
Quiz
• Range of Size of Galaxies?

• What are the 2 main types of galaxies?

• What dynamical tracers in galaxies?

• What dynamical measure to measure the mass of disk 
galaxies? Of elliptical galaxies?

• What is the relation between halo mass and stellar 
mass? 

• What does this relation tell us about star formation?
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Outline

• Introduction of gravitational (strong) lensing 


• A brief history & key observations


• Strong lensing on galaxy & clusters scale


• Basics of weak lensing

3



Jean-Paul Kneib - Observational Cosmology

Very First Ideas and 
Measurements

1915: Einstein: General Relativity, one of 
the test is the deflection of light (twice 
larger than the Newtonian theory or 
1.75 arcsec)


1919: Eddington: first measure of the 
deflection of light by the Sun during a 
solar eclipse: observations favors GR 
theory of Einstein 
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Zwicky’s vision of gravitational 
lensing

• 1933: Zwicky “discovered” DM in 
Coma cluster


• 1937: Zwicky’s “vision”: 
observation of gravitational lensing 
(by clusters)  should allow to 
probe:

•  the Dark Matter distribution

•  study distant galaxies thanks to 

the magnification effects
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Zwicky, 1937



1979  �
... discovery of a the first double quasar: an 
illusion created by gravity or  physical twins?

Double Quasar seen with the Hubble Space Telescope

Twin Quasars



Light curve of the double quasar �
and time delay

Hainline et al. (2012)



1985  ... discovery of the Einstein Cross by J. Huchra �
a nearby galaxy with a peculiar spectrum  ...

Einstein Cross seen with the Hubble Space Telescope



1987  �
... discovery of Gravitational Arcs in massive 
clusters:  �
Every cluster is a potential strong lens  ...

Giant Arc in A370 seen with the Hubble Space Telescope



2005 �
... searching through SDSS spectroscopic surveys:  
discoveries of many galaxy-lens systems

Einstein Ring LRG3-757 seen with the Hubble Space Telescope



2007  �
... an almost perfect ring in the SDSS survey:  
weighting galaxy mass (stellar and dark) ...

Einstein Ring LRG3-757 seen with the Hubble Space Telescope



Jean-Paul Kneib - Observational Cosmology 1315

https://www.legacysurvey.org/viewer?
ra=177.1375&dec=19.5008&layer=ls-dr9&zoom=15



Einstein Ring LRG3-757 seen with the Hubble Space Telescope

2009: ~100 lenses in SLACS�



© Mike Gladders

2012 : ~37 cluster lenses in SDSS follow-up 
images taken with HST



2014 : Hubble Frontier Fields Observation of 6 
massive clusters (MACSJ0717)



2015 : Refsdal Supernovae in Frontier Field 
MACSJ1149



April 6, 2018: Hubble Finds an Einstein Ring 



Extreme magnification of an individual star at 
redshift 1.5 by a galaxy-cluster lens

Kelly et al 2018, Nature Astronomy - April 2nd, 2018
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Hubble Frontier Field Cluster MACS J1149

Observations: Follow-up of the SN Refsdal
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Hubble Frontier Field Cluster MACS J1149

Cluster Lens Modeling Uncertainties
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Ingredients for modeling

• Light curve measurement from the Hubble data


• Light curve simulation:


• Background Galaxy: Transverse velocity of stars 
200-2000 km/s, IMF of stars in the distant  galaxies 
(more luminous stars are more likely to be lensed)


• Mass model: smooth [marco-lensing] and compact 
[micro-lensing] components:DM (Compact DM? 
=>BHs)+galaxies (stars=> IMF)
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Multiple image? More detections
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7 Nov 2019: The Sunburst Arc (12 images!)



7 Nov 2019: The Sunburst Arc



7 Nov 2019: The Sunburst Arc
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July 2022: Galaxy Cluster SMACSJ0723 seen by JWST
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MACS J0138 Hubble and Webb Side-by-Side
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SDSS J1226+2149



Strong Lensing Basics
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Cluster Lensing  - Back to Basics

• Basics of lensing:

• Large mass over-densities locally 

deform the Space-Time

– A pure geometrical effect, no 

dependence with photon energy - 
depends on TOTAL MASS


• Lensing by (massive) clusters

• Deflection of ~10-50 arcsec

– strongly lens many background 

sources => allow detailed mass 
reconstruction at different scales: 
cluster core, substructures, large 
scales


– ~1 SL cluster-lens per ~10 sq. deg: 
potentially ~2000 to study, Probably 
only ~200 identified today, nearly 20 
with “a good” (SL) mass modelNed Wright
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Gravitational lensing diagram
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Lensing Equation

• Metric near a point mass


• Where       is the 3D gravitational potential


• Use the Fermat principle to find the effective light rays:


•
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Lensing Equations

Lens Mapping:


ϕ : lensing potential


⇒ Link with catastrophe theory

⇒ Parameters: Distances and Mass

⇒ Purely geometrical: Achromatic effect

Lensing Potential
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Redshift and Cosmology

Lens Efficiency:


For a fixed lens 
redshift, the 
efficiency 
increase with 
source redshift


Weak cosmology 
dependence
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Lensing Equations

Lens Mapping distortion (first order):

In polar 

coordinates:
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Lensing Equations

Amplification Matrix:


κ: convergence


γ(γ1,γ2): shear vector


Reduced shear:
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Convergence and Shear
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Convergence and Shear
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Lensing Equations

Plane transformation for constant κ and γ
Measured distortion: reduced shear
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Lensing Equations

Magnification:


Shear direction is independent of distance 
parameters:


Important properties for weak shear analysis & 
direction of large arc = direction of the shear

Size Magnification 

=> Total flux increase
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Lensing Equations
Definition: Critical lines

Locus of the image plane where the determinant of the 

(inverse) magnification matrix is zero:


Critical lines are closed curves and non over-lapping.


In general: 2 types of critical lines:

	 - tangential (external)

	 - radial (internal)
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Lensing Equations

Definition: Caustic lines

Transform of the critical lines in the source plane;

	 Caustic lines are delineating the regions with different 

number of multiple images: crossing a caustic lines adds 
2 images


In general: 2 types of caustic lines:

	 - tangential => diamond shape caustic [astroid]

	 - radial (usually larger than the tangential one if regular 

shape)
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Jean-Paul Kneib - Astro-IV/Cosmology Spring 2021

Lensing Equations

Definition: Caustic lines

Transform of the critical lines in the source plane;


Caustic lines are delineating the regions with different 
number of multiple images: crossing a caustic lines adds 
2 images


Evolution of the caustic structure with increasing core radius

5
3

1

No. of images
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Lensing theory

Transform of a regular image 
plane grid in the source 
plane

Radial caustic

Tangential

caustic
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Lensing theory
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Lensing Equations
Critical (dashed) and Caustic (solid) Lines

Circular + singular elliptical + singular Circular + non-singular

elliptical + non-singular Bimodal different massBimodal equal-mass

Always 2 images Always 2 images
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Lensing Equations

The case of a circular mass distribution:


Magnification matrix in polar coordinates

tangential

radial
The tangential 

caustic is 
reduced to a 

point  

Tangential arc 
probe mass

Radial arcs 
probe mass 

profile
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Lensing equations

tangential
radialradial

tangential non-singular

Critical line for power-law mass profile

singular

iso
th

er
m

al
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Lensing Theory

Circular+Singular Mass


Elliptical+Singular Mass

Multiple image 
configurations for a 

singular circular and 
elliptical mass 

distribution

Einstein Ring
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Lensing Theory

Multiple image 
configurations for a 
non-singular elliptical 
mass distribution

Cusp arc

Fold   arcEinstein cross

Radial arc

Single imageSource
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Lensing Theory

Multiple image 
configurations for a 
bimodal mass 
distribution with 
similar mass clumps
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Lensing Theory

Multiple image region for:

	 Circular      	Elliptical 		      Bimodal 

	 		 	 	 mass distribution


1

3
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Lensing Theory

Amplification map for:

	 Circular      	Elliptical 		      Bimodal 

	 		 	 	 mass distribution
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Lensing Theory

Shear field for:

	 Circular      	Elliptical 		      Bimodal 

	 		 	 	 mass distribution
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Strong Lensing

Schematic of image fusion on 
the critical line


Magnification is due to 
stretching of the image: 
surface brightness is 
conserved through lensing
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Strong Lensing

Image parity

Elliptical case Bimodal case
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E

Mass within the Einstein ring:

- mass as a function of lensing potential (circular 

case):


- Mass within the tangential critical line (Einstein 
ring):


- Value of Einstein radius is not everything! 
Anisotropy is also very important.

Mass & Einstein Radius



Micro-Lensing
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Micro Lensing

•Moving object 
lensing a distant star

•Achromatic effect

•search for DM in 
compact form (EROS, 
MACHO, OGLE projects)
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Constraints on the fraction of DM as compact 
object (BH)

68

Garcia-Bellido et al 2017
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Micro Lensing by exo-planets


