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Bragg’s law

The Bragg law describes interference 
between rays elastically scattered off 
successive atomic planes, separated from 
one another by a distance d.
When the optical path difference between 
adjacent rays is an integer multiple m of the 
x-ray wavelength, interference is 
constructive, and a diffraction peak will be 
seen at that angle. 
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square of the) Fourier transform of the electron-density distribution within the crystal’s unit cell. Each peak, a
so-called Fourier component, represents a sinusoidal wave of electron density with a certain frequency, amplitude,
and direction determined by the peak’s position [its (hkl)-values] within the pattern. The phase of the wave is
unknown, as only the intensity, proportional to the absolute square of the amplitude, is measured. Note that, as
each wave component of this pattern must have a spatial frequency equal to a multiple integer of the structure’s
periodicity, the diffraction maxima (variously also referred to as the ‘Fourier components’ or ‘structure factors’) are
distributed in a regular, equally spaced array in so-called ‘Fourier space’4. Once the phase relationship between all
these Fourier components is known through the process of ‘phase retrieval’ detailed in Section 6.6, the sinusoidal
waves they represent, when superimposed upon one another, reconstruct the electron density within the unit cell.

As discussed in Appendix C, nonperiodic structures have Fourier transforms which are no longer a series of
evenly separated and precisely defined components, but contain instead a continuous distribution of spatial fre-
quencies. They are, however, no less deterministic in nature. We will discuss the investigation of noncrystalline
structures by scattering at the end of this chapter in Section 6.15.

Once Fourier transforms are understood, they help considerably in interpreting the meaning of the profiles of
diffraction peaks, the overall envelope of intensity change in a diffraction pattern, and the general shapes of the
crystallites contributing to a given diffraction pattern.

To begin, however, we will avoid the formal use of Fourier transforms – we will be using them, but for the
innocent bystander this may not be obvious. Instead, we consider the conditions which lead to constructive inter-
ference. We will discover that although the periodic spacings in the crystal can be derived from the positions of the
peaks in the diffraction pattern using simple geometrical considerations (the Bragg law), the peak intensities are
determined by the positions and types of the scattering centres (i.e. the atoms) within the unit cell of the crystal,
and that it is this information that enables us (sometimes only after considerable effort) to regenerate the atomic
basis.

In Figure 6.9, basic examples of scattering from arrays of scattering centres plus their resulting diffraction
patterns are given. What general features do diffraction patterns have in common? A few of the most important
points are listed here.

• The scattering vector Q, i.e. the vector joining up the incoming beam kin and the diffracted beam kout, always
lies perpendicular to the scattering planes (see below).

• The sharpness of the diffraction signal is proportional to the number of scattering planes that are involved.
• The separation between the peaks in the diffraction pattern is inversely proportional to the separation of the

diffracting planes in real space.
• The maximum number of accessible reflections N in a diffraction pattern is directly proportional to the unit cell

volume Vc and the cube of the photon energy. Precisely,

N = 33.5
Vc

𝜆3
. (6.10)

The maximum potential volume of data for protein crystals, which have unit cell dimensions of the order of
100 Å, can therefore easily exceed ten million structure factors, though geometrical considerations always
means that this number is never achieved.

6.4.2 The Bragg Law and Reciprocal Lattice

The peak positions of an x-ray diffraction pattern were explained by W. L. Bragg and his father W. H. Bragg in
1913 by their famous eponymous equation

m𝜆 = 2d sin 𝜃. (6.11)

4 Fourier space is also called ‘reciprocal space’ (as the axes have dimensions of inverse length), ‘k-space’, or ‘momentum space’.
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Neutron beam lines

• Neutron sources are large compared to sample size (100 cm2 vs 1 cm2)

• Neutrons sources are weak

• Neutron beams are divergent (beam divergence in the range of 0.2° to 1°)

• Neutron beams are ”polychromatic” (wide energy range, e.g. thermal range: 5-80 meV) 

• Neutron beams are not polarized 



Neutron beam lines

• We need to transport neutrons to the experimental area (guides)
→ Mirror & Super-Mirror : Flux, divergence, neutrons with wavelengths in the right range 

• We need to determine incident and scattered neutron directions 
→ Collimator : Angular resolution 

• We need to select out unwanted neutrons 
→ Filters

• We need to determine incident and scattered wavelengths (Energies) 
→ Crystal Monochromator : Wavelength resolution (Energy resolution)

• We need also to polarize neutron beams 
→ Crystal/ Super-Mirror/ 3He spin filter : Orientation of the neutron spin 



Neutron optics
58 P. S. Sarkar and Y. S. Kashyap

Fig. 3.1 Showing different types of neutron optics and the basic interaction mechanism

mirrors, which are often employed in visible-light optics, is quite challenging. We
will briefly discuss a few of the optical elements relevant for neutron imaging.

3.1 Absorption-Based Optics

3.1.1 Neutron Collimators

Usually, the moderated neutrons from the reactor core are transported through the
reactor shielding via hollow beam tubes or neutron guides. These extracted neutrons
have the Maxwellian velocity distribution with average energy dependent on moder-
ator temperature and an angular spread defined by the external collimation imposed
on the beam. As the volume of the thermalized neutron in the moderator is enormous
compared to the sample dimensions, one needs to have an efficient means to deliver
the neutron beam of well-defined size and divergence for carrying out any measure-
ment. A collimator is a passive device that filters a beam of neutrons so that only
those travelling in a defined solid angle or directions are transmitted to the sample
position. Usually, the type of collimators can be classified into three types namely,
parallel collimator, diverging collimator and converging type collimator. An illus-
tration with a cut-away view of a typical divergent collimator is shown in Fig. 3.2.
Neutron radiography collimators typically included the following components:

(a) Illuminator—The role of the illuminator is to create a homogeneous neutron
source. Normally, it is a 10–15 cm thick graphite or polythene block positioned
at the beginning of beam tube to boost the thermal neutron flux entering the
collimator.

(b) Beamfilters—These filters aremostly used to remove or filter gamma rays and
fast neutrons from the beam. Because of its low neutron attenuation and strong
gamma-ray attenuation characteristics, Bismuth (Bi) is widely employed for
gamma-ray filtering. Furthermore, to improve thermal neutron transmission,
Bi is frequently utilized in a single-crystal structure. Similarly, single-crystal



Neutron mirrors

Ken Andersen, Neutron Guides, 2015



Neutron mirrors



Periodic multilayers

Total reflection for 𝜃 < 𝜃c

Additional Bragg peak at 𝜃B ≈ 𝜆 / 2d 



Super-mirror

Sequence of bi-layers of variable thicknesses d 
Total reflection for 𝜃 < 𝜃c + additional Bragg peaks

→ significant increase in critical angle
𝜃c = 𝜆 /  2dmin



Super-mirrors

• m value super mirror: m = Qc
SM / Qc

Ni

• Gain in Neutron flux ~m2

Ni/Ti super-mirror



Ni/Ti super mirrors

Neutron guide can transport neutrons over long distances with limited loss



Monochromator

• Use of single crystals to select a given wavelength band according to the Bragg’s Law

n𝜆 = 2dsin(𝜃)

• The relative bandwidth 𝛥𝜆/𝜆 is given for Gaussian distributions by:

𝛥𝜆/𝜆 = (𝛼2+𝛽2)1/2cot(𝜃B)

- 𝛼 : divergence of the primary beam
- 𝛽 : full width at half maximum of the neutron “rocking curve” or neutron mosaic spread 



Monochromator

Perfect crystal 
• The reflection range of perfect crystals is in the order 

of 0.001°. 
• Perfect crystals do not reflect efficiently neutrons from 

the source of divergence 𝛼 . 
• Very high resolution but no intensity 

Mosaic Crystal 
• The reflection range of mosaic crystals is of the order 

of 0.3 ° even more.... 
• Mosaic crystals can reflect efficiently neutrons from 

the source of divergence 𝛼, if 𝛽 ~ 𝛼
• High intensity and reasonable resolution



Neutron monochromator

Crystal Orientation Crystal mosaic Neutron energy Application

HOPG (C)
d002 = 3.35Å 002 0.5°- 3° Cold

Thermal 
High flux 

Cu
d111 = 2.08Å 111, 220, 200 0.01° - 3° Hot 

Thermal 
High flux or high 
resolution

Si
d111 = 3.13Å 111, 113 Perfect Cold

Thermal High resolution

Fe
d111 = 3.26Å 111, 113 < 0.4° Cold

Thermal High resolution

Heusler
Cu2MnAl 111 0.2 – 0.6 ° Hot 

Thermal Polarized neutrons

HOPG = Highly Oriented Pyrolitic Graphite 



Velocity selector

A velocity selector is a mechanical device that allows only neutrons of certain wave- length or 
velocity to get transmitted through. 



Neutron choppers

Interrupt the neutron beam for well-defined durations
To convert continuous beam into a pulse one or to further shape an already pulsed beam



Fermi chopper

• At a pulsed neutron source, the Fermi chopper is used for monochromatization of neutrons over 
a wide energy range up to the eV region and consists of a slit package rotating in synchronization 
with the production timing of pulsed neutrons.

• The Fermi chopper opens when it rotates to a position with the slit direction parallel to the 
incident neutron beam, and neutrons pass through the slit

• The slit-open time determines the energy resolution of the chopper spectrometer.



Focussing devices

Focusing devices are used to increase the neutron flux at the sample position. However, the 
increase of neutron flux implies a degradation of the angular resolution  (Liouville’s theorem) 



Elliptical focusing mirror
64 P. S. Sarkar and Y. S. Kashyap

Fig. 3.7 An example of elliptic neutron-focussing mirror [14]

at theMaterials and Life Science Facility, J-PARC, Japan and showed 68–90% reflec-
tivity at a critical angle. The photograph of the developed supermirror is shown in
Fig. 3.7.

The Polarizing multilayer supermirrors were reported by Lynn et al. [15]. The
refractive index of neutron for magnetic materials can be expressed as

n2 = 1 − λ2
(
Nbc
π

± 2mµn B
h2

)

where N is particle density, bc is average bound coherent scattering length,m and µn

are mass and magnetic moment of neutron, h is Plancks constant and B is saturation
induction of the magnetic material. For ferromagnetic materials, one can simplify
the above expression as

n2 = 1 − λ2N
π

(bc ± bm)

where bm can be considered as effective magnetic scattering length. This shows that
neutron with two different spins directions will interact very differently and for bc
= bm, the reflected beam is completely polarized. Polarizing supermirrors make use
of the fact that the scattering lengths of the two spin components in ferromagnetic
materials are extremely different. Thus the idea of index matching, in addition to
the property of two distinct scattering lengths, is employed in polarizing mirrors. A
thin film of ferromagnetic material is deposited on a substrate whose refractive index
matches that of the film, for only one of the two spin components of incoming beam
of neutron. Under this condition, there will be no optical density difference between
the ferromagnetic layer and substrate layer, and hence one of the spin component
will get transmitted to the substrate layer. Therefore one of the spin component is
then removed from the beam by absorption or by incoherent scattering, while the
other spin component undergoes total external reflection at the magnetic layer, and
hence polarized neutron beam can be obtained. The layer sequence is calculated
based on the contrast of two materials for the one spin component, after selecting



Neutron filters

Reflect out unwanted neutrons with wavelength 𝜆 > 𝜆c = 𝜃 / m 𝜃c
Ni

m=1.1 SM NiV/Ti on 0.5 cm thick Si substrate mounted at an angle 𝜃 in a neutron guide 



Neutron detectors



Neutron detection

What does it mean to “detect” a neutron?
• Need to produce some sort of measurable quantitative (countable) electrical signal
• Can’t directly “detect” slow neutrons

Need to use nuclear reactions to “convert” neutrons into charged particles

Then we can use one of the many types of charged particle detectors
• Gas proportional counters and ionization chambers
• Scintillation detectors
• Semiconductor detectors



Nuclear rections for neutron detectors

n + 3He ® 3H + 1H + 0.764 MeV

n + 6Li ® 4He + 3H + 4.79 MeV

n + 10B ® 7Li* + 4He ® 7Li + 4He + 0.48 MeV g +2.3 MeV(93%)
® 7Li + 4He                       +2.8 MeV ( 7%)

n + 155Gd ® Gd* ® g-ray spectrum

n + 157Gd ® Gd* ® g-ray spectrum

n + 235U ® fission fragments + ~160 MeV

n + 239Pu ® fission fragments + ~160 MeV



3He detectors

Natural abundance: 0.000137% 
By-product of radioactive decay of tritium (nuclear weapons program) 

3H → 3He + e + ve T1/2 = 12.3 y 

U.S. mass production of tritium ceased in the mid 1990’s (weapons reduction) 
U.S. demand increased after Sept 11, 2001 (portal monitors, border security) 
In 2008 a critical shortage of helium-3 in the U.S. was realized (supply << demand) 
BF3 commonly used as neutron gas detector prior to the widespread availability of He-3 
• but BF3 is a toxic, corrosive gas (He-3 is inert) 
• nevertheless, some facilities have recently revisited BF3 due to the He-3 shortage 



3He detectors

The reaction: n + 3He ® 3H + 1H + 0.764 MeV

Momentum Conservation – trajectories antiparallel
Energy Conservation – KE split inversely proportional to mass (3:1)
• proton kinetic energy = 573 keV
• triton kinetic energy = 191 keV

Reaction products lose energy through interactions with gas atoms (excitation and ionization) 

Stopping gases are added to reduce size of charge cloud: Ar, C3H8, CF4



3He detectors

• Positive HV on wire,E field falls off as 1/r (strong near wire) 
• Electrons drift in toward wire (anode), ions drift out toward grounded tube wall (cathode), but at 

velocities ~ 1000 times slower 
• Current pulse is measured, proportional to charge collected on wire (Shockley-Ramo theorem).
• If voltage is high enough, electron collisions ionize gas atoms producing even more electrons



Linear position sensitive 3He detector

• Modular Assembly “8 packs”
• Preamplifier at each end of tube
• Current divides according to resistance it sees 

to preamps
• Current from both preamps is measured, 

location is determined by:
(A – B)/(A + B)



Multi-wire 3He area detectors

• X and Y orthogonal cathodes with 
anode between at + high voltage

• Charge at anode induces signal on 
cathodes 

• Preamps distributed evenly 
• Resistive charge division between 

each pair of nodes (preamps) 
• Interpolation based on signals from 

three wires: 
(C – A) / (A + B + C) 



Scintillator detectors

Reaction: n + 6Li ® 4He + 3H + 4.79 MeV

Material Density of 6Li atoms 
(cm-3)

Scintillation 
efficiency

Photon wavelength 
(nm)

Photons per 
neutron

Li glass (Ce) 1.75 x 1022 0.5% 395 ~7000

LiI (Eu) 1.83 x 1022 2.8% 470 ~51’000

ZnS (Ag) – LiF 1.18 x 1022 9.2% 450 ~160’000



Scintillator detectors

Example: Engin-X at ISIS (Rutherford lab, UK)



Other detection systems

• X-ray film in connection with converter foils from Gd, Dy, oder In. The excitation and blackening 
of the film is caused by gamma and beta radiation as well as by conversion electrons.

• Highly light sensitive CCD camera detectors (cooled in most cases) looking onto the weak light 
emission from a neutron sensitive scintillator (Li-6 or Gd as neutron absorber).

• Imaging Plates contain Gd as neutron absorber and BaFBr:Eu 2+ as the agent which provides 
the photoluminescence.

• Flat panels based on amorphous silicon
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Synchrotron beam lines

Philip Willmott, An Introduction to Synchrotron Radiation, 2019



Beam position monitor

Thin wire scans across the beam 
to record its profile in one 
direction, by measuring the 
photocurrent induced by the x-rays  

Four metallic blades intersect with the 
outer halo of the x-ray beam, thereby 
producing four independent 
photoelectron currents 

Photocurrents from an array of 
ultrathin metallic electrodes 
deposited on thin and 
transparent synthetic diamond 
discs 

Philip Willmott, An Introduction to Synchrotron Radiation, 2019



Beam-defining primary apertures

The first component downstream of the source, these water– cooled apertures define the angular 
range to the beamline and often have a rectangular cone shape, in order to distribute the thermal 
load over a larger area. Because the outer parts of the synchrotron radiation contains lower-energy 
photons than the central cone, these apertures also act as high-pass filters. 

Philip Willmott, An Introduction to Synchrotron Radiation, 2019



Low-energy filters

High-pass diamond front-end filters used to remove the low-energy component of the x-ray spectrum.
Philip Willmott, An Introduction to Synchrotron Radiation, 2019



X-ray optics

Philip Willmott, An Introduction to Synchrotron Radiation, 2019



X-ray optics

Schematic of an x-ray optical system, consisting of a double-crystal monochromator and two 
mirrors. Note that the second crystal of the DCM can also be bent to provide horizontal focussing. 

Philip Willmott, An Introduction to Synchrotron Radiation, 2019



Monochromators

Grating monochromators (red)

Crystal monochromators (blue)

Multilayer monochromators (yellow)

Philip Willmott, An Introduction to Synchrotron Radiation, 2019



Crystal monochromator

Philip Willmott, An Introduction to Synchrotron Radiation, 2019



Double crystal monochromator

Philip Willmott, An Introduction to Synchrotron Radiation, 2019



(non)-dispersive

Non-dispersive

Different crystal orientation Different crystal type Same sense of reflection

Philip Willmott, An Introduction to Synchrotron Radiation, 2019



Channel-cut monochromators

Monolithic crystal Four-bounce crystal monochromator

fixed-exit single channel-cut monochromator 

Philip Willmott, An Introduction to Synchrotron Radiation, 2019



Double crystal deflectors

Philip Willmott, An Introduction to Synchrotron Radiation, 2019



Microfocus and nanofocus optics

• Micro- and nanofocus beams are formed by selecting a fraction of the primary focus using a 
pinhole, and demagnifying this ‘virtual source’ using secondary optics.

• Compound refractive lenses, tapered glass capillaries, Fresnel zone plates, multilayer Laue 
lenses, Kirkpatrick–Baez mirrors 

Philip Willmott, An Introduction to Synchrotron Radiation, 2019



Compound refractive lenses

• Compound refractive lenses. X-ray focussing elements can be constructed from high-
transmission material drilled with arrays of holes, which act in much the same way as (very 
weak) cylindrical convex lenses do for visible light.

• Example: a Be lens consisting of an array of thirty 200 μm-diameter holes has a focal length of 
approximately 73 cm at 12 keV.  

160 An Introduction to Synchrotron Radiation

source
secondary

primary

pinhole

primary
focus

focus
secondary

optics

optics

optical table

Figure 5.36 Micro- and nanofocus beams are formed by selecting a fraction of the primary focus using a pinhole,
and demagnifying this ‘virtual source’ using secondary optics.

Figure 5.37 Compound refractive lenses. X-ray focussing elements can be constructed from high-transmission mate-
rial drilled with arrays of holes, which act in much the same way as (very weak) cylindrical convex lenses do for visible
light.

of secondary source from fluctuations in the position of the primary focus, caused by drifts and vibrations in the
primary optics. This is achieved by mounting the pinhole, secondary optics, and sample (at the secondary focus)
on a quasi-vibrationless optical table.

In the following, three of the most common lens types (excepting bendable mirrors and the Kirkpatrick–Baez
system, detailed above) are described. They each use different optical phenomena, namely refraction, reflection,
and diffraction, to focus x-rays [15].

5.5.1 Compound Refractive Lenses

The fact that the refractive index for x-rays in solid material is generally lower than in vacuum or air can
be exploited in the manufacture of x-ray optical elements, either by reflection or refraction. So-called com-
pound refractive lenses (CRLs) can be most easily manufactured by drilling a sequential array of holes into
high-transmission material (Be is a popular choice) [16]. Cylindrical focussing is achieved if all the hole axes
are coplanar, while quasi-spherical focussing requires that alternate holes are drilled at 90∘ to one another (see
Figure 5.37).

The focal length of CRLs is given by
f = R∕2nh𝛿, (5.33)

where R is the hole radius, nh is the number of holes in the array = 2ns, the number of curved surfaces, and 𝛿 is
the refractive index decrement (equal to 2.27 × 10−6 for Be at 12 keV, for example). A Be lens consisting of an
array of thirty 200 μm-diameter holes therefore has a focal length of approximately 73 cm at 12 keV.
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Tapered glass capillaries

• Parallel rays entering the capillary will impinge on the surface at an angle 𝛼 and be deflected by 
an angle 2𝛼

• The nth reflection impinges on the surface at an angle (2n − 1)𝛼 < 𝛼c

• the focal length is independent of the photon energy, 
• Needs to be placed very close to the sample

Schematics of (a) a conically tapered glass 
capillary lens and (b) a curved capillary 
lens. The inner surface of the capillary can 
be coated with a high-Z material to 
increase the critical angle for total external 
reflection. 

Philip Willmott, An Introduction to Synchrotron Radiation, 2019



Fresnel Zone Plates

• Fresnel zone plates (FZPs) focus x-rays using diffraction
• electron-beam microlithography allows FZPs to be produced 

with outer rings well under 100 nm 
• hard x-rays in the angstrom range can now be focussed down 

to just a few tens of nm 

164 An Introduction to Synchrotron Radiation

Pn+2

f

rn+2 rn Pn

(b)(a)

Figure 5.42 Fresnel zone plates. (a) The path difference between adjacent transparent rings, Pn+2 − Pn, in a zone plate
should be equal to the wavelength of the x-rays being focussed. (b) An electron microscopy image of a zone plate
manufactured using electron-beam microlithography. Courtesy Christian David, Paul Scherrer Institute.

and thereby focussing occurs when the optical path difference between x-rays scattered through adjacent trans-
parent rings is equal to an integer multiple of the wavelength. Using Pythagoras’ theorem,

√
f 2 + r2

n+2 −
√

f 2 + r2
n = m𝜆. (5.35)

Note here that n labels the ring and should not be confused with the refractive index. Let us consider the first-order
focal length for which m = 1. If we assume that the radius of the largest Fresnel zone, rN is much smaller than the
focal length f , Equation (5.35) is accurately approximated by

r2
n+2 − r2

n

2f
= 𝜆. (5.36)

This condition is met if
rn =

√
n𝜆 f , (5.37)

from which it can be deduced that the areas of all the rings are constant and equal to

𝜋(r2
n+1 − r2

n) = 𝜋 f𝜆. (5.38)

This is an important condition, needed in order to obtain complete constructive interference at the focus, as the
integrated amplitude of the diffracted x-rays originating from each zone must remain the same for an evenly
illuminated zone plate.

For plates containing many zones (i.e. large N), the focal length can be calculated from Equation (5.38) by
remembering that r2

n+1 − r2
n = (rn+1 + rn)(rn+1 − rn). For an outermost zone of radius rN with width ΔrN , the focus

is given by

f =
2rNΔrN

𝜆
. (5.39)

From Equations (5.37) and (5.39), it follows that

ΔrN =
√
𝜆 f
4N

. (5.40)

Hence, for a given x-ray wavelength and desired focal length, the product of the outermost zone radius and its
width is a constant. A consequence of this is that the fabrication of FZPs for hard x-rays has in the past been
impractical – for a focal length of, say, 5 cm, a wavelength of 1.5 Å, and N = 100, the outermost zone width
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Figure 5.42 Fresnel zone plates. (a) The path difference between adjacent transparent rings, Pn+2 − Pn, in a zone plate
should be equal to the wavelength of the x-rays being focussed. (b) An electron microscopy image of a zone plate
manufactured using electron-beam microlithography. Courtesy Christian David, Paul Scherrer Institute.

and thereby focussing occurs when the optical path difference between x-rays scattered through adjacent trans-
parent rings is equal to an integer multiple of the wavelength. Using Pythagoras’ theorem,

√
f 2 + r2

n+2 −
√

f 2 + r2
n = m𝜆. (5.35)

Note here that n labels the ring and should not be confused with the refractive index. Let us consider the first-order
focal length for which m = 1. If we assume that the radius of the largest Fresnel zone, rN is much smaller than the
focal length f , Equation (5.35) is accurately approximated by

r2
n+2 − r2

n

2f
= 𝜆. (5.36)

This condition is met if
rn =

√
n𝜆 f , (5.37)

from which it can be deduced that the areas of all the rings are constant and equal to

𝜋(r2
n+1 − r2

n) = 𝜋 f𝜆. (5.38)

This is an important condition, needed in order to obtain complete constructive interference at the focus, as the
integrated amplitude of the diffracted x-rays originating from each zone must remain the same for an evenly
illuminated zone plate.

For plates containing many zones (i.e. large N), the focal length can be calculated from Equation (5.38) by
remembering that r2

n+1 − r2
n = (rn+1 + rn)(rn+1 − rn). For an outermost zone of radius rN with width ΔrN , the focus

is given by

f =
2rNΔrN

𝜆
. (5.39)

From Equations (5.37) and (5.39), it follows that

ΔrN =
√
𝜆 f
4N

. (5.40)

Hence, for a given x-ray wavelength and desired focal length, the product of the outermost zone radius and its
width is a constant. A consequence of this is that the fabrication of FZPs for hard x-rays has in the past been
impractical – for a focal length of, say, 5 cm, a wavelength of 1.5 Å, and N = 100, the outermost zone width
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Figure 5.42 Fresnel zone plates. (a) The path difference between adjacent transparent rings, Pn+2 − Pn, in a zone plate
should be equal to the wavelength of the x-rays being focussed. (b) An electron microscopy image of a zone plate
manufactured using electron-beam microlithography. Courtesy Christian David, Paul Scherrer Institute.

and thereby focussing occurs when the optical path difference between x-rays scattered through adjacent trans-
parent rings is equal to an integer multiple of the wavelength. Using Pythagoras’ theorem,

√
f 2 + r2

n+2 −
√

f 2 + r2
n = m𝜆. (5.35)

Note here that n labels the ring and should not be confused with the refractive index. Let us consider the first-order
focal length for which m = 1. If we assume that the radius of the largest Fresnel zone, rN is much smaller than the
focal length f , Equation (5.35) is accurately approximated by

r2
n+2 − r2

n

2f
= 𝜆. (5.36)

This condition is met if
rn =

√
n𝜆 f , (5.37)

from which it can be deduced that the areas of all the rings are constant and equal to

𝜋(r2
n+1 − r2

n) = 𝜋 f𝜆. (5.38)

This is an important condition, needed in order to obtain complete constructive interference at the focus, as the
integrated amplitude of the diffracted x-rays originating from each zone must remain the same for an evenly
illuminated zone plate.

For plates containing many zones (i.e. large N), the focal length can be calculated from Equation (5.38) by
remembering that r2

n+1 − r2
n = (rn+1 + rn)(rn+1 − rn). For an outermost zone of radius rN with width ΔrN , the focus

is given by

f =
2rNΔrN

𝜆
. (5.39)

From Equations (5.37) and (5.39), it follows that

ΔrN =
√
𝜆 f
4N

. (5.40)

Hence, for a given x-ray wavelength and desired focal length, the product of the outermost zone radius and its
width is a constant. A consequence of this is that the fabrication of FZPs for hard x-rays has in the past been
impractical – for a focal length of, say, 5 cm, a wavelength of 1.5 Å, and N = 100, the outermost zone width
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Kirkpatrick–Baez mirrors

• By using two cylindrical mirrors in series, vertical and horizontal focussing can be achieved 
independently in the so-called ‘Kirkpatrick–Baez’ (KB) mirror configuration

• The focal lengths are independent of the photon energy
• Time-consuming to optimize spot size 
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X-ray detectors
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Sources of noise

Any stochastic or random process composed of a series of discrete events, such as the arrival of x-
ray photons on to a detector element, is subject to statistical, or ‘Poisson’, noise

Beamlines 169

0 5 10 15 20 25 30
k

0

0.1

0.2

0.3

0.4

P
(k

)

N = 1
N = 4
N = 16

0 10 30 5020 40 60
k

0

0.05

0.1

0.15

P
(k

)

(a) (b)

Figure 5.47 Poisson and normal distributions. (a) The Poisson probability distribution P(k) as a function of detected
number of events, k, for N = 1, 4, and 16 average number of events in an interval. (b) The Poisson distribution (open
circles) for large N can be increasingly accurately approximated by the normal distribution (crosses), as shown here
for N = 10 (blue), 20 (yellow), and 40 (red). The corresponding differences between the two distributions are shown
by the solid circles.

number of photons detected by a pixel in a photon-counting device during a fixed length of exposure) is N, then
the probability P(k) that k events are actually measured in that time interval is

P(k) = e−N Nk

k! . (5.43)

The Poisson distributions for some values of N are plotted in Figure 5.47(a). Intuitively, it should be clear that the
integer value k must always be greater or equal to zero13 – one cannot observe fewer than no events!

The Poisson distribution can be accurately approximated, for large values of N, by the normal distribution,
that is,

P(k) ≈ e−(k−N)2∕2N

(2𝜋N)1∕2
. (5.44)

The scatter14 in the data is N1∕2 [see Figure 5.47(b)]. So, for example, if the average intensity of a Bragg-peak
maximum after many identical measurements is 10 000 counts, approximately 68% of the results will lie within
±𝜎 = ±100 counts of this value.

For a static experiment, the accumulating signal strength increases linearly with time during acquisition. A
consequence of Poisson statistics is that in order to achieve a factor X improvement in the signal-to-noise ratio
ΔN∕N, one must record X2 as long (Figure 5.48). The careful experimenter must therefore decide how best to
invest his or her precious beamtime – does improving the signal-to-noise ratio of a given signal by, say, a factor of
two, justify the necessary fourfold increase in acquisition times, or would this time be better invested in recording
other data points?

5.7.1.2 Dark Noise

Dark noise is a stochastic signal (and as such, is a form of shot noise) generated by a photosensitive diode
such as a charge-coupled device (CCD) pixel element, even in the absence of any photons. It is caused by

13 Factorials (k!) of large numbers are most easily determined using the Stirling approximation, given in Appendix B.
14 More precisely, the standard deviation 𝜎, whereby the full-width at half-maximum scatter equals (8 ln 2)1∕2 = 2.36𝜎.
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number of photons detected by a pixel in a photon-counting device during a fixed length of exposure) is N, then
the probability P(k) that k events are actually measured in that time interval is

P(k) = e−N Nk

k! . (5.43)

The Poisson distributions for some values of N are plotted in Figure 5.47(a). Intuitively, it should be clear that the
integer value k must always be greater or equal to zero13 – one cannot observe fewer than no events!

The Poisson distribution can be accurately approximated, for large values of N, by the normal distribution,
that is,

P(k) ≈ e−(k−N)2∕2N

(2𝜋N)1∕2
. (5.44)

The scatter14 in the data is N1∕2 [see Figure 5.47(b)]. So, for example, if the average intensity of a Bragg-peak
maximum after many identical measurements is 10 000 counts, approximately 68% of the results will lie within
±𝜎 = ±100 counts of this value.

For a static experiment, the accumulating signal strength increases linearly with time during acquisition. A
consequence of Poisson statistics is that in order to achieve a factor X improvement in the signal-to-noise ratio
ΔN∕N, one must record X2 as long (Figure 5.48). The careful experimenter must therefore decide how best to
invest his or her precious beamtime – does improving the signal-to-noise ratio of a given signal by, say, a factor of
two, justify the necessary fourfold increase in acquisition times, or would this time be better invested in recording
other data points?

5.7.1.2 Dark Noise

Dark noise is a stochastic signal (and as such, is a form of shot noise) generated by a photosensitive diode
such as a charge-coupled device (CCD) pixel element, even in the absence of any photons. It is caused by

13 Factorials (k!) of large numbers are most easily determined using the Stirling approximation, given in Appendix B.
14 More precisely, the standard deviation 𝜎, whereby the full-width at half-maximum scatter equals (8 ln 2)1∕2 = 2.36𝜎.
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improvement in the signal-
to-noise ratio ΔN∕N, one 
must record X2 as long 
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Sources of noise

Dark noise
• Noise that is present, even in the absence of any photons
• Varies from pixel to pixel
• Dark images can be recorded to correct of it
• There exist detector with effectively zero dark noise

Readout noise
• Only relevant for weak signal



Point-spread function

• The point-spread function (PSF) describes the response of an imaging system to a point source
• A sharp signal can be smeared out due to various processes (finite pixel size, blooming, …). This 

less sharp image is the convolution between the original object and the point-spread function
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Scintillator detectors

• Typical inorganic scintillator materials are salts 
or metal oxides doped with high-Z materials 

• Photons produced by x-rays absorbed in the 
scintillator material strike photocathode 
material

• Electrons produced by the photoelectric effect 
are directed by a focussing electrode towards an 
array of electrodes. 

• On striking a dynode, each electron produces 
several secondary electrons, which, in turn, are 
accelerated toward the next dynode, resulting in 
a cascade production of electrons. 

• Accumulation of charge at the anode results in a 
sharp current pulse corresponding to the arrival 
of the original x-ray photon at the scintillator 
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Crystal analysers

• The angular resolution of a point detector is 
defined by the angles subtended by the 
irradiated sample volume and by the slit 
width at the detector.

• Many detectors, including scintillators, 
cannot distinguish x-rays with different 
energies.

• Solution: crystal analysers

Beamlines 173

Figure 5.51 A sharp signal (left) can be smeared out due to various processes (right). This less sharp image is the
convolution between the original object and the point-spread function (middle).
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Figure 5.52 The angular resolution of a point detector is defined by the angles subtended by the irradiated sample
volume and by the slit width at the detector.

irradiated volume as viewed by the detector and by the width of the slit aperture in front of the detector, also at
the cost of signal strength. The angular resolution is given by

Δ𝜃 = S + W
L

, (5.45)

where S is the irradiated sample size, W is the slit width, and L is the sample–detector distance. So, for example,
a typical powder diffraction setup, consisting of a fully irradiated capillary sample of diameter S = 200 μm, a
sample-to-detector slit distance of 1 m, and a detector slit opening of 2 mm, results in an angular resolution of
2.5 mrad, or 0.14∘.

An additional problem associated with simple scintillator–slit point detectors is the fact that, to a first approxi-
mation, the scintillator does not distinguish between x-ray photons of different energies. Both this and the problem
of loss of signal intensity with decreasing slit width can be resolved using an adaptation called the crystal-analyser
detector.
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Crystal analysers

The introduction of a single crystal in the detector system to select the monochromatic diffracted signal can 
improve the resolution by precisely defining the angle between the incoming beam and the diffracted signal. 
In addition, it suppresses lower-energy fluorescence signal. 
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Charge-coupled devices (CCD)

A CCD records images by converting photons of light into electrons 
The electrons are temporarily accumulated in pixels on a photosensitive semiconductor chip.
At the end of an exposure, the accumulated charges are read off the chip 
The signal is only read out after the exposure, CCDs are therefore termed integrating devices. 
CCDs are used in conjunction with an overlayer of scintillator material typically a few tens of 
microns thick.
Advantage: small pixel sizes possible, well-established technology 
Issues: 
• Blooming causing streaks
• Dark noise
• Limited dynamic range



Single photon counters

Electronics comprise of a preamplifier, a comparator, and a counter. 
• The preamplifier amplifies the charge generated in the sensor 
• The comparator produces a digital signal if the charge exceeds a predefined threshold
• Counter for digital storage 
No readout noise, no dark noise
Can suppress x-rays with energies lower than a pre-defined value
Cannot be used for XFEL experiments – too slow



Single photon counters

Further advantages:
• fast readout times (down to µs range)
• High dynamic range
• a high detector quantum efficiency 
• Low dead time 𝜏
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Figure 5.55 Hybrid pixel-array detectors. (a) Consider x-rays of different energies impinging on a detector. In the case
of integrating detectors, such as CCDs, charge is accumulated and then converted using an analog-to-digital converter
(ADC). In the case of single-photon counting detectors, the charge generated by individual photons is amplified and
converted into a voltage pulse with a height that is proportional to the photon energy. This is then compared to a
voltage corresponding to a given energy threshold for each pixel; only those pulses which are higher than the threshold
result in an increment of one in the counter. (b) By setting a threshold of 10.0 keV, fluorescence emission at 8.1 keV
from Cu-atoms in an Al-Cu-Fe quasicrystal can be suppressed, resulting in a much lower background signal and the
emergence of fine detail in the elastically scattered signal, as demonstrated by the two line plots (below) through the
yellow paths in the images (above). Courtesy Beat Henrich, Paul Scherrer Institute.

For each pixel, there is a recovery or dead time 𝜏 after detection of a photon in which no subsequent photon
will be registered. In the case of the Pilatus detector, this is approximately 100 ns. Thus, any incoming signal with
an arrival rate of absorbed photons at a given pixel of the order of 𝜏−1 or larger will be partially suppressed. The
loss in counting efficiency at high arrival rates can be corrected in online software using the equation

Nobs = N0 exp(−N0𝜏), (5.48)

whereby Nobs is the detected rate and N0 the true incident rate [33, 35] (see Figure 5.57). Nonetheless, it is generally
advisable to limit the detected count rate to be substantially smaller than 𝜏−1 per pixel in order to avoid counting
errors.

Because of their specifications, HPADs offer important advantages over state-of-the-art CCD and imaging-plate
detectors for various x-ray detection experiments. Major improvements have been reported in time-resolved
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Single photon counter

• Custom-made vacuum-compatible Pilatus 12M 
detector for the I23 low-energy macromolecular 
crystallography beamline at the Diamond Light 
Source, UK. 

• The detector is composed of 5 × 24 modules, 
each module containing approximately 100’000 
pixels. 

• The detector covers an angular range of 200 
degrees 
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Energy dispersive detectors

Solid state detector
• Si(Li) or Ge technology
• Upon interaction with an x-ray photon, electron–hole pairs are created that drift in an applied high electric field.
• The charge is collected in a manner similar to the charging of a capacitor 
• The voltage increment due to the collected charge is proportional to the photon energy
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Energy dispersive detectors

Wavelength-dispersive spectrometers (WDS)
• the photon energy is selected by diffraction on a single crystal or a grating
• High energy resolution
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Streak camera

• 2D image with one coordinate corresponds to time and the orthogonal axis to space
• Time resolutions down to 250 fs 

X-rays Electrons
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Streaking at XFEL

Split and delay principle

Depending on the grating periodicity, 
delays as small as 20 fs and as long as 
1.3 ps have been achieved for the 
innermost and outermost diffracted 
beams, respectively.
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