PHYS-106 (en)
Thermodynamics

Week 3 - 05/03/2020



» Probability distribution

* Discrete distribution
e Continuous distribution

» Tricks for integral



Discrete distribution

A random variable X
* takes distinct, separate values

« Example: rolling a die
What number you might get?

X~{1,2,3,4,5,6}
* Probability? 1/6
» Distribution P

Die roll outcome

Probability



* An experiment of flipping a fair coin

« X = #heads after 3 flips

* N=8 measurements (Y,)): Y1, Yo, -+ Yg
»K=4 possible values (Xi):{0, 1, 2, 3}
»Qutcomes: HHH, HHT, HTH, HTT, THH, THT, TTH, TTT

Measurements: y,=3, V,=2, V5;=2,Y,=1, V=2, ys=1, y,=1, yg=0

>Probability: P(X=0) = 1/8, P(X=1) = 3/8,
P(X=2) = 3/8, P(X=3) = 1/8



> Distribution

& 9
8 8

L
8

Probability P(x)

—
0 1 2 3

x; (value for x)

Probability by counting:

POX) = At = X |

Mean:
1 N K
(X) = N;J’n = ;XiP(Xi)

K
;P(Xi) —1

The number of
measurements

where Yn=Xi



Continuous distribution

* Continuous function

X takes infinite number of values

* Probability density function (PDF): f(x)
* P(x) is defined in a interval (a, b):

b
P(x) =Pla<x<b)= ff(x)dx

Probability density f(X)




Link to discrete distribution

Probability E)ensity f(x)

discrete distribution P(X)
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» Probability for bin i: P(x;) = f(x;)dx ] (, xra)
 Mean: Mean in discrete case:
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* When K—oo and dx—0, sum Is replaced by integral:
(x) = J_ o, Xf (x)dx
. fjooof(x)dx =1



Tricks for integral
* [ (a) = f: x" e;{p(—axz)dx

*n=0, 1, 2,3, ...
e Forn=0, Io(a)= [ exp(-ax’)dx
Introducing x’ = 4/ax

I,(a) = f; EKP(—HXE)JI = éf:exp(—x’z)dx’

We now consider the following integral:



f: exp(—xz)dxf:cxp( —y? )dy

- S 15 exp{-)exp(-y)asay = [ [ expl "+ 3?) sty

By changing to the polar coordinate system, x = rcos¢, y =rsin¢g ,and dxdy = rdrd¢.
We have:
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Leading to J‘:EXP(_IE) =g ____________ J

x 5 1 |
Iﬂ(a) = fﬂ E::-;p(—a,r )dx = E\/;




e Forn=1,

Forn=2
1,(a) ;fexp( )dx
d
=——-1o(a)

Exercise:n=3 and 4




*Forn=3and 4
=I:IEEKP(—HIE)Q‘I

f X E}{p( )dx




