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A theory of the liquid state

e Veryimportant for materials science: medium for synthesis, processing in
the molten phase, models for glasses
o Liquids pose a huge challenge to modeling and theoretical description

o atoms are disordered, so no way to invoke a harmonic approximation
o atoms are strongly interacting, so cannot invoke independent particles
approximations
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Classical statistical mechanics

e Atoms are treated as classical particles following the Hamiltonian

2
H=K(®)+ U@ =3 5+ U({r))

with positions r = {r;} and momenta p = {p;}
The potential is a complicated, non-linear function of all coordinates

The partition function factors in a free-particle part (consider the classical
limit of the quantum counterpart) and one that depends on U
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The probability of observing a given configuration of the atoms is just

(]

1
P(I'1, ey I'N) = —e_ﬂu({"’})
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Reduced distribution functions

o We can always marginalize P with respect to some of the atoms. Take for
instance single-particle marginal

e Since all atoms are statistically equivalent, it is more convenient to define
a genericdistribution function, summed over all particle indices

p(1)(r1):/dN_1 (2. )P (F1yeen )

1
P ( Z P (r;) = NPY (ry =) = N -

if no external potential V =f
e Two-particle case
P@ (r1,r2):/dN‘Z(r3,...)P(r1,...,rN),

PP (rr) =Y PO (rr) =N(N-1)PD (r=rr,=r)
i#j

o foranideal gas, p@ = Y01 = (1 - N7") p?
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The pair correlation function

e In anisotropic medium, p® (r,r’) depends onlyon r = |r — /|

o We can define a normalized version of p(?), that indicates the probability
of finding a particle at distance r from the origin, conditional on having
one particle at 0. This is called the pair correlation function g (r).

g(r)=p?(0,r)/p?
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Scattering from a liquid/1

o Consider the scattering of X-rays (or, similarly, neutrons) from the atoms.
e Scattering is nearly elastic, so kj, = kou. Define k = koue — ki
e The amplitude of the waves scattered by an atom at position r; relative to
the center of the sample R, reads
Ai x ekin(Re+1i) oikout (Ra—(Re+11)) — gi(kin—Kout)Re piKoutRa ol (Kin—Kour)Ti — ¢e—ik|'i

o The amplitude (collected at Ry) also includes a kK dependent atomic form
fFactor f (k), which we ignore here

[ ]
C
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Scattering from a liquid/2

e The intensity collected at the detector is the square modulus of the total
amplitude (structure factor S (k))

()i

i#j
e The average can be computed as an integral over the generic pair
correlation function. §-like contribution for kK = 0 can be removed by
defining h(r) = g(r) —1

Sk) =1 +%/drp(2) (0,r) &% =1 +p/d"9(f) el

=N+N(N-1) <eik<f1*fz>> — NS (k)

] —ikr __ pikr
S(k) = 1+27rp/drr29(/') dfsin g e’ = 1+2wp/drrzg(f)% :

=1 +47rp/drg(r) %sinkrw 1+ pVé (k) + 4—Zp/drh(r)rsinkr
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Scattering from a liquid/3
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Reversible work theorem

e How much work should be made to bring two atoms in the fluid, initially
far from each other, at a distance r?

w(R)—/path<f>.dr/R<f>.ﬁdr—/R.<m”'")>lrlzrdr

o or

o0

w(r)/ksT
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Pair potentials & thermodynamic properties

o Consider the case in which U ({r;}) = 1 il (|ri = rj|) (a pair potential)

e We can compute explicitly the thermal average of the internal energy (U)
based on the pair correlation function

e BV e BV

<U> Z/d{l';}ZUﬂl','—rj’) W = N(N— 1)/d{r,~}u(\r1 —|'2|) ZQ

i#j
= %/dr’dr u(lr)) p@ (0,r) = %Np/dr47rrzg(r) u(r)

e This combines with the ideal gas term (K) = 3NkgT /2 to give (E)

3F R S
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Dilute limit and virial coefficients

o Now write w (r) = u(r) + Aw. We consider Aw to be smallin the dilute
limit, so we can write

W2 [arantu(ne 0 (11 0(p) = E - Banton) _ OF

e We can obtain the free energy by integrating over 3 [remember:
(E) = —91n Q/8B and In Q = —BA]

2aAa e~ Burn _ _P —Bu(r) _
ﬁN Z/dr/dﬁu _ z/dr[e 1]

[we integrate from infinite temperature, where the system behaves like an ideal gas]
o We can compute the equation of state [remember: p = —9A/8V = p28 (A/N) /dp,

and for an ideal gas Bp = p]

Bp:erpzaﬂAaiA/N :p+p2/dr47rl'2 {1 - efﬁ"(’)} + 0 (p?)
I

second virial coefficient
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