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Approach of Lagrange - Summary :

1. Describe the robot-
1. Identify the tool point (TCP) and the various joints.

2. ldentify the robot segments.

Define the basic frame of reference of the robot.

3. Define the positive and negative directions of each joint.

4. Write the local Jacobians related to each segment.

5. Deduce the inertia matrix B(q) — slide 28
1. From the inertial elements of each segmen 5(9) ZZ:(mz-JS)TJS) +ITRIRTID)
2. From the Jacobians related to the segments (pnt 4)

6. Deduce the different components of the dynamic equation (Coriolis, Centrifugal and Gravity), Slide 31
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Example: Two-Link
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=Pt Example: Two-Link

Planar Am RR » Hypotheses:

* No friction

* Neglect motors inertia

 Links are infinitely rigids

« The two arms have, respectively:
= Lengths: 4, [,
= Mass: my, m,

» Moments of inertia around the z axis relative
to the arm’s center of mass: I, ,,, I ,,

= Generalized coordinates:
q=111 9]"=[6, 6,]"

= Gravitational acceleration vector:
g=10 —go O]T
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=P7L |DM - Lagrange approach

Ir=B(q)q+6G(q)+C(q,q)q+F(q,q)

= I': the generalized torque/joint torques

= B(q): the inertia matrix

= G(q): the gravity vector

= C(q, q): the matrix of the centrifugal and Coriolis terms
= F(q, q): the friction vector
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=F7L Two-Link Planar Arm -

Inertia matrix (1)
B(q) = Z (mi ]l(Di)T I(Di) n ](Oi)T R, I§ RiT (Oi))
=1

= | ocal Jacobians reported to each segment:

L 7 - L, L, .
—5 5 0 —lys1 — S S1+42 T 5142
Li : L (1) ] (2) I I
* Links in translation: =| 4L , = 2 2
P ~¢ 0 P licr + = €142 S C142
0 0- : 0 0

(1) _ (2) _

* Links In rotation: o =10 0
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=F7L Two-Link Planar Arm -

Inertia matrix (2)
B(q) = \ J(l)T (1) ](l)TR I RT (1)
2. (m )

= Link 1 for translation:

1
m,JOTjO l 7 mqly” 0]
0 0

= Link 2 for translation:

B Example Two-Link Planar Arm

mZI(Z)T (2) _ 1 ~1m, [lzz + 4[12 -+ 4l112C2 l22 -+ lelzC'z]
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=PrL - Two-Link Planar Arm -

Inertia matrix (3)
B(q) = S JOTJO 4 jOTp pigT O
2. ’)

X
= Link 1 in rotation: . , ,
1, 1, 1,
(ry 4o [0 0 1 P IxZ N 1, 0
1], 1,yx l1,yy 11,yz 0 =
0 0 O
_Il,zx Il,zy 11 ZZ

= Link 2 In rotation: - ; '
2, 2, 2,
(Z)T (2) 0 0 1 Ixx Ixy Ixz 8 8 . Iz, 132,
0 0 0 1 2,Yx 2,yy 2,YZ —

I I i IZ,ZZ IZ,ZZ
| 12,zx 2,Zy 2,Z7 |
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=F7L Two-Link Planar Arm -

Inertia matrix (4)
B(q) = JOTJO 4 JOT g pigTy®
2. (m )

= |nertia matrix:
e B(q) = my V7D 4 0T yO 4 T y@ @y @) D blZ]

° b11 — Zmlll + Il,ZZ + Zmz(lz + 4l1 + 4l1l2C2) + IZ,ZZ
1
* by = by = Z’mz(lz2 + 2111202) + 13,5,
1
* by, = Zmzlz2 + 15 5,

= b1, by, @nd b, are configuration-dependent
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=F*L " Two-Link Planar Arm - )

Gravity vector
r=B(q)q+G(q)+C(q,9)q +F(q,q)

_ T70) : :
= The elements g; = Y7, m;g Jp; of the gravity Yector are:
— 2
T () (2 ’
* g1=mg Jpitmeg Sy =m0 —go Off L. |+
2
0
l
—lysy — ;251+2
0 —go O z = — (B2 +my) igocs — 3 Mz L5 g0
m; 9o L, +;ch+2 > 2)4190C1 —5;M2200C1+2

0

* 92 = ngTll(al,% + ngle(nz,% =0+my[0 —go 0] & =

1
- Em2l2g0C1+2

my 1
— (7 + mz) l190¢1 — Emzlzgocuz
G(q) = 1

_Em2l290C1+2
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=PrL

B Example Two-Link Planar Arm

Two-Link Planar Arm -
Christoffel symbols (1)

r=B(q)q+G(q)+C(q,9)q + F(q,q)

* The elements ¢;; of the matrix C(qhq)nmust satlsfy the equation:

z zz ~10by) . .
G =22 0qk " 270q, ) kY

= The cth0|ce of matrix €C(q, q) is not unique, there exist several matrices that satisfy this
equation

= The generic element of C(q, q) that satisfy this equation is:

Cij = z Cijk4k

k=1

0 ij i ob; . . .
Where ¢;j;, = %( 24 4 Obie _ b”‘) are called Christoffel symbols of the first kind. Also, as

dqr ~ 0qj aq;

B(CI) IS Symmetric, Cijk = Cikj-
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=PFL Two-Link Planar Amm -
Christoffel symbols (2)

r=B(q)q+G(q)+C(q,9)q + F(q,q)

= Reminder: the coefficients b;4, b1, and b,; of matrix B(q) are configuration dependent:
® b11 = imlllz + Il,ZZ + imz(lzz + 4l12 + 4‘l1l2C2) + IZ,ZZ
1
* by =by = Zmz(lzz + 2111202) +1;,,

= We compute the Christoffel coefficients:

. _1 (31911 db14 6b11) _10byy _
11 =5 291 291 091 2 041 N
10by4 1
* C112 = C121 = 35 = —-mylilys, = h(Qz)
2 an 2
E * C = ———==—-m,ll,s, =h
z 122 9q, 2 94, 5 M2t16252 (Clz)
& ° = —==—= =-m-l;l = —h
o C211 dq. 2 0q, ; Maly 252 (Clz)
5 _ _10by; _
é’ * C12 = Cp21 = > oq.
= 10by,
= ® C = - = 0
s 222 = 374,
[ |
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=PrL  Two-Link PlanarAmm -C

B Example Two-Link Planar Arm

Vec_to[ of centrifugal and
Coriolis effect (2) I = B(q)§ + G(q) + C(q,q)q + F(q,q)

= Using the Christoffel symbols, we compute the terms of the matrix C(q, q):
* €11 = Xj=1C114k = €11101 + €11242 = h(g2) 4>
* C12 = C121G1 t 12242 = h(q2)(41 + G2)
* C31 = C211G1 t+ C212q2 = —h(q2)q4
* C2p = C221G1 + C22242 =0
T i < [ M@ b+ )
—h(q2)q4 0
= Finally, we find the vector of centrifugal force and Coriolis terms:
. [0@2)d2  h(g2)(G1 +d2)][d1] _ [h(@2)d2" + 2h(g2) 14,
C(q,q)q—[_ ; ”]—[ o ]
h(q2)q, 0 q2 —h(q2)q4

* h(q,)q,%, —h(q,)q,° respectively represent the centrifugal effect induced on joint 1, 2 by the
velocity of joint 2, 1

« 2h(g,)q,4, represent the Coriolis effect induced on joint 1 by the velocities of joints 1 and 2.
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=PFL  Two-Link Planar Arm -
Generalized torque (IDM) ’

= Friction vector:
- F(q,q) = [8] we considered no friction.

= Generalized torque: ,;;7
I =B(q)q +G(q) +C(q,9)q + F(q,q)

. . . . 1 1
I} = by1Gy + byads + g1 + h(g2)G2° + 2h(q2)d1G, = (Zm1l12 + 115, + Zmz(lzz +40% +

4l1l2C2) + Iz,zz)fil + (%mz(lzz + 2l1l2C2) + Iz,zz) 4z — (% + mz) l190C1 — %mzlzgocnz —

malil35,414, — 57712111252572

. . . 1 . 1
o [ = byyiiy + byidy + g2 —h(g2)g,” = (Zmzlz2 + Iz,zz) qz + (Zmz(lzz + 2l1l2C2) + Iz,zz)

1 1 . 2
5m2l290C1+2 + 5"12111252671

B Example Two-Link Planar Arm
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=PrL

Arm

B Example Two-Link Planar

Two-Link Planar Amm -
Generalized torque (IDM)

* I7 = sz(lzz + 21112C2) + Iz,zz) q>

1 . 2
—EmzlﬂzSzCIz

2
C11 = 2 C11k9x = 11191 + €11292 = h(q2)q;
k=1
C

12 = 12191 + ¢12292 = h(q2)(q)

m 1
— (71 + mz) l190C1 — Emzlzgocuz —
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How to proceed with simulation ?

M. Bouri, November, 2024
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Simulation, without the analytical model

M. Bouri, November, 2024
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Simmechanics
Or SimScape is a toolbox of matlab,

To model Dynamics

Robots are sets of

* Joints
 Bodies
* Frames

M. Bouri, November, 2024

Joints

» Body Elements

» Constraints

P Cunes and Surfaces

» Forces and Torques

» Frames and Transforms
P Gears and Couplings

Bodies

¥ Multibody
P Belts and Cables
¥ Body Elements
F Flexdble Bodies

¥ Joints
o o ) rin
& * o} Cl el
6-DOF Joint Bearing Joint
e ERVE
{e3(X 20
Bushing Joint Cartesian
Joint
4
nl— Lo} oe | 3
= ®
Constant Velocity ~ Cylindrical
Joint Joint
ss s cle 5*
Gimbal Joint Lead Screw
Joint
ge ﬂ\ ] e ;:( B
Pin Slot Joint Planar Joint
. oniiryin
S igE Ee3gdr
Prismatic Rectangular
Joint Joint
o :l{ in r’"
Revolute Joint Spherical
Joint
a 4 B e
Telescoping Universal
Joint Joint
e '/ o
Weld Joint

Y Y vy vy ywyywy

¢ Vvariable Mass

. {13 ' AE
Brick Solid  Cylindrical Solid

.

o |
Ellipsoidal Solid Extruded Solid

&r @7
Gra phic Inertia

g nm
LA -

Revohed Solid Spherical Solid
Constrainks
Curves and Surfaces
Forces and Torques
Frames and Transforms
Gears and Couplings
Jaints
Simscape Mechanical Interfaces
Utilities

L.
. "
File Solid

Y

::Ht}

Inertia Sensoi

Frames

¥ Multibody
p Belts and Cables
b Body Elements
b Constraints
b Curwes and Surfaces
b Forces and Torgues
¥ Frames and Transforms

[{'F: ErAFE

Reference Rigid
Frame Transform

Laek

m

World Frame

18
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Frame

frame
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Visualization

Thata1d

Body segment 1

Joint, controlled by motion

v e

dthetad
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Electrical Driveline Multibody Fluids
§ ¢ 5 ¢ N ¢ 5 ¢
Simscape
N p J

@\ MathWorks-

[

Arm/forearm

Connexion
Batis Batis

EiRses

Arm/forearm

Moteur;

M. Bouri, November, 2024
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F1
F2
F3
F4
F5
F6

3.—_J

s"p

F’B

o -

Spherical_6.1 lower_leg_6 Spherical_6.2

moving_platform

Actuators Arms Forearms
(pivots) (segments)  6x (spherical joints + parallel bar + spherical joint)
{ {
(5B pFE-gF  FE-EIF S8
Frame & / F1 B
Basic referential —- B'Oj - F £2 Spherical_1.1 lower_leg 1 Spherical_1.2
/i /
Revolute_1 | jupper_leg_1 |-[EB ’F -G F1 FE-EF B [3——
o ”}’V; =g Spherical_2.1 lower_leg 2 Spherical_2.2
/| { :
World +& B’F O-EF1  FE-E F’B o T
\ i F1[B- : : B
~<§ -+ EF F2PE—EB ofFB-EF Spherical 3.1 lower_leg 3 Spherical 3.2 |
- | @ F2 B, J / O
fixed_platform Revolute_2 | jupper_leg_2 2 B’F H-EF1 FE-E F’B - =
fx)=0p Spherical_4.1 lower_leg 4 Spherical_4.2
{ !
J— B’F f-E|F1 FE-E F’B
F1 [+ - -
—E8B . o FBE-EF Spherical_5.1 lower_leg_5 Spherical_5.2
Q F2 3 ' ]
Revolute_3 | upper_leg 3 |-l H-EF1 FE-E

M. Bouri, November, 2024

Le, H. N., & Vo, N. T. (2024). Modeling and analysis of an RUU Delta Robot using

SolidWorks and SimMechanics. International Journal of Dynamics and Control, 1-13.
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Simscape

‘ Bodies:
| * Weights
* Lengths

Joints:

* Rotation axis

* Dimension: 0O
Such as actuation:

* Motors (joints)

* |nertia: uniform, ...

M. Bouri, November, 2024
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Required specifications
* Pick-up and place of a 1 kg load
e 15g acceleration when (loaded) and 30g (unloaded)

* Arate of 3to 4 Hz, 300 mm / h25mm travel

M. Bouri, November, 2024



VModels — Sizing and validation approach

Different models

* Analytic model * Simscape

— known Simulink
MATLAB

MathWorks Inc. oS
ents. See wwaw.mathworks.com/patents

Protected by U.S. pats
‘The MathWorks

R2008a

* ProEngineer
(Creo)

D p1C

M. Bouri, November, 2024

25



VModels — Sizing and validation approach

Simmechanics

 Scenario 1, IGM available

Torgues simscape

Traj. Gen. IGM Simscape: articulations

\ Torques
MDI

M. Bouri, November, 2024
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VModels — Sizing and validation approach

Simscape

e \/isualisation

M. Bouri, November, 2024

27


DD_El_X_15g_1kg.avi

e Scenario 2, IGM not available

M. Bouri, November, 2024

Traj. Gen.

Simscape: nacelle

Simscape: articulations

Torques_simscape

Virtual cartesian
Robot 1: IGM

Robot Delta: IDM

28



VModels — Sizing and validation approach

ProEngineer (Creo)

— Cardans

M. Bouri, November, 2024
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Models — Sizing and validation approach

ProEngineer (Creo)

* Visualisation

M. Bouri, November, 2024
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Models — Sizing and validation approach

Torques for an elliptic pick and place

Acceleration: 15g | | | ' ' ' o]
Matlab |
Load . lkg : = g 5 5 5 i T Moteur 1
L e B e - [Nm]
-100 I I I I I I |
] 016
""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""" e !
Simmechi
: Matlab | . Moteur 2
- [Nm]
E|.|14 E|.|15
""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""" e !
Simmechi
: e . Moteur 3
- [Nm]
0.02 0.04 0.06 EI.IIJB 0.1 oz EI.|14 EI.|15
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Context of Simulation : control
Simulation of a PID control with an a priori

Coder/Contrall PWRSupply

Alpha ¢

Alpha

Torque

Torque

- Torque2

Torgque3

MecaOnly_sm1
Model Not Found

Alphai

Alpha2

Alpha3

Mechanical Model

M. Bouri, November, 2024
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Robot torques
Load = 1kg

320001 2bis
200001 200tz
F20000M1 400tz I
I < — f— L
: [ o P R B S
| [ |
- gl Il . L
5 | ¥
E |
05

Torques
S =~ e A e S et s S B e S et e i
| | | J
L~ L/ | L- L | L L~ L - L~ L~ [REN T L L L~

] ] ] ] ] ]
o 0.05 01 D15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
151
| f 1 . Mgy [—— [ [ N Ffe— - P T B R 8 M [~ ™ - P [—w e -
\im.ﬁ#"\._ﬂ_]—"_"l'pn.-q' —|—~..I- i d et 1 e I-I' oy \_I.-J |_|--~ O 1-_¢|! e A - hemferuct s A S
b | .U I L L/ L~ I N T P e P e L o ¥ S P L~
= v
E |
05—
o | L | | 1 | | 1 | |
o 0.05 01 015 0.2 0.25 0.3 0.35 0.4 0.45 0.5
Tima
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Errors @Load = 1kg

32'00041 2bits
3200001 2bits
3200001 4bits

Input3

M. Bouri, November, 2024

w10 Erreurs
| il n f M M M II IL M I| 1 M [ I II [ [ _|I [ II [ [ ||
sl }/fﬁﬂx__.,---'.'h. 0 e s == L) e i W s i = et = s s i W e o e o= 2 s = ) e

| J

015 0.4

m

I I [
A Atk

| 'm |'| 1 M I-] 1 | 1

0.4

0.05 01 015 0.2 0.3 0.35 0.4 0.45 0.5

Tima
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Robot torques
Load = Okg

———— 32000/ 2bits
———— 320'000/1 2bhs Torques
320'000¢1 4bits | 0.8 L) A W Y A
| | | X Y | ! i"n |I I " "
osF | | R R R AR A A | |
| e P ,J. | J ‘ﬁ_L'J Flop | ,J- f‘ll I:L JL[ —Il t dl I r—_ I M— '\_\_l P
T 0 R i AA Y FR e L AL L, g T ot B L, TS O R R o T
N YN Y Y Y Y Y Y T T Y
£ pzt | J | | J | J | P f | IJ | | - | 'J | Ve ) J | |.I |
W I, ¥ ¥ Iy ';1 iy lll 1 I I, Iy I, I W ¥ I v
o ' | |
Vol
o u.l:Jﬁ u.l1 D.J1 5 D.lz 0.25 0!3 n.gs 0!4 D.LE 0?5
LU K M \
06— | I \ |h| hl |h [ | 1 | N r [ 1 _rl
™04 tk;ll .r[ e /”I\_’[‘x rf]‘l-ul__{'_l'- ‘FJT }J*L./E“L“‘h‘ﬁl Iw |L\._,.;FH~_| rJJ ],/""“\rl-"r"‘» I:|| rJll_qu TS Y e S rL";l_.}n -._]‘{n Thar
RSBy RYArArA R IR (AR 0 A O O I
=z |_, L ' | SV I.f'-l r'|r |f : L| |1 Lf LF L |--‘J L | P P Y v [/ P |.~' L—
0 : | |
Vol
| | | | | | | l | |
o 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 .45 0.5
L | T e e NN
T (I J J 1 Y A S| | | (|
- ol fdl P [ ! | T )
5 4 l-'-_ jﬁrr v T] 1% {“]-H] J“Laf*h fl'x*,rrwluflj SN I:H]\']h {»L f-_r['“T‘e oy rhﬁ =3 f =it
B oz |( I/l | | | |r;| | | | |J |J ! | |J | 7 I,’ | ‘,l J |/ | J |ﬂ| N, | ) |
! r ! Ly r] ¥ lll 1 ¥ Iy L
T ' J [l
| | | | 1 | | 1 | J
i 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 D45 0.5
Tima
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