General Physics II: Tutorial Material

Lecture 9 (Chapter 8 & Chapter 9, Entropy and thermal machines)

1) Follow-up question on problem 1.2 in Lecture exercise:

An isolated system of volume Vj consists of two subsystems, labelled 1 and 2 separated by an
impermeable (no particle flow) and moving diathermal (exchange of heat) wall of mass M and of
negligible volume. Both subsystems contain ideal gas. Initially, both subsystems are at the tem-
perature T;. Subsystem 1 is in a state characterised by a volume Vi; and pressure Py;. Likewise,
subsystem 2 is characterised by a volume Va; and pressure P»;. When the system has reached
equilibrium, the final temperature is equal to the initial temperature. We had already computed
the number of moles n; and ng, the final temperature 7%, the final volumes and final pressure Py
when the system has reached equilibrium. Now determine the entropy variation between the initial
state and final equilibrium state. In particular show that for the specific case where n; = ny = n,
the result implies an increase in entropy.

Solution: As we learned during the lecture, even though this process is irreversible, we can com-
pute the entropy change as if the system underwent a reversible process (under closest conditions,
i.e. an isothermal process). Thus, we consider that subsystem 1 and 2 undergo an isothermal pro-
cess at 1" = T = Ty, which implies that their internal energy is constant, i.e. dFj,¢1 = %nl RdT =0
and dEisz = %nngT =0.

Thus, we can write :

RT
dBini = ~PidVi +TdS, = =2=dVy +Tds),

1
(1)
RT
By = —PydVy + TdSy = ""‘V dVy + TdS,.
2

Solving these relations for dS and integrating these relations between the initial and final state, i
and f, yields :

AS1 if = anlog ‘/1f ,and, ASQ if = ngRlOg ‘/Qf . (2)
' Vi ' Vai

In the particular case of ny = ny = n, and thus, Viy = Voy = % (see exercise tutorial 3), we have
Va; = Vo — Vi1. Thus, the total entropy variation is given by :

ASip = AS15 + ASy;p =nRlog (‘éf> +nRlog (“?f)
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where 0 < % < 1. The argument of the logarithm is unity when “/}Ol = % and then the entropy

variation vanishes, i.e. AS;s = 0. This means that in this particular case nothing happens as

the initial state is already the equilibrium state. For all other values of “/}01’, the argument of the

logarithm is found between 0 and 1, hence the entropy variation is positive.

3)




2) Entropy production by heat transfer: An isolated system consists of two subsystems la-
belled 1 and 2, analysed in Chapter 8.5 ("stationary heat transfer between two blocks"). Using
the second law, show that in a stationary state, when 17 > T5, the entropy production dSproq of
the whole system is positive when heat flows across these two subsystems despite the fact that the
entropy production within individual subsystems is constant (as net heat flow in each subsystem
is 0), i.e. dSprod,l = dSpmdg =0.

Solution:

Recall that the entropy production rate of the system cannot be simply obtained by adding the
entropy production in each subsystem. The system is in a stationary state, which implies that
the overall change of entropy (with time) vanishes : dS = 0. Thus, according to the definition of
entropy, the change in entropy production is equal to the opposite of the change of entropy due to
heat exchange with the environment : dSproq = —dSens.

The entropy change due to environment is the sum of the entropy inflow from the environment
into the subsystem 1, d%m and the entropy outflow fd%oz from subsystem 2 to the environment
(where the negative sign indicates a loss of entropy).

Thus, we have :
dQo2  dQo1

dSprod = — . 4

Sp d 7‘12 Tl ( )
Since T7; > T, heat flows from subsystem 1 to subsystem 2 and thus, dQi» > 0. We have
established in Chapter 8.5 that dQo1 = dQ12 = dQ2o for a stationary heat flow, and thus :

1 1

dSprod = (TQ - T1> dQ12 > 0. (5)

3) An n-mole ideal gas with a volume V; expands adiabatically (Q = 0) into the vacuum (free
expansion) and its volume becomes V. Is this process a reversible process? Show that the entropy
change is positive, i.e. AS > 0. Is this result paradoxical? How can we explain this?

Solution:

First we note that one simple definition of reversibility is that the process can be reversed by
switching the signs of Q and W. The free expansion can only be reversed if we apply work to
compress the gas isothermally. Thus, the free expansion is not reversible. More technically, the
free expansion of the gas into vacuum is not a reversible process since it cannot be controlled
to proceed through a succession of many infinitesimally small quasi-statistical paths. Thus, the
entropy change cannot be obtained by

eraverse
ASeny = / —7 (6)

On the other hand, the final state is well defined: Since it is an adiabatic process, @ = 0. The
pressure of the vacuum is zero, thus no work is done during the expansion and W = 0. It follows
that

AE;,;=Q—-W =20 (7)

Thus, no change in the temperature during the expansion: Thus the final state has the same tem-
perature, T, as the initial state with a volume V5.

Since the entropy difference between the two states does not depend on the path, ASgysiem,
calculated between the initial and final states with a reversible isothermal expansion of volume
Vi — Vs, is a valid approximation for AS for the free expansion process. Therefore, we can use
the previous solution with 77 = T5. It follows that

Vs
ASsg;/stem =nR lOg = (8)
1%

for the entropy change in the system.



Since Vi < Vi, we have ASystem > 0, increase of the entropy (production) in the system.

From a usual expression of AS.,, = Q/T, one wants to conclude ASyysiem = 0 for the free ex-
pansion — but this is the case only for ASsysiem = ASen, (i-e., a reversible process, where the
entropy change is entirely due to heat exchange with the environment). Instead, the total entropy
change is given by ASgystem = ASeny + ASproq, meaning in the free expansion process entropy is
produced within the system.

4) The figure below shows the P-V diagram of a heat engine with 1 mol of a diatomic molecule
ideal gas. At point A, it is at STP (273 K and 1 atm). Points B and C are on the isothermal line
at T = 423 K. The process A-B is with a constant volume and A-C with a constant pressure.

P A

a) Obtain the volume, pressure and temperature for the state B and C.

b) Which is the path to generate the work, A-B-C or A-C-B, and why?
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c) What is the efficiency, €, of the engine where ¢ = o,

d) Show that total heat minus total work is zero.

Solution to a:
The initial state A is given by :

nRT

N
A: T=2T3K,P=1013x10°—,V = =2.24 x 1072m?. (9)
m

The temperature of the state B is given as T=423 K, and it is on the isovolumetric line with A,
we have V4 = Vg and :

T N
B: T =423K,P = % =157 x 10°—;,V = 2.24 x 10~ *m”. (10)
m

The state C is on the isobaric line with A, i.e. Po = P4, and on the isothermal line with B, i.e.
Tc = Tpg, thus we have :

N T
C: T=423K,P=1013x10°—,V = % =3.47 x 107 2m3. (11)
m

Solution to b:



By noting that no work is done in A—B or B—A, since they are isovolumetric processes, the work
done for the cycle A—-B—C—A is given by the area below B-C minus the area below A-C on the
V-P diagram, which is positive. The work done for the cycle A—~C—B—A is given by the area
below A-C minus the area below B-C, which is negative. Therefore A—~B—C—A is the cycle,
which generates the work.

Solution to c:
The work done in the isothermal path, B—C, is given by :

Vi
Wp_c =nRTIn (=)
' (12)
J 3.47 x 1072
and C—A :
Wea=Pa(Va— Vo)
5 NV -2_3 (13)
=1.013 x 10°— x (2.24 — 3.47) x 10 “m> = —1246.J.
m
Therefore the total work, i.e. net-work done, is :
W =Wpc+ Wea =1539J — 1246J = 293.J. (14)

For the heat, processes with positive heat are A—B and B—C. Using the molar specific heat under

constant volume is given by Cy = "TfR, where the number of degrees of freedom, ny = 5 for a

diatomic molecule, the heat for A—B is given as :

5 J
Qasp =nCy AT = lmol x 3 x 8314 —" x (423 — 273)K = 3118 (15)

mol.
No change in the internal energy is generated in B—C, thus
®QB=c = Wpoeo = 1539/, (16)
making to total positive heat into the system to be :
Qin = Qasp + Qpoc = 4657J. (17)

Thus the efficiency of the engine is given by :

= 0.063, (18)

i.e. about 6%.

Solution to d:

Using the molar specific heat under constant pressure, Cp = Cy + R, the heat for C—A is given
by :

J

mol.

7
Qesa =nCpAT = lmol x o x 8.314—"— x (273 — 423) K = —4365/. (19)

Therefore, the sum of the total heat and work is given by :
Qasp+QBsc+Qcsa—Wpao—Wesa=0J, (20)

within the rounding error.

5) We consider now a similar heat engine starting from A as defined above, but the B-C path is

done adiabatically. The temperature of B is kept at T = 423 K and on the isovolumetric line with
A. The state C remains on the isobaric line with A.



a) Obtain the volume, pressure and temperature of C.
b) Calculate the efficiency.

Solution to a):
The states A and B are given as before :

N T
A: T=2T3K, P=1.013x 10—, V = % =224 x 107%*m?, (21)
m

and :
N
B: T=423K, P=157x10°—, V =224 x 10~*m®. (22)
m

The state C is still on the isobaric line with A, i.e. Po = P4, but now on the adiabatic line with
B, i.e. V2 Pc =V, Pg. By recalling that V4 = Vp, we obtain :

1 1
P\~ P\~
= — fr— —_— 2
ve=va(72) =va(32) (23)
and : 1
PcVo  PaVa (Pp\7
Te = = —— 24
© nik nR <PA> (24)
For the diatomic ideal gas, we have Cy = %R and Cp =Cy + R = %R, leading to :
1 Cy
—=—=0.714 25
v Cp (25)
ie. N
C: T=3732K, P=1.013 x 105ﬁ, V =3.063 x 10~ 2m?. (26)
Solution to b):
As for the previous engine, no work for A—B and for C—A :
5 N -2 3
Weooa =Pa(Va—Ve)=1.013 x 10 o X (2.24 — 3.06) x 10™*m> = —830J. (27)
For the work in B—C, using the adiabatic relation, V7P = const = Vj Pg, it follows that :
e} C y Ve
V2P,
Wp_c = / PdV = VgPB/ Vv = BByl
VAiPg, 4_ 1—
= 1377(‘/0 7_VB 7)
and 1 — vy = —0.4 giving Wg_,c = 1034J. The total work is then :
W =Wpc+Wea =204J. (29)

For the heat, Q4_,p = 3118J is unchanged from the previous case, but no heat in B—C since it
is an adiabatic process. Therefore, total positive heat is @Q;;, = Qa—p = 3118J and efficiency :

W
Qin

€

= 0.065. (30)



