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The canonical (constant-T) ensemble/1

o Imagine a system coupled to a bath, and assume we know the density of
states for a large bath, Qg (E). The system+bath system is kept at
constant energy E and the subsystem is in a defined state with energy E, .

o The number of states of the bath is going to be Qs (E — E,)
o We can expand In Q3 as a Taylor series

In Qs (E — E,) = In Qg (€) — £, 20528 (E)
OE
o This gives us the probability of a state given its energy [1 = 25 = kz2122]
Qg (E) E,
P, (E) xQs(E—E) x expr,,T = exp kT

2 MSE 421 - Ceriotti Meet the Ensembles



The Partition Function/1

o Note that P, is computed for a single state. If degenerate states with the
same energy are present, they have to be counted separately, i.e.

P(E) x Q(E) e E/keT
e The normalization constant is the so-called partition Function
efEI,/kBT efE,,/kgT
0 = S e Eo/keT

o For discrete states, Qis a sum over states [QM: no need to know energy eigenstates:
Q= Zy (v| e~ PH |1y = Tr e~ P can be evaluated over any complete basis]

P, =

QM: Q(N,V,T) Zeffv/kﬂf

o Classically, the probability involve a density and so Qs an integral over phase
Space [The partition function is the Laplace transform of the density of states 2, so it has the
same content of information Q (N, V, 8) = f Q(E, N, V) e PEdE]

CL: Q(N, V, T) _ /efE(qﬁp)/kBpodq
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The Partition Function/2

e The partition function contains a great deal of information about
thermodynamics

o Theinternal energy can be obtained from

op Qap

o One can also get energy fluctuations

_9(E) _¥mQ_ 2 e Pl (~ e P e 90
aﬁ - aBZ - %ZEV Q*—EU:EV Q +2V:Eu787,6_
—BE,
= g2
; Q Q B
o Fluctuations become negligible in the thermodynamic limit!

_O(E) _ _9(E)oT = CyT?ks ~ O (N)

= (E*) — (E)* = var (E)

loJ54 o oT op
o(E) VOWN) 1
B 0N T o) e
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Ideal gas

o What's the partition function for an ideal gas with N atoms in a volume V?

0= / e 2 P/2mksT4pNdqN /NI to avoid counting indistinguishable state

N
o The integral is easily evaluated to Q = {(mw/ﬁ)z’/z (zﬁv)} /N!, so
MQ=N[1+3n +1nV+ 18| - NnN
e Forinstance one can compute the average energy and heat capacity
0 3N

3N 3N
<E>=—%ln02ﬁ=7kﬂ, CVZTkB
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A two-state system

e Consider a quantum system that can exist in two states, with energies 0
and e.
Q=e"+e P =14eFe
o Average energy

0 —eBe €
(E) = _%lno_ T 1y e T P

T—0,(E) >0, T — o0, (E) > ¢/2

E A

0 @ /—0—9—
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A paramagnetic material

magnetic field.

o Consider a large number N of independent spinsin a

e Each can have two ene

o What is the ener

e=pBand —e = —uB.

rgy levels,
gy, and the magnetization, as

f temperature?

a function o
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Non-interacting spins - microcanonical

e Whatis the (microcanonical) density of states?
o Given mspins in the “up” state, the internal energy is [x = E/Ne]

E——me+(N—m)e—(N—2m)e %m:%(Nfg) :%(1 ~ %)

o The number of ways to arrange m spins “up” and N — m spins “down” is

Q0= N! o eNln N—mln m—(N—m)In(N—m) _ eNlnN—mlnm—(N—m) In(N—m)
m! (N — m)!

nQ (E) = N(lnN-HnZ)—% KN— g) In (N— g) n (N+ g) In (N+§)}

o What s the (inverse) temperature for a given energy/number of “up” spins?

E
1- %

dmQ 1 E E 1
== =—35|-1- -= 1 ) =1
e e e A () R b

o We caninvert the relation to obtain E as a function of 3

E 1-—¢%c e Bc_gfe

Ne ~ 1+ eBc  ebc g be
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Negative temperature?

e Summarizing the microcanonical versions of density of states and inverse
temperature. . .

In Q (E) :N(lnN+1nZ)f% {(Nf) In (Nf) + <N+f>1n (N+f)]

IlnQ 1 E E 1. 1-£
= =—— |-In(N==)+In(N+=)| = =1 Ne
p 0E 2€|: n( e>+n( +e)] 2€n1—|—i
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Non-interacting spins - canonical

e The canonical partition function can be written as a sum over energy

levels
. N! —B(N—2m) —BE
Q:Zm!(N—m)!e :Ze Q(E)
m=0 E

o General result: given two non-interacting systems, the overall partition
function is the product of the two partition functions
Q= Z e Pha Q= Z e fb2 - Q= Z e P(EntEs) — 0,0,
L4 V2 V1,12

o Each of the N spins can exist in two states.
Q=e’+e”, Q=0
o Simple to see: £ (3) matches the microcanonical case

olmQ _ |, 0lQr _ _Nefe‘ﬁe +e’ Nee‘ﬁe — e’

E)=— S =
(E) a3 B e fec 4 efe efe 4 e=he
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How about magnetization?

e For a system with mspins “up”, the magnetization is just
M=pum—pu(N—-m)=—-LE
M) e~ — efe

N = Moy epe — wtanh—fe = ptanh SuB
o For small values of the applied field, one obtains Curie’s law
M /LZB
N~ keT
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Paramagnetism of gold nanoparticles (Bartolomé et al., PRL 2012)
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