VECTOR IDENTITIES*

Notation: f, g, are scalars; A, B, etc., are vectors; T is a tensor; | is the unit
dyad.

(1) ABXC=AxXxB-C=B-CxA=BxC-A=C-AxB=CxA-B
2) Ax(BxC)=(CxB)xA=(A-C)B—- (A -B)C
B)AXx(BxC)+Bx(CxA)+Cx(AxB)=0

(4) (AxB)-(CxD)=(A-C)(B-D)— (A-D)(B-C)
B)(AxB)x(CxD)=(AxB-D)C-(AxB-C)D

(6) V(fg) =VI(gf) =fVg+gVf

(MY V- (fA)=fV-A4+ A -Vf

(8) VX (fA)=fVXA+VfXA

V- (AxB)=B-VXA-A -VxB

(10) VX (AxB)=A(V-B)-B(V-A)+(B-V)A—-(A-V)B
(11) Ax(VxB)=(VB)-A—-(A-V)B

(12) VA-B) =AXx (VxB)+Bx(VXA)+(A-V) B+ (B-V)A
(13) V2f =V -Vf

(14) VZA=V(V-A) -V xVxA

(15) VXVf=0

(16) V.VXA=0

If e;, e2, e3 are orthonormal unit vectors, a second-order tensor T can be
written in the dyadic form

(17) T = sz T;je;e;
In cartesian coordinates the divergence of a tensor is a vector with components
(18) (V-T); = Zj(aTji/f?iBj)
[This definition is required for consistency with Eq. (29)]. In general
(19) V-(AB)=(V-A)B+ (A-V)B
(20) V- (fT) = Vf-T+fV-T



Let r = ix + jy + kz be the radius vector of magnitude r, from the origin to
the point x,y, z. Then

(21) V-r=3

(22) VXxr=0

(23) Vr =r/r

(24) V(1/r) = —r /7>
(25) V- (r/r®) = 475 (r)
(26) Vr =/

If V' is a volume enclosed by a surface S and dS = ndS, where n is the unit
normal outward from V,

(27)/dVVf:/de

\% S

dvv-A:/ds-A
S

dvv-T:/ds-T
S

dVVxA:/deA
s

AV (fVig — gV?f) =/dS'(ng—gi)

S

(28)

(29)

(30)

(31)

(32) dV(A- VXV XxB-B-VxVXxA)

— T T T

:/dS-(BxVxA—AxVxB)
s

If S is an open surface bounded by the contour C', of which the line element is
dl,

(33)/deVf:]{d1f
S C



(34)/dS-VxA:]{d1-A
s c
(35)/(dS><V)><A:7{d1><A
s c
(36)/dS-(Vvag)=jI{fdg=—jI{gdf
s c c

DIFFERENTIAL OPERATORS IN
CURVILINEAR COORDINATES®

Cylindrical Coordinates

Divergence

10 1 0A4 0A.,
V-A=-—(rA, -
r@r(r )+7" 8¢+8z
Gradient
of 10f of
V)r=——; \% = — 7= Vf): = —
(Ve =G0t (VDo=155 (FNa= 73
Curl
1 0A, 0A
(VXA),=- — ¢
r O0¢ 0z
0A, 0A.,
VXA, = —
(VX Ag 0z or
10 1 0A,
VXA, =—-—(rAy) — —
(VX A) rar(r 2 r O¢
Laplacian




Laplacian of a vector

2 0A A
VPA), = VA, - ¢ T
( ) r2 0¢ 72
2 0A A
VZA), = V%A, + = —~ 2
( )¢> ¢ T r2 9¢ r2
(VZA), = V2 A,
Components of (A - V)B
0B, Ay 0B, 0B, AuB
(A-VB), = A, ¢ B k.
or r 0@ 0z r
0B Ay OB 0B Ay B,
(A-VB), = 4,202 4 26080 4y OB Ao
or r O¢ 0z r
0B, Ay 0B, 0B,
(A-VB), = A, ? .
or r 0¢ 0z
Divergence of a tensor
10 10Ty,  OT.r Too
v.-T r = — = Trr - -
( ) r Or (r )+ r O0¢ 0z r
10 10Ty 0Ty = Ty
V-T)y =-——(T, —
( ) r Or (rTrg) + r 0¢ 0z r
1 8 1 8T z aTZZ
(V-T)e == (rTra) + ——=
r Or r O0¢ 0z



Spherical Coordinates

Divergence
V-A=——((r"A, — (sinf A —
72 87“(T )+"r’sin9 89(Sm 9)+7’Sin9 foJo
Gradient
of 10f 1 of
VI )r=—; v = —— v = —
Ve =57 VDo =255 (Vs rsinf 96
Curl
o 1 0Ap
VXxA),=————(sinfAy) —
(VX A)r = g 59 B 04%) — 500 e
1 0A. 10
V XAy = — ——(rA
(V> A rsinf 0¢ rar(r 2
10 1 0A,
VXA)y=—-——(rAg) — —
(VX Ao rar(r o) r 00

Laplacian

Vif= L9 (7“2%) —I——l 0 (sin@g) + ! 0" f

r2 9r or 72 sin 0 90 r2sin? § 9¢2

Laplacian of a vector

2A, 2 0Ag 2cot B Ay 2 8A¢

VZ2A), = V%A, —
( ) r2 r2 00 r2 r2sinf O¢

(VQA) _ 24, + 2 0A, Ag 2cosf 0Ay
o °T 2 THe r2sin?6 r2sin20 9¢
Ag 2 0A, 2cosf 0Ag

(VPA)y = V2A, —

r2sin2 0 + r2sinf 0¢ r2sin?2 60 0¢



Components of (A - V)B

(AVB) = A %4_&837" Afb 0B, _ AQBQ+A¢B¢
" " or r 00 rsinf 0¢ r

839 Ag 839 A¢ 839 AQBT cot 9A¢B¢
A - VB)y=A,—2 + 2 —
( Jo or + r 00 + rsinf 0¢ + r r

8B¢ 4 ﬁ 8B¢ A¢ 8B¢ A¢B7~ 4 cot 9A¢B9

A-VB)y, = A, ——
( o or r 00 rsinf O¢ + r r
Divergence of a tensor
1 0 5 1 0
V-T)y=——"T, — (sin 8Ty,
( ) r2 Or (r )+ 6 06 (sin 6T5r)
+ 1 8T¢r . TOO + T¢¢
rsinf O0¢ r
1 0 0
T = = —(r*T, — (sin 0T,
(V- 1o r2 Or (r“Tro) + rsin 6 00 (sin 0T60)
1 0T, Tor cot 0T,
. 06  Tor _ X
rsinf 0¢ r r
1 0 5 1 0
V- -T)y=——("T, — (sin 8T
( Jo r2 Or (r"Tre) + rsin 6 00 (sin 0T5)

1 8T¢¢ Tq&r cot 9T¢9
+rsin9 oo + T + T
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