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 Probability distribution

•Discrete distribution

•Continuous distribution

 Tricks for integral



A random variable X

• takes distinct, separate values

•Example: rolling a die

What number you might get?

X ~  {1, 2, 3, 4, 5, 6}

• Probability? 

• Distribution

Discrete distribution 
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•An experiment of flipping a fair coin

• X = #heads after 3 flips

• N=8 measurements (yn): y1, y2, ..., y8

K=4 possible values (Xi):{0, 1, 2, 3}

Outcomes:  HHH, HHT, HTH, HTT, THH, THT, TTH, TTT

y2=2, y3=2 y4=1, y5=2, y6=1,  y7=1, y8=0

Probability: P(X=0) = 1/8, P(X=1) = 3/8,

P(X=2) = 3/8,  P(X=3) = 1/8



Distribution
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Probability by counting:

P(Xi) = 
1

𝑁
#(𝑦𝑛 = 𝑋𝑖)

Mean:

𝑿 =
𝟏

𝑵
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𝑵

𝒚𝒏 = 

𝒊=𝟏

𝑲

𝑿𝒊𝑷(𝑿𝒊)

 

𝑖=1

𝐾

𝑃(𝑋𝑖) = 1

The number of 
measurements 

where 𝑦n = Xi



• Continuous function

• X takes infinite number of values

• Probability density function (PDF): f(x)

• P(x) is defined in a interval (a, b):

𝑃 x = 𝑃 𝑎 < x < 𝑏 =  

𝑎

𝑏

𝑓 x 𝑑x

Continuous distribution
Probability density f(x)

xa b



Mean in discrete case:

Link to discrete distribution

• Probability for bin i: 𝑃 x𝑖 = 𝑓 x𝑖 𝑑x

• Mean:

x =  𝑖
𝐾 x𝑖𝑃 x𝑖 =  𝑖

𝐾 x𝑖𝑓 x𝑖 𝑑x

• When K→∞ and dx→0, sum is replaced by integral:

x =  −∞
∞
x𝑓 x 𝑑x

•  −∞
∞
𝑓 x 𝑑x = 1

Discretize x to K bins

(x𝑖 , x𝑖+𝑑x)i

x

Probability Density f(x)

𝑓 x𝑖 𝑑x

K→∞ and dx→0

𝑿 =
𝟏

𝑵
 

n=𝟏

𝑵

𝒚𝒏 = 

𝒊=𝟏

𝑲

𝑿𝒊 𝑷(𝑿𝒊)

discrete distribution P(x)



Tricks for integral

•

• n=0, 1, 2, 3, …

• For n = 0,

Introducing

We now consider the following integral: 



By changing to the polar coordinate system,

We have:

Leading to



• For n = 1, 

• For n = 2,

Exercise: n = 3 and 4 



• For n = 3 and 4


