Determination of the CKM Matrix elements

o In total, there are 9 matrix elements to determine:

Vud V’u,s Vub
Verm = VEVE = [ Ve Ves Vi
Vie Vis Vi




CKM Matrix parameterization

o The CKM matrix is unitary: can be parameterized by 3 mixing angles and the CP-violating
phase
o A standard choice is the same as was shown for the PMNS matrix:

(1 0 0 Ci4 0 8136_7;5 G5 S U

VCKM = {0 Ca3 Sa3 0 - 1 0 —S12 Cpo 0
\0 —8,, Cy) \—85,€° 0 ¢, 0 0 1
/ C12C13 _ S12€C13 . 8,5€ %

= | —812C2 — 612323313¢25 C12€Ca3 — 312323313625_ $23C13

\ S12823 — 012623313625 —Cy3S93 81262381362(S C23Ci13

o Since experimentally s;3<s,3<;,< 1, the matrix hierarchy is exhibited using the Wolfenstein
parameterization (written in terms of A, A, p, 1): ) _
T - AN=S49 Ciy = \}I’gé :\/l, )2 =

(1= A as(p—in) =7- A%

=
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Determination of the CKM Matrix elements

o The experimental determination of the CKM matrix elements comes mainly from

measurements of leptonic decays (the leptonic part is well understood).

o It is easy to produce/observe meson decays, however theoretical uncertainties associated with
the decays of bound states often limits the precision

o Contrast this with the measurements of the PMNS matrix, where there are few theoretical
uncertainties and the experimental difficulties in dealing with neutrinos limits the precision.

V| = 0.97370 4 0.00014

X ..
1 ||Vudl | |from nuclear beta decay ( - >
u
v B Super-allowed 0*—0* beta decays are
J ud Ve relatively free from theoretical uncertainties
o< |Vigl?
o

(=2 cos6,)







2 ||Vus| | |from semi-leptonic kaon decays ( x )

<|

r° [ o< |V,

N

|Vus| = 0.2245 4 0.0008 (= sin 6,)

\ %
c\I

3 ||Vl from neutrino scattering; | v, +N — utu—Xx ( X )
(semi-)leptonic D decays N
Look for opposite charge di-muon events in Vy scattering from production and
decay of a D" (cd) meson ,
Rate o< |V4|*Br(D" — Xu*tvy)

-

Vv opposite sign
H — LW pair

~

Measured in various
collider experiments

= ||Vea| = 0.221 £ 0.004
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V.l from semi-leptonic charmed meson decays
€.9. _ d K° S |VCS|2
d \)
D+ C VCS v
e Vo] = 0.987 4 0.011
et
IVcb from semi-leptonic B hadron decays
eg. 2\ po
Bl b Ve g e Vel
" V| = (41.0 £ 1.4) x 1073
-
|Vub| from semi-leptonic B hadron decays
€.9. u 0
u " & T 2
B~ b V b > |Vub‘

V| = (3.82+£0.24) x 1073
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7/8 ||Vl and |Vi] from K or B oscillations measurements | 2Mu: P p°

Am%f @.Dg" 7?
9. « *E.g. ratio |V.4/Vis| determined from Am4/Amg
cd Vts . : 0 )
N (mass difference in B? and in B systems)
0 d S 0 °In ratios many uncertainties cancel out
K = u,C# tou 3 K -Precision limited by theoretical uncertainties
S
+
v Vi Md/V;S| = 0.205 £ 0.001 4 0.006
CS < 7 < 7

experimental error theory uncertainty

Compare with uncertainties here:

Vig| = (8.0£0.3) x 107°,  |V;s| = (38.84+1.1) x107°

9 |[|Vi]| [from from top quark decays

e.q. — -Use ratio of BF: B(t—>Wb)/B(t —>Wq)o<|Vy|?
— Vi, *Also use single top quark production

Vip| = 1.013 + 0.030

‘E =W g 7 ~ Experimental uncertainties dominate







Particle — Anti-Particle Mixing

-The wave-function for a single particle with lifetime 7 = 1/I" evolves with time as:
‘//(t) — Ne1t/2,—iMi
which gives the appropriate exponential decay of
(WOly(r)) = (w(0)|y(0))e "/
*The wave-function satisfies the time-dependent wave equation:
Aly(0) = (01— Ly (o)) = i 2 w0} a1

For a bound state suchasa K9 the mass term includes the “mass” from
the weak interaction “potential” H ey

A KO Hyear 7 Sum over
M = M g0 + <KO‘Hweak’KO> —|—Z |< | weaE| >| N intermediate
F mKO — Ly

states j
d— (YYYV g The third term is the 2" order
K" cVv At K9 | term in the perturbation expansion
S S corresponding to box diagrams
< < resultingin g0 _, g0




* The total decay rate is the sum over all possible decays KO — f

I'= 277:2‘ f‘Hweak‘KOHzPF

+—— Density of final states

* Because there are also dlagrams which allow K « K mixing need to

consider the time evolution of a mixed state

w(t) = a(t)K*+b()K

* The time dependent wave-equation of (A1) becomes

(A2)

<M11 : ?Fn M, — ?Hz) (\fg(;») (‘KOE i;) (A3)

My — 5il51 Mo — 5112

K (1)) K'(e

the diagonal terms are as before, and the off-diagonal terms are due to mixing.

<KO‘Hweak’K0>‘2

M1 = mgo + (KO Auea K + Y
n

mKO _En
011 A\ %/ 2 1 7V d S
My, = Z <K ’Hweak‘ﬁ <J‘Hweak‘K > KO c vV t . fo

+




*The off-diagonal decay terms include the effects of interference between
decays to a common final state

A " A —0
1_112 — 2752<f‘Hweak’KO> <f’Hweak‘K >pF
f

*In terms of the time dependent coefficients for the kaon states, (A3) becomes

e )43

where the Hamiltonian can be written:

B My Mu) (Fu F12)
H=M 12F (M21 M>; 2\ Iy I

*Both the mass and decay matrices represent observable quantities and are
Hermitian

My =M7,, My =M, M =M
'y =17, Twa=I%, I'n=15%

-Furthermore if CPT is conserved then the masses and decay rates of the [
and KV are identical:

My =My=M;, Iy1=Ipn=I

0




*Hence the time evolution of the system can be written:

—%iF Mlz—%irlz a —li a
) S VS ¥ I A V'Y A (A4

*To solve the coupled differential equations for a(t) and b(t), first find the
eigenstates of the Hamiltonian (the K. and Ks) and then transform into
this basis. The eigenvalue equation is:

— %il“ M, — %irlz X1\ _ 1 X1 (A5)
‘Which has non-trivial solutions for
H-2A1]=0

= (M =3l —=A)* — (M, — 3i},) (M2 — 3iT'12) =0

with eigenvalues
A =M= 40+ /(M — L) My, — 4ilo)

*The eigenstates can be obtained by substituting back into (A5)
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(M— %il“)xl + (M12 — %irlz) = (M— %iF:I: \/(Mikz — %iFTz)(Mu — %irlz))xl

]
X M:, — 5il
= 2 12 % 12
X1 M12— zlrlz
* Defi * I %
sHne n = My, — 31,
M — 3Ty
* Hence the normalised eigenstates are
K - ()= (1K%) £n[K")
VIHMPEAET) 1+ [P

* Note, in the limit where Mj;, 117 are real, the eigenstates correspond to the
CP eigenstates K; and K,. Hence we can identify the general eigenstates as
as the long and short lived neutral kaons:

K1)

(1K) + R |IKs) = ——— (1K) — 1K)

Vv 1+(n]

V1P
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* Substituting these states back into (A2):
—0
y(t)) = a(t)|K’)+b(1)|K")

_ a(t) b(t)
= /1+[n)? _T(KL‘FKS)"‘W(KL—KS)]
B / [ (a(t) b(t) @ B @
- 1+|n|2_( 2 +2n)K (2 n)K]
— 1_|2_’n|2 [aL(l‘)KL—I—ClS(I)KS]

with it e
gaL(t)Ea(t)—l—?g Eaﬂt)za(t)—?

..............................................................................................................

* Now consider the time evolution of ar(?)

day ,8(1_'_1@

* Which can be evaluated using (A4) for the time evolution of a(t) and b(t):

12



dag,

—— —

* Hence:

with

my,
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* Following the same procedure obtain:

L] 1.

I—— = (ms— 5l ¢)a
at ( S 2 S) S
with mg = M—%{\/(Mfz—%ilﬂ;)(Mu—%iFlz)}

« K .
and I's = I'+23 {\/(Mu — 30}, (M2 — %lru)}
* In matrix notation we have

ML—%Z'FL 0) aj, :ii ar.
0  Ms—3ily ) \as dt \ as

* Solving we obtain
CIL(Z‘) o e—szt—FLt/Z aS(t) o e—zmst—FSt/2

* Hence in terms of the K and Kg basis the states propagate as independent

particles with definite masses and lifetimes (the mass eigenstates). The time
evolution of the neutral kaon system can be written

“//(t» :ALe_imLt_FLZ/z\Km _|_ASe—imSt—FSt/2|KS>
where A, and Ag are constants
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CP Violation : Tt decays

* Consider the development of the K0 — EO system now including CP violation

* Repeat previous derivation using

1
Ks) = JTTIen [IK1) +€|K2)] |KL) =
—0

‘Writing the CP eigenstates in terms of KO, K

[|K2) +€|K1)]

1
Vv 1+1€l?

B 1 1 I RN
KL) = NG (1+€)[Ko) +(1 —g)[K)
1 1 I TR <N
K9 = 75 e [0l (1 -

-Invertlng these expressions obtain

‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘

*Hence a state that was produced as a KO evolves with time as:

) =y 0 @Ik + Bs(0)1Ks)

: I's : I'L
where as before Og(1) = e ("st 3 and O (1) = e MLt 2 )
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*If we are considering the decay rate to nn need to express the wave-function
in terms of the CP eigenstates (remember we are neglecting CP violation

in the decay)

w(r)) (|K2) +€|K1))OL(r) + (K1) + €|K2)) O5(7)]

= ———[(6s+€6)|K1) + (6L +€65)|K>)]
V2 1+e —— x| CPEigenstates

*Two pion decays occur with CP = +1 and therefore arise from decay of the
CP = +1 kaon eigenstate, i.e. K;

1] 1 [ )
DK — 7)< [(Ki WO = 5 || 16s+26L
-Since |g]| < 1
1 |? 1 1
—_— = I~ %1—29{8
l1+e¢ (1+e*)(1+€) 14+2R{e} e}

Now evaluate the |Os+ 89L]2 term again using
71 £ 22)% = |z1)? + |22 > £2R(z125)
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O+e0.2 = |emimsi= 1 gpmimui—Hip2

= eI |gRe T oot F gt timi—
Writing € = |¢|e’®
05 +e0.° = e U5t |egfe T 42| g|e Ts LI 2R ilmL—ms)i=01

— ¢ 15y le)Pe T £ 2)e|e TsTILI 2 cos(Am.t — ¢)
*Putting this together we obtain:

1
(K%, — nm) = > (1-2%{e} )Nz [irsf + 8|2e_:” +2|8|e_(FS+FL)t/2KCOS(Am.t - M
/ \ \
Short lifetime CP violating long Interference term
component lifetime component
Ks—nn KL —nrn

In exactly the same manner obtain for a beam which was produced as EO

1
M(Ki—g—am) = S(1+2%R{e})Nex [e—st+|e|2e—FLf \2\8|e FS+FL>I/2cos(Am.t—¢)]

\

Interference term changes sign
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* At large proper times only the long lifetime component remains :
DK, — 7m)  — %(1 OR{E}) Ny |e[2e T
i.e. CP violating K; — ;7 decays
* Since CPLEAR can identify whether a K9 or EO was produced, able to

measure (K’ ,— nn) and F(K?ZO — TTT)

Prediction with CP violation

2] =
L g [ CPLEAR data
2107F
o E o T
u) -.
E10%F
o 10 3 Z3 see
g . 5_ . . o. =0
g - ' 0% = tagged initial K
—8 10 _E : OD:_"
= f 104 £ /
o - :
KL — ﬂjr L / #c%%
i 1032— #°¢¢?¢ . '
10 J 3 - tagged initial KO *4 Hmﬂ% t
[ A f 102L J
10 s s T s 0 25 1B, 175 20 225 25 2 4 6 8 10 12 14 16 18 20

Neutral-kaon decay time [Tg]

+ interference term
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*The CPLEAR data shown previously can be used to measure & = \S\ei‘z’
-0
‘Define the asymmetry: A — ['(K,_y— nT) — F(KtO:O — TTTT)

F(E?ZO — m)+ (K, — 77)

‘Using previous expressions:

it e Tst 1 |e|2e111] — 4lele TLtls) /2 cos(Am.t — @)

Ay
" 2[e~Tst + |e|2e~Trt] — 8NR{el|e|e~TLtTs)/2 cos(Am.t — ¢)
< |g|R{€} i.e. two small quantities and
can safely be neglected
A 2R{e} [e 15! + |e?e T] —2|e|e~ Tt/ 2 cos(Am.t — ¢)
LR

e L'st + ‘8‘2e—m
2|e|leTLtls)t/2 cos(Am.t — @)
e Lst + ’8‘26—1“”
2|e|eTs=TL)/2 cos(Am.t — @)
I f JePeTsTon

=2R{e} —

=2R{e} —
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exp

Asymmetry AL =

A.Apostolakis et al., Eur. Phys. J. C18 (2000) 41
0.5
0.4 |
0.3
02|
0.1 |

)
01}
0.2}
-03"
-04]
050

ol e e b ey |

o b e e b ey

12 14 16 18 20
Neutral-kaon decay time [T]

2 4 6 8 10

Best fit to the data:

e] = (2.264 £0.035) x 1073
¢ = (43.1940.73)°
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CP Violation via Mixing

* A full description of the SM origin of CP violation in the kaon system is beyond
the level of this course, nevertheless, the relation to the box diagrams is
illustrated below

* The K-long and K-short wave-functions depend on 7

KL) = (IK%) +nIK))| ||Ks) = (IK”) —n[K™))
V1P V1+[nP
I i
with n= \/ M fl_rlz
My — 5ily2

*If M, =Mpp; I'j, =I12 thenthe K -long and K-short correspond to
the CP eigenstates K, and K,

*CP violation is therefore associated with imaginary off-diagonal mass
and decay elements for the neutral kaon system

*Experimentally, CP violation is small and n= 1

ine: & — 121 _ l-¢
Define: &€ — m — T’ — 1+¢
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Consider the mixing term Mj> which arises from the sum over all possible
intermediate states in the mixing box diagrams

V *
e.d. d V
g - yc s S 2
K ey At UK Mu=AgVaViViVia ..
S+Wm—ed
Vi Vi

*Therefore it can be seen that, in the Standard Model, CP violation is associated
with the imaginary components of the CKM matrix

It can be shown that mixing leads to CP violation with

€] o< I{M12}
‘The differences in masses of the mass eigenstates can be shown to be:
G2
_ ~ F o2 * *
AmK — mg; — mKS ~ Z %meK\quVquq/qu,S\mqmq/
q.q'

where ¢ and q’ are the quarks in the loops and fx is a constant
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In terms of the small parameter €

L [(1+e)K) + (1 - )K"

2/ 14 el? L

L T e P
e (1K) = (oK)

* If epsilon is non-zero we have CP violation in the neutral kaon system

KL) =

Ks) =

1. :
Writing N = My, =5l _ |z and 7= ae'
M12 — %irlz <
gives n = e 0

* From which we can find an expression for &

., l—e® 1—¢t®  2—cos¢ 5

E.E = — . , = tan” —

1467 14+ef  24cos¢ 2
g] = [tan 3|
* Experimentally we know £ is small, hence ¢ is smaII
1 1 3{M, — 3iT
EYSEVIRR PRI Lithub UE

|M12 — —ZF12|
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Time Reversal Violation

‘Previously obtained expressions for strangeness
oscillations in the absence of CP violation, e.qg.

following rates:

0

F(KZ:O — E

T'(K,_, — K°) = §(1+4$R{e}); e Tst 4T

K%, — K)o

* Including the effects of CP violation flnd that

K> ,— K" = % [e‘rst e Tt 0 TsHln)/2 cosAmt}

*This analysis can be extended to include the effects of CP violation to give the

T —2e—Us*IL)1/2 056 Amnt

: e Ust o7 Tt _ o= (TsHTL)1/2 o5 At

I'(K,_, — K°) #T(K°

‘0 — K ) Violation of time reversal symmetry !

* No surprise, as CPT is conserved, CP violation implies T violation




B-physics

o The oscillation of neutral mesons have been observed for heavy mesons as
well:

B%(bd) & B%(bd), B2(bs) & B2(bs) and D°(cu) < D’(ci)

o The studies of B mesons by BaBar, Belle and LHCb experiments, and of B,
mesons by the LHCb provided crucial information on the CKM matrix and CP
violation

o Mathematical description of B-oscillations is the same as for kaons

o Major difference:

o as B-mesons are heavy they have many decay modes (few hundreds)
o Typically the decays for B0 and B0-bar are different

o Hence the interference between the decays is small

o Consequence: oscillations can be described by a single angle 8

B) = %[|B°>+e—"2ﬁ|§°>] and  [By) = %[|B°>—e—"2ﬁ|§°>]

B. and By are a lighter and a heavier states with almost identical lifetimes
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B? mixing

Vig Vio Vo t Vo
d —e—e N~ —Pp—D d [ o b
ty At B’ BO B°
b —t—o N A~S—a—d b — e <—d
Vib Vig Ve t Vg

In kaon mixing, the contributions from all quarks to a box diagram were similar
Here, since |V,|>|Vis|>|Via|, only box diagrams with top quark matter
Off-diagonal mass element M, « (Vi4Vy, )?

Mass difference Amg=m(By)-m(B_)=2|M;2|x |(VgVis )?|

Since |Vy|=1, Amy allows to measure Viqy

Amg = (0.507 £ 0.005) ps~! = (3.34 £ 0.03) x 10713 GeV
Similarly, Vi is derived from Amg in B oscillations

Am,=17.7656+0.0057ps™}
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B. mixing

o The latest LHCb result: https://arxiv.org/abs/2104.04421

. b — BY D7t — BY - D_n"
t
B %%
t
b = i

Am,=17.7656+0.0057ps™}

— Untagged
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CP violation in B-meson system

o CP violation is observed as three effects:
o Direct CP violation in decay: I'(A—X)# I'(A-bar—X-bar), as parameterised by
€' in the neutral kaon system;
o CP violation in the mixing of neutral mesons as parameterised by € in the
kaon system;
o CP violation in the interference between decays to a common final state f
with and without mixing, for example B? — fand B° — B%-bar — f.
o In the SM, the CP violation in B? mixing is small
o CP-violating effects in the interference between decays B? — fand B? — B%-bar
— f can be relatively large and have been studied extensively by the BaBar,

Belle and LHCb experiments
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CP violation in the interference: B’—-J/YKg

O

O

O

O

O

Jiy:JP =1, CP=+1

Ks: JP =0, CP = +1

B? are spin-0 = B°-J/iKg has L=1 orbital angular momentum
CP(JIYKs) = CP(JIP)CP(Ks)(-1)-=(+1)(+1)(-1) = -1

Similarly, B>—J/yK, occurs in the CP-even state

o Muon charge from B%bar —D*n-v,-bar tags a flavour of B%-bar, and a second B?
at the moment t=0

o Decay to JlYKs happens either directly or after mixing
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CP violation in the interference: B’—-J/YKg

o Decay proceeds in two stages:
o First, B? decays to flavour eigenstate: B°—-J/yK? and B%-bar—J/iyK?-bar
o Then the neutral kaons system evolves as a linear combination of physical

Ks and K| states

e C

c W v
= ng ¢ VCb Cc
b — b B
d P V, d —= 7

CS CS
S S
KO K°

o CP violation is measurable through the asymmetry
B, - yKs)-T'B%, - yKy)
I'BY_, - vKs)+ITB) , - yKy)

BO

Ks _
ACP _

= sin(Amgt) sin(25)
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CP violation in the interference: B’—-J/YKg

o Results from Belle:

400 T T I 0.5 T T |
t BOtag iy ‘
=0 '-' \+
S B tag } 1 . o
i1 N
_.CL) ¥<0
§ 200 |- - = 0
& g B
[ :
[T
0 -0.5 I I 1
-5 0 5
At/ps

At/ps
o the observation of a non-zero value of sin(2pB) is a direct manifestation of CP

violation in the B-meson system
o Measured value: sin(2) = 0.685 + 0.032




CP violation in the quark sector

o Combination of various measurements:
| | |
1 — 1
| — Vud . Vol
VedllVebl ™ [VedllVen|

Via=0

n 0.5 ViblVidl N n 0.5
VeVl m v

\ Vel IVl
/\
O > p 0

| | |
0 0.5 1

p

CP violation in the weak interactions of hadrons is described by the single
irreducible complex phase in the CKM matrix

In the Wolfenstein parametrisation, CP violation is associated with the parameter n.
To O(A4), the parameter n appears only in V,;, and V.4, with

Vb = A/l3(p —in) and Vy = A/l3(1 —p—in)

The measurements of non-zero values of |¢| and sin(2) separately imply that n # 0
But p and n are determined from the measurements combinations
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CP violation in the quark sector

o Combination of various measurements:

|
1+

1

_ |Vud| -
[Vedll Vel

n 0.5 ViblVidl

Vel IVl

_ V%)

|Vibl

Vel Vel

ViglVip |

\ Vgl IV
/\
0 R B

th = O

>

|

0

05
p

1

0.022
A =0.2253 +0.0007, A = 08117392

o With all the measurements, the unitary triangle is closed
o A deviation from this could indicate a presence of a new physics
o Future experiments, LHCb in particular, will improve many measurements

by orders of magnitude

n 0.5

p=0.13+0.02, n=0.345+0.014.
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CKM triangle now

1.5 1 [T T T T 1 "\ T T 1 T T 1
: | excluded area has CL > 0.99 IE :
i Y i
1.0 __ \\\\\\ o mS __
- sin 2B g
05 — =
- €& ‘
IS 0.0 - - e
- o |
-0.5 — o
1.0 - .
: Y i sol. w/cos 2 <0 :
1.5 I B i P b ey By
-1.0 -0.5 0.0 0.5 1.0 15 2.0

p




LHCDb in the HL-LHC phase

o In case the LHCb upgrade in 2030 happens:

=

0.6

0.4

0.2

| [ !Vw/Vel+y with 300fb™ LHCb
i v UTfit average 2017
[ ]IVw/Vel UTfit average 2017

—

- HEP[T!

| N | I 11 1 | | | I I | | 1 1 1 | 11 1 |

0
0 0.05 0.1 0.15 0.2 0.25

Y

Probability density

~ --- UTAit 2017 HEP™
| ]300 fb™"LHCD |
3L
2
1L
O_ desl ..-.&-""1’ J \ . R
4 -2 0 2 4
A¢, (deg)
S

o CKM triangle measurements will come on a new level
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