General Physics II: Tutorial Material

Lecture 2 on Chapter 3 and 4 (Gas laws and Kinetic gas theory)

1) When the change of volume, AV, with respect to a change of temperature, AT, is given by
AV = BATV,, where f is the coefficient of volume expansion and V; is the initial volume, show
that the change in the density is given by p ~ —5AT pg.

Solution:

When the mass of the object is m and the initial volume Vj, the initial density is given by pg =
m/Vp. The volume of the object, V, after increase of the temperature AT is given by V =
Vo + AV = V(1 4+ BAT) and the density

m m

TV Vo(1+ BAT) .

p

When AT < 1, the following approximation is valid

1
T3 8aT "~ 1 — BAT (2)
it follows that m
p= 3 (L= BAT) = po = BATpo = po + Ap 3)

i.e., the change in the density is given by Ap = —SAT pg.

Alternative solution:
The first-order Taylor approximation of p around Vj is given by

_ dp B _dp
p=rot o V:VO(V Vo) = Ap=p—po= i vaoAV (4)
Therefore:
m m m m
= S Ap=——| AV =—BATV, = —BAT— = —BAT
Py A=l AY = TyphATV = —AAT = —FAT k0 ©)

using that AV = ATV) and py = %

2) Determine formulas for the changes in the surface area and volume of a uniform solid sphere of
a radius of rg if its coefficient of linear expansion is « and its temperature is changed by AT.

Solution:

The surface and the volume of a sphere with a radius rg is given by, So = 47rg and Vy = 47rd/3,
respectively. When the temperature changes by AT, the radius of the sphere changes by Ar =
argAT, thus the radius is given by r = (1 4+ aAT)rg. For 1 > aAT, the following approximations
are valid:

r? = (1+aAT)*r2 ~ (1 +2aAT)r3, r* = (1 4+ aAT)*ry ~ (1+ 3aAT)r] (6)



leading to the surface and volume to be

S = 4mr? ~ 47 (1 + 2aAT)rE = (1 + 2aAT)S,
V =4nr? /3 = 4n(1 + 3aAT)rd /3 = (1 4 3aAT)V,

Thus, the changes in the surface and volume are given by
AS = 2aATSy, AV = 3aATV, (8)

respectively.

Alternative solution:
The same trick as in the alternative solution of Ex. 1 can be used:

AS = CCZTS Ar = 81roargAT = 2aAT (47r2) = 2aATS) (9)
T lr=rg
av 2 3
AV = . Ar = Arriarg AT = 3aAT(4/37ry) = 3aATV, (10)
T lr=rg

3) There is an aluminum square plate (100cm x 100em) at 0°C with a hole (in form of a circle)
in the center with a radius of 10 cm. If we heat the plate to 500°C', what will be the size of
the plate and how large will be the hole in the center? Note that the coefficient of linear expan-
sion for the aluminum is given by 25x107%(°C) !, coefficient of volume expansion 75x1076(°C)~1.

Solution:

Using the formula for the linear expansion, Al = alyAT, where Iy = 100ecm, AT = (500 — 0)°C' =
500°C and a = 25 x 1075(°C) 7!, the side of the aluminum plate at 500°C is given by,

lso0 = lop + Al = 101.25¢m (11)
Thus, the size of the plate at is given by 101.25¢m x 101.25¢m.

Let us consider an aluminum disk with a radius of 10 cm at 0°C. This disk closes completely the
hole of the aluminum plate at 0°C. If we warm up the disk to 500°C, its radius will become,

r =1+ roaAT = 10.125¢m (12)

This disk should fill the hole for the plate at 500°C. Therefore, the radius of the whole on the
plate at 500°C' is r = 10.125¢m.

4) A concrete manhole on a road, shown in a photograph below, has an opening that can be closed
with a metal disk so that the road surface remains practically even, as illustrated in the figure
below showing the side view of the hole. For a given radius, r4, of the metal disk, r;, should be
maximized for the comfort of the people who go down the hole and r,,; must be minimized to
reduce the cost. The metal disk has a radius of r4 = 50cm and thickness d = 2em at 20°C' and the
manhole should be operational, i.e. the disk closes the manhole and the surface practically stays
even when placed in the centre, between —40°C' and 40°C.

1. For this problem, we take the linear coefficients for thermal expansion for the metal and
concrete to be 1073/°C and 5 x 1074/°C, respectively. Calculate r;, and r,,; when it is
constructed at 20°C.

2. The Young’s Moduli for the metal and concrete are 200 x 10°N/m? and 20 x 10°N/m?, and
the compressive strength 550 x 10° N/m? and 20 x 10 N/m?, respectively. Temperature in the
morning was 35°C' and the manhole, with the dimension defined above, was closed properly.
In the afternoon, the temperature reaches to 45°C. What will happen to the manhole?



Solution:

1. In general, the formula for linear thermal expansion can be written as
rT2 = T (1 4+ aAT) (13)

with AT =T, — T}, where r is the radius [m| and T is the temperature [K].
For the disk to be in place for the required temperature range, it is required that at —40°C,
rin = rq and at 40°C, 1oy = 74.
Using the formula for linear thermal expansion, r;, and 7., at 20°C' are given by
720 = 1720 5 1201+ aconerete AT) = 72°(1 + Qe AT), with AT = (=40 — 20)°C

rf;gt = r;m — 720 (1 + @concrete AT) = 7‘30(1 + Qmeta AT), with AT = (40 — 20)°C

our

(14)
From that follows:
20 20 [1 + (_40 _ 20)ametal] 1 —60 x 10_3
in =50 = 48.454
" K [1 + (_40 - 20)aconcrete] 1—-60x5x 1074 em (15)
20 20 [1+4 (40 — 20)tmetai] 1420x 1073
= =50 = 50.495
Pout = T4 7040 — 20)dtomerete] 1+20x5x 104 em

2. When the temperature goes above 40°C, the metal disk starts to push the concrete hole.
By taking into account that the both concrete and metal disk expand, the excess expansion
radius between the metal disk and concrete hole is given by

Ar = Téo(ametal - aconcrete)(T - 4O)OC (16)

For this radius expansion, the metal disk generates thermal stress on the concrete given by

F Ar o
<Z> = EmetalTO = Emetal(ametal - aconcrete)(T - 40) C (17)
metal Ta



and in the same way, the thermal stress on the disk given by the concrete hole is

F

(A) = Econcrete (ametal - O‘concrete) (T - 40)00 (18)
concrete

where E,etqr and Eeoperete are the Young’s moduli of the metal and concrete, respectively.

Since we have Fpetar > Eeoncrete, it 1s always

(%),...” (%) a
A metal A concrete

If something breaks, it must be the concrete since the compressive strength of the metal is
larger than that of concrete. Therefore, if

F)
vy > Cconcrete (20)
<A metal

the concrete hole breaks, where Conerete 1S the compressive strength of the concrete (=max-
imum compressive pressure on concrete before breaking). With the given values, we obtain

F
(A) =5x5x107% x 200 x 109N/m2 =5 x 108N/m2 (21)
metal
thus .
1 > Croncrete = 20 X 106N/m2 (22)
A metal
and the concrete hole breaks and metal disk remains unbroken at 45°C. For completeness,
we give
F
(A) =5x5x107* x 20 x 10°N/m? =5 x 10" N/m? (23)
concrete

which is one order of magnitude less than (F/A)etal-

5) Calculate the density of nitrogen at STP using the ideal gas law. Note that the nitrogen atom
has Z= 7 and A = 14 and the nitrogen gas molecule is N,.

Solution:

By considering the nitrogen gas to be an ideal gas, the volume of the n mole nitrogen gas is given
by
nRT

V= (24)

At STP, i.e. T =0°C = 273K and P = latm, this leads to
V =mnx 224 x 1073m? (25)

Since the atomic number of the nitrogen is 14 and the nitrogen gas molecule is made of two nitrogen
atoms, the mass of n mole nitrogen gas is given by m = n x 28g. Therefore, the density of the gas
is given by
m 28¢g _6 _3
=—-=—""—"-—-=125x10 26
P=V T 2ax10m3 X107/ mm (26)
6) A storage tank contains 21.6 kg of N» gas at an absolute pressure of 3.85 atm. What will be
the pressure if the nitrogen is replaced by an equal mass of CO- at the same temperature?

Solution:



We consider Ny and CO, gases to be an ideal gas. The temperature of the nitrogen gas, Ty, in
the container with a volume Vj is given by
Pn Vo

Ty = ——— 27

N nNR ( )

where Py and ny are the pressure and the mole number of the Ny gas. If the gas of the container

is replaced by the CO5 with the same temperature and equal mass, the pressure of the CO; is
given by

nclR ncR nc RPNV nc

Pe = Tc=—1ITn=—F—""—=—P 28

© V() © V() N VoTLNR nnN N ( )

where the subscript "C" denotes for "C'O5". The ratio of the mole numbers of the two gasses is
given by

niz mgc mmpy (29)

nn mmgc Mmpy

where mme and mmy are the molecular mass of COy and N,, respectively, and m¢e and my are
the masses for COy and Ny which are identical and 21.6 kg. The atomic mass of Ny is 28 and
CO3, 12+ 2 x 16 = 44. Therefore

no 28
- = 30
nn 44 ( )
The pressure for CO5 is now given by
2
Po = "C py = 2 3 85atm = 2.450tm (31)
nn 44

7) A space ship enters in the earth atmosphere with a speed of 10km /second. Atmosphere molecules
(assume nitrogen) then strike the nose of the space ship with this speed. What is the corresponding
temperature? Note that the mass of one nitrogen atom is 2.3 x 10~ 26kg.

Solution:

In the rest frame of the space ship, we can consider that the gas molecules are moving with an
rms-velocity of 10 km/second. From the kinetic theory of gasses, we have
N-m-v2,
p.yv =M Urms (32)
3
where m is the mass of the gas molecule, v, is the rms-speed of the gas molecule, and N is the
number of the gas molecules. Assuming that the nitrogen gas is an ideal gas, the ideal gas law
gives
P.V=N-k-T (33)
where T is the temperature of the gas and k is the Boltzmann’s constant. A combination of the

two leads to

m~v2

e =f.T 34

: (34
The mass of the nitrogen gas molecule, N, is given by

m=2x (2.3 x10"%kg) = 4.6 x 10" kg (35)

and the Boltzmann’s constant,

R 84J/mol K o3 J
F = N T G108 el — A0 (36)

Therefore, the temperature of the Ny gas is given by

oM v2, _ 46X 10~26kg(10 >_< 103m/sec)? _ 46x 1?_18J ~10°K. (37)
3k 3x14x10-BJ/K 12 x 102 J/K



