), p-oe (—p) =m(p)

e) Do you recognize the equation satisfied by the 4-spinor = = < ¢+(p) )> ?
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f) If so, use the results of the course to argue that the solution takes the form
§+(P)=vp-0&(p), - (-p)=—Vp oe(p)”

with £(p) a generic bi-spinor.



