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I. Irwin plastic zone size in plane strain 
 
1.  Calculate the three principal stress components at the tip of a mode I crack in plane strain 
conditions using the Von Mises plasticity criterion. The yield stress writes σYS. 
 
The 3 principal stresses are given as  

 

So in plane strain, we have:   1 1

1+sinθ/2 1
K Kσ = cosθ/2 1-sinθ/2  so  along θ = 0, σ = 1
2πr 22ν 2rπ ν
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2.  Draw the Mohr’s circles and recall its meaning. 
As two principal stresses are equal, the Mohr’s circles are degenerated in one circle sowing all the 
possible values for traction and shear for all directions in space. 

 
 
3.  Deduce the first order estimate, ry, of the plastic zone size under plain strain conditions. 
Calculate ry assuming ν = 1/3 and compare this value with the estimate in plane stress conditions. 
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2. Iterative determination of a second order estimate of the mode I plastic zone size in a 2D 
plate in plane stress. 
 
Consider a 5 mm thick, 80 mm wide plate made of 6070 heat-treated aluminium (quenched and 
artificially aged) that contains an edge crack of length a = 20 mm loaded in Mode I with a far field 
stress of 100 MPa. As the crack is rather long compared to the width, one has to use the formulas 
below to calculate KI.  
Here α = a/W= 20/80 = 0.25 so we need to use a series approximation for the geometrical factor in 
the K calculation.  
 

 
 
Assuming plane-stress yielding conditions and that σYS = 352 MPa (see www.matweb.com): 
 
1) Give a first order estimate of the plastic zone size using truncation, which we shall call ry0. 

 
2)  KI0 for a crack of length a + ry0 and give a corresponding first order estimate for the plastic 
zone size, ry1. 

 
3)  KI1 for a crack of length a + ry1 and give a corresponding first order estimate for the plastic 
zone size, ry2. 

 
4)  Iterate steps (ii) and (iii) a few times. 

 
5)  estimation of KI∞ and ry∞ and give a second order estimate of the plastic zone size (considering 
energy redistribution). 
We get convergence after say 4 iterations with ry =2,26 mm and thus a process zone of 4,52 mm 
which approaches one fourth of the crack length of 20 mm. 

http://www.matweb.com/
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6)  Show explicitly that this estimate satisfies the force balance conditions. 
Indeed, of KI∞ and ry∞ satisfy the force balance using a virtual crack of length a + ry∞: 

 
2. Fracture of a pressure vessel 
 
A cylindrical steel pressure vessel, with a diameter of 6.1 m and a wall thickness of 25.4 mm, failed 
when the internal pressure reached 175 bar. The yield stress and modulus of the steel are σYS = 2450 
MPa and E = 210 GPa, respectively, and Gc is estimated to be 131 kJ/m2 in plane stress. 
The stress field in a pressure vessel under pressure p writes in cylindrical coordinates: 
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R R
0 0 1

 
 
  ≤ ≤

− 
 
 

 

1.  Write down the stress tensor in the case of a thin walled pressure vessel denoting t its thickness 
and R its inner radius. 

2
i e i i i

2 2
e

rr 2

2 2

rr 2 2

With  R R, R r R+ t and R = R + t,  K pR /2tR pR/2t

RpR pR R+t pR -2Rtσ  = 1- 1- -p 
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to the 1st order.
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2.  Calculate the three principal stresses in the walls of the cylindrical part of the pressure vessel (in 
this case these are just the longitudinal stress, the tangential stress, and the radial stress). 
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I II III

I II III

the tensor σ is diagonal so the 3 principal values are
pR pRσ = ,σ =  and σ = -p 
t 2t

175 bar = 17.5 MPa  and R/t = 3050/25.4 = 120.
Thus, σ = 2100 MPa,  σ = 1050 MPa and σ  = - 17.5 MPa 

 

3.  Draw the Mohr circles at r =R. 
I II IIIThe 3 principal values are σ = 2100 MPa,σ = 1050 MPa and σ = -17.5 MPa at r=R

-17.5 MPa  is negligible in front the 2 other principal values. 
 

 
4  Use the von Mises criterion to show that failure could not be due to general yielding. 
 

( ) ( ) ( )
I II III

2 2 2 2 2
Mises

Mises YS

σ = 2100 MPa,  σ = 1050 MPa and σ  0.  so
1 1 2572σ = 2100 1050 2100 0 1050 0 2.1050 2100 1818 MPa
2 2 2

σ 1818 MPa < σ 2450 MPa  so no yielding occurs.

≈

− + − + − = + = =

= =

 

 
5  Use the Tresca criterion to show that failure could not be due to general yielding. 

( ) ( )max I III YS
1 1 1= (σ -σ )  2100+p = 2100+17.5 =1059 MPa < σ / 2 1225 MPa  so no yielding occurs.
2 2 2

NB: Tresca criterion is more restrictive than Von Mises

τ = =  

6  Which crack orientation in the pressure vessel wall would represent the worst-case scenario with 
respect to fracture? 
The one perpendicular to the maximum principal stress (hoop stress here), so in this case, cracks 
oriented along the axis of the pressure vessel i.e. in a (r,z) plane. 
7  Give a rough estimate of the critical crack size. Hence, explain why the vessel did not leak before 
failing. 
We can just use Kc = σ(πac)1/2 to get a first estimate, using σ = 2100 MPa and estimating Kc from 
(EGc)1/2, leading to a value of about 4 mm. Hence surface flaws of about this size will lead to 
fracture. For the vessel to leak rather than fail, you’d need a critical flaw size of at least 25.4 mm, 
i.e., greater than or equal to the wall thickness. This is actually quite a common consideration in 
pressure vessel design - it's easier to fix leaks than a pressure vessel that has exploded.  
 
8  Do you think we are justified in assuming plane stress conditions here?  
 
Given that all the effective specimen dimensions are a lot greater than the critical flaw size, and 
certainly a lot bigger than the plastic zone size, then probably not.  
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9.  What difference would it have made if you had assumed plane strain conditions?  
 
It makes little difference whether you use the correction factor (1 – ν2) or not. The stress state may 
make a difference to Gc, but usually a plane strain state will lead to less plastic deformation and 
smaller values of Gc than in plane stress so we are likely to overestimate the critical flaw size if we 
use the plane stress value for Gc. 


