Journal of Physics: 53‘::; PURPOSE-LED
Conference Series PUBLISHING

PAPER « OPEN ACCESS You may also like

. - Hi erformance of graphene oxide
Thermal expansion of metals Cu, Au and Ag at moied wih Guclby s aon
implantation” method

higher temperature and under pressure. Manh B Nguyen, Giang H Le, Trang TT

Pham et al.

- Determining the vulnerability index in the
context of high floods in An Giang

province
Can Thu Van, Doan Quang Tri, Nguyen
Thanh Son et al.

To cite this article: Pham Duy Tan et al 2020 J. Phys.: Conf. Ser. 1506 012016

- Thermal expansion for ordered CuaAu
alloy at higher temperature and under

pressure.
Pham Duy Tan, Pham Dinh Tam and Bui
Duc Tinh

View the article online for updates and enhancements.

) The Electrochemical Society

i =
Advancing solid state & electrochemical science & technology SC’en ce +

= Technology +

ECS Meeting

Chicago, IL

October 12-16, 2025 .~ |
’ — SUBMIT
Hilton Chicago .‘( ABSTRACTS by
March 28, 2025
SUBMIT NOW

LOCCUCCOCOCCCCCK

This content was downloaded from IP address 213.55.189.92 on 14/03/2025 at 20:57



https://doi.org/10.1088/1742-6596/1506/1/012016
/article/10.1088/2053-1591/abbdec
/article/10.1088/2053-1591/abbdec
/article/10.1088/2053-1591/abbdec
/article/10.1088/1755-1315/307/1/012015
/article/10.1088/1755-1315/307/1/012015
/article/10.1088/1755-1315/307/1/012015
/article/10.1088/1742-6596/1506/1/012017
/article/10.1088/1742-6596/1506/1/012017
/article/10.1088/1742-6596/1506/1/012017
/article/10.1088/1742-6596/1506/1/012017
https://pagead2.googlesyndication.com/pcs/click?xai=AKAOjsvA_xIYMYnf4lzQCH7MWhCLGLCrCpugjwQsfn11TVJTJ-siW1Rf_48-yalwPUE3p50x4qeRAir6WAeujBi5W1yVwavi_iZgR5whTK31rrfCZ6UOhLyDLOPrypoZI3JV1dXGOh1shswBth54cZoNyqJXEom0HI7zBCbuNnssK3FtZPH7c5pw94oiobDxEPfVjNrYBuBQ2YoMKDuUS6xF0gHy8aG6ZvhkDFImC-3AgPysyiKPYZOFQcP_dbGB0kdNa9-CGcctRrUaoQePOr9JCrlsXHYc4bSHWOClfJt98Zt13IyJG1P2BaeXmjtPRWiEEzYmhYIQfkBiAgXK1vOVuzum53TnNshUFIQNPGf_38rweS4&sig=Cg0ArKJSzNT01KTejkFx&fbs_aeid=%5Bgw_fbsaeid%5D&adurl=https://ecs.confex.com/ecs/248/cfp.cgi%3Futm_source%3DIOP%26utm_medium%3Dbanner%26utm_campaign%3DIOP_248_abstract_submission%26utm_id%3DIOP%2B248%2BAbstract%2BSubmission

44th Vietnam Conference on Theoretical Physics IOP Publishing
Journal of Physics: Conference Series 1506 (2020) 012016  doi:10.1088/1742-6596/1506/1/012016

Thermal expansion of metals Cu, Au and Ag at
higher temperature and under pressure.

Pham Duy Tan', Pham Dinh Tam? and Bui Duc Tinh?

! Research Department, Tank Armour Command, Tu Liem, Ha Noi, Viet Nam
2 Le Qui Don University Technology, 236 Hoang Quoc Viet, Ha Noi, Viet Nam
3 Ha Noi National University of Education, 136 Xuan Thuy, Ha Noi, Viet Nam

E-mail: duytan1981@gmail.com

Abstract. The thermodynamic properties of metals are studied using the moment method
in the statistical dynamics, which allows us to take into account the anharmonicity of thermal
lattice vibrations, going beyond the quasi-harmonic approximation. Within the fourth-order
moment approximation, the free energy, equation of state and thermal expansion of the metals
with fcc structure are given explicitly in terms of the effective pair potentials and the second-
and fourth-order vibrational coefficients. Applying to Cu, Au and Ag metals, we calculate
these properties at higher temperature and under pressure in simple analytic form. Numerical
results for the lattice spacing, linear thermal expansion coefficient, pressure-volume dependence
of these metals in different temperatures and pressures agree with the experiments and got
better calculations than other authors.

1. Introduction

The ab initio density functional theory have enabled us to get detailed information on the ground
state properties of material [1, 2]. However, it is still difficult to calculate properties if materials
at high temperature and high pressures require the allowance for an-harmonic effects which are
very essential in these regions. The simplest way to use the QH Debye-Gruneisen theory [3].
However, the results obtained in such a way are not always satisfactory. It is noted that the Debye
form of harmonic approximation is rather crude theory. The applicability of the QH method to
study of particular metals is often restricted by the isotropic Debye mode and the asumption of
the mean sound velocity v [4]. Calculate lattice spacing and thermal expansion coefficient of some
metals in the form of polynomials of temperature has also been done on the basic of experimental
results [15,16], however, only at zero pressure. In this article, we go beyond the quasi-harmonic
approximation of the lattice vibrations by using the moment method in statistical dynamics to
derive the Helmholtz free energy of metals. The temperature dependence of the lattice spacing
and the linear thermal expansion coefficient are calculated by minimizing the free energy with
respect to the volume of the system. Due to their simplicity, pair potentials are often used for
genetic studies of trends among a given class of metallic materials. Within the fourth-order
moment approximation, the free energy, equation of state and thermal expansion of the metal
with fce structure are given explicitly in term of the effective pair potentials and the second-
and fourth-order vibrational coefficients. Applying to Cu, Au, and Ag metals, we calculate the
equation of state and the thermodynamic quantities at higher temperature and under pressure
for these metals. Numerical results for the lattice spacing, linear thermal expansion coefficient,
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pressure-volume dependence of these metals in different temperatures and pressures agree with
experiments and got better calculations than other authors [8, 13, 17].

2. Theory
We use the moment method in the statistical dynamics, calculated the displacement in the case
of no external force, the Helmholtz free energy, and thermodynamic quantities of metal system
5, 6].

The atomic displacement in the limit of zero of supplemental force:

(AT’)2 _ [—C2 + +/ 022 — 40103} (1)

204
where 5 5
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= =3k |1+ —(X+1 =— 14+ — 2
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with:
X = xcothz,z = g—’“g;k,*y are the sum of the second- and fourth-order derivatives of the

effective pair potential ¢g; and defined by the following formulas:
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The lattice spacing of metal is counted from the formula
a=ag+ Ar, (4)

where ag is the lattice spacing of metal at the absolute zero temperature and pressure P.
The Helmholtz free energy of the metal in the following form:

= Uy + o + 1 (5)

where 1 denotes the free energy in the harmonic approximation and 7 the an-harmonicity
contribution to the free energy,

Yo = 3NO [z +In (1 — e )] (6)
2
U = 3N% [72)(2 - 271 <1 + ;()] +
0
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The equation of state for metals is derived from the thermodynamic relation

(), (3,
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At the absolute zero temperature and pressure P, the equation of state for metal in the
following form

P’Uo . 1 8u0 + ﬁwo ako

ap  60ag  4v/m*ko Oag’

where vy = % is the volume of unit cell in crystal lattice of metal at the absolute zero
temperature and pressure P, m* is the atomic mass.
The linear thermal expansion coefficient of metal is determined by

- 8(3), -4 (53),

3. Results and Discussion

By using the moment method in statistical dynamics, we calculate the equation of state, lattice
spacing, linear thermal expansion coefficient of metals Cu, Au and Ag with fcc structure. In
discussing the thermodynamic properties of metals and alloys, the Lennar-Jones potential has
been very successful [7, 8]. In the view of this, we will use the Lennar-Jones potentials for
all three C'u, Au and Ag metals. The parameters of Lennar-Jones potentials that used in the
current calculations are presented in Table 1.

(10)

Table 1. Lennard-Jones potential parameters D and 7y of Cu, Au and Ag [9]

0 D
Metals n m  ro(AY) B
Cu 9 5.0  2.5487 3401.1
Au 10.5 5.5 28751  4683.0
Ag 9.5 5.5 28760 3325.6

Using the derivatives of the interatomic potentials [10] and the vibrational parameters
k,7v1,72,7, one can determine the equation of state at the absolute zero temperature under
pressure P and lattice spacing, linear thermal expansion coefficient of the metals at higher
temperature and under pressure in polynomial form.

In equations and expressions from (12) to (17), y = y(P,0) = ag(P,0); the pressure P, lattice
spacing a(P,T), and temperature T are measured in unit of kbar(10%Pa), A°(107%m), and K,
respectively.

3.1. Copper
The equation of state at the absolute zero temperature and under pressure P of the metal Cu
have the following form:
5.124.107°Py'? — 0.97.107%y%° + 0.016y" + 16.94.y>5 — 446.21 = 0 (12)
The lattice spacing of the metal C'u at the temperature T under pressure P have the following
form:
a(P,T) = y(P,0){1 + 2.266.10"°T'Q(P)[1 + 0.575.10 T2 R(P)]}, (13)

with
Q(P) =y 4 0.026y'*%;  R(P) = y'® 4 0.06y*"* — 2.04.10~ 3y
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where y(P,0) is the solution of the equation (12), dependence on the pressure P.
The calculated lattice spacing and linear thermal expansion coefficient of the metal C'u at
different pressures as the polynomial functions of the temperature 1" are presented in Table 2.

Table 2. The lattice spacing and linear thermal expansion coefficient of metal C'u as the
polynomial functions of the temperature 1" at different pressures.

P(kbar) y(P,0)(A%) a(P,T)(A%) ar(P,T).105(K~1)
0 2.5299 2.5299(1 + 1.606.10~°T + 1.983.1071273)  1.606(1 + 3.705.10~"T2)
10 2.5244 2.5244(1 + 1.570.107°T + 1.878.10~1273)  1.570(1 + 3.588.1077T?)
20 2.5191 2.5191(1 + 1.536.107°T + 1.785.1071273)  1.536(1 + 3.486.10~7T?)
30 2.5141 2.5141(1 + 1.505.107°T + 1.696.10~1273)  1.505(1 + 3.381.10~7T?)

The calculate lattice spacing and linear thermal expansion coefficient of the metal Cu at
pressure P = 0 are presented in Table 3 and shown in Fig. 1.

Table 3. The calculated lattice spacing and linear thermal expansion coefficient of the metal
Cu at pressure P = 0.

T(K) 300 400 500 600 700 800 900 1000

a(A?) 2.5421 2.5464 2.5508 2.5553 2.5600 2.5649 2.5700 2.5755
exp.[12] 2.5510

cal.[8,13] 2.5358 2.5462 2.5574 2.5633 2.5696 2.5761
ar103(K~1)  1.66 1.70 1.76 1.82 1.9 1.99 209 220
exp.[11] 1.68 1.77 1.83 1.89 1.94 2.0 2.15
exp.[14] 1.67 1.73 1.79 1.86 1.94 2.01 2.09 2.18

3
Fractional change of volume % = % =1- [Z((gg))] at 300K of metal C'u are

presented in Table 4 and show in Fig. 3.

Table 4. Fractional change of volume % at 300K of metal Cu.

P(kbar) 5 10 15 20 25 30

Cal. 0.0035 0.0069 0.0102 0.0134 0.0165 0.0196
Exp.[11] 0.0035 0.0070 0.0104 0.0137 0.0169 0.0201
Cal.[8,13] 0.0027 0.0054 0.0080 0.0105 0.0131 0.0156

3.2. Gold
The equation of state at the absolute zero temperature and under pressure P of the metal Au
have the following form:

4.355.1076Py135 — 3.1.1076y1% 4 4.74.10739%% 4+ 37.21y° — 1.79y*?° — 71424 =0  (14)
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The lattice spacing of the metal Au at the temperature 7' under pressure P have the following
form:

a(P,T) = y(P,0){1 4 1.352.10'°TQ(P)[1 + 0.127.10" T2 R(P)]}, (15)
with

Q(P) =" 4+0.003y"°;  R(P) =y +0.0075y%° — 2.1.10~%*!
where y(P,0) is the solution of the equation (14), dependence on the pressure P.

The calculated lattice spacing and linear thermal expansion coefficient of metal Au at different
pressures as the polynomial functions of the temperature T are presented in Table 5.

Table 5. The lattice spacing and linear expansion coefficient of metal Au as the polynomial
functions of the temperature T' at different pressures.

P(kbar) y(P,0)(A%)  a(P,T)(A°) ar(P,T).10%(K 1)
0 2.8710 2.8710(1 + 1.382.1075T + 1.213.1071273)  1.382(1 + 2.634.1077T?)
10 2.8659 2.8659(1 + 1.352.1075T + 1.144.107273)  1.352(1 + 2.538.10~7T?)
20 2.8609 2.8609(1 + 1.322.1075T + 1.080.1071273)  1.322(1 + 2.451.1077T?)
30 2.8561 2.8561(1 + 1.295.107°T + 1.022.101273))  1.295(1 4 2.367.10~7T2)

The calculated lattice spacing and linear thermal expansion coefficient of the metal Au at
pressure P = 0 are presented in Table 6 and shown in Fig. 1.

Table 6. The calculated lattice spacing and linear thermal expansion coefficient of the metal
Au at pressure P =0

T(K) 300 400 500 600 700 800 900 1000
a(A%) 2.8830 2.8871 2.8913 2.8956 2.900 2.9045 2.9092 2.9142
exp.[12] 2.8838

cal.[8, 13] 2.8454 2.8550 2.8651 2.8703 2.8757 2.8812
ar103(K—1)  1.41 1.44 147 151 1.56 1.62 1.68 1.75
exp.[11] 141 145 15 1.54 159 165 1.79
exp.[14] 141 145 15 .55  1.60 1.65  1.71 1.77
Cal.[8,13] 148 153 158 164 170  1.76 1.90

Fractional change of volume % at 300K of metal Au are presented in Table 7 and show in

Fig. 4.

3.3. Silver
The equation of state at the absolute zero temperature and under pressure P of the metal Ag
have the following form:

4.714.107%Py'%5 — 0.41.10°y17 +1.9.1073y7™ 4 29.95y* — 0.2125>™ — 2020.3 =0 (16)
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Table 7. Fractional change of volume % at 300K of metal Au.

P(kbar) 5 10 15 20 25 30

Cal. 0.0028 0.0056 0.0084 0.0110 0.0137 0.0162
Exp.[11] 0.0028 0.0056 0.0083 0.0110 0.0137 0.0162
Cal.[8,13] 0.0029 0.0057 0.0086 0.0113 0.0140 0.0167

The lattice spacing of the metal Ag at the temperature 7" under pressure P have the following
form:

a(P,T) = y(P,0){1 + 0.496.10°TQ(P)[1 + 1.957.10" T2 R(P)]} (17)
with
Q(P) =4"°+9.6.10"%y"%  R(P) = y" +0.023y* — 2.5.10*y*"
where y(P,0) is the solution of the equation (16), dependence on the pressure P.

The calculated lattice spacing and linear thermal expansion coefficient of the metal Ag at
different pressures as the polynomial functions of the temperature 1" are presented in Table 8.

Table 8. The lattice spacing and linear expansion coefficient of metal Ag as the polynomial
functions of the temperature T' at different pressures.

P(kbar) y(P,0)(A%) a(P,T)(AY) ar(P,T).10°(K~1)
0 2.8674 2.8674(1 4+ 1.815.107°T + 2.468.107'273)  1.815(1 + 4.080.10~77T?)
10 2.8589 2.8589(1 4 1.756.107°T + 2.270.107'273)  1.756(1 + 3.879.10~"T"2
20 2.8510 2.8510(1 4 1.701.107°T + 2.101.107'273)  1.701(1 + 3.705.10~7T?)
30 2.8435 2.8435(1 4 1.652.107°T + 1.949.107'273))  1.652(1 + 3.540.1077T?)

The calculated lattice spacing and linear thermal expansion coefficient of the metal Ag at
pressure P = 0 are presented in Table 9 and shown in Fig. 2.

Table 9. The calculated lattice spacing and linear thermal expansion coefficient of the metal
Ag at pressure P =0

T(K) 300 400 500 600 700 800 900 1000
a(A?) 2.8832 2.8887 2.8943 2.9002 2.9063 2.9127 29194 2.9265
exp.[12] 2.8891

cal.[8,13] 2.8634 2.8754 2.8882 2.8951 2.9023 2.9100
OzT.105(K71) 1.88 1.93 2.00 2.08 2.18 2.29 2.42 2.56
exp.[11] 1.92 2.00 2.06 2.14 2.23 2.34 2.62
exp.[14] 1.88 1.95 2.02 2.10 2.20 2.31 2.43 2.56

Cal.[8,13] 1.92 2.01 2.17 2.23 2.35 2.48 2.80
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Table 10. Fractional change of volume % at 300K of metal Ag.

P(kbar) 5 10 15 20 25 30

Cal. 0.0048 0.0094 0.0138 0.0181 0.0222 0.0262
Exp.[11] 0.0047 0.0094 0.0138 0.0182 0.0224 0.0262
Cal.[8,13] 0.0040 0.0081 0.0121 0.0158 0.0195 0.0231

— Cal
e o Exp.tt
ez Cal B

Temperature T (10? K)

Temperature T (102 K)

Figure 2. The linear thermal
expansion coefficient of metals Ag
at pressure P = 0.

Figure 1. The linear thermal ex-
pansion coefficient of metals Cu, Au
at pressure P = 0.

2,8
Cu

]
o0 Exp.1!

2 -——- Cal.® g
2 1,6 — ~_D,
= AT e g
%1,1 i 3
oy I B ] o
0,4 -
L
0 5 10 15 20 Z5 30
Pressure p (kbar) Pressure p (kbar)
Figure 3. Fractional change of Figure 4. Fractional change
volume 2Y at 300K of metal Cu. of volume %/ at 300K of metal

Yo Au, Ag

Fractional change of volume % at 300K of metal Ag are presented in Table 10 and show in
Fig. 4.

From the numerical results in Tables 3, 4, 6, 7, 9, 10, we calculate the relative errors for
lattice spacing, linear thermal expansion coefficient, fractional % of metals C'u, Au and Ag (as
well as in study [8, 13]), in comparison with the experiment, respectively, they are smaller:



44th Vietnam Conference on Theoretical Physics IOP Publishing
Journal of Physics: Conference Series 1506 (2020) 012016  doi:10.1088/1742-6596/1506/1/012016

0.35%(0.59%); 2.1%(Does not have); 2.5%(22.4%); (Cu)
0.0028% (1.33%); 1.9%(9.9%); 1.2%(3.1%); (Au)
0.02%(0.89%): 0.02%(6.8%); 1.1%(12.9%): (Ag)

By comparison of these pairs show that: The results that obtained in this study of thermal
expansion of metals C'u, Au and Ag give us appropriate numerical results to the experiment, in
a wide range of temperature, from room to melting temperature and pressure up to 30Kbar, in
which much better than those in study [8, 13].

4. Conclusions

Beside the simplicity of expressions and numerical calculations of the lattice spacing and linear
thermal expansion coefficient, the numerical results that we studied agree with experiment and
better than other studies that we knew [8, 13, 17]. These results in which obtained are new,
can be considered as a contribution in study of thermodynamic properties of metals. These
results are able to describe the thermal expansion of Cu, Au and Ag at higher temperature and
pressure with relative errors in comparison with experiment when calculating lattice spacing,
linear thermal expansion coefficient and fractional A—X, respectively, less than 0.35%;2.1% and
2.5% (to Cu); 0.0028%;1.9% and 1.2% (to Au); 0.02%;0.02% and 1.1% (to Ag) within a wide
range of temperature, from room to melting temperature and pressure up to 30K bar.
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