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Course Content
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3. Safety Stock in Manufacturing Systems

4. Elements of Queueing Theory
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Queueing Systems

Natural theoretical framework to model manufacturing systems

• server -> workstation
• queue -> inventory
• customers -> items
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Queueing Systems
Goal: finding stationary distribution of the number of jobs in the queue

Important quantities for manufacturing systems:

• mean time an item spends in a buffer
• mean number of items in a buffer
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Queueing Systems

Modeling:

• NQ(t): number of customers queueing for service at time t

• NS(t): number of customers receiving service at time t

• Nt: total number of customers in the system at time t

• NQ(t) + NS(t) = Nt

• mean number of items in a buffer

NQ(t)
NQ(t)
NQ(t) NS(t)
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Queueing Systems
Modeling:

Yn : interarrival time between item customers n and n + 1, Sn service 
time of customer n , i.i.d. with:

• Distribution function

• Probability density function

• Expectation

• λ: mean arrival rate of items/customers into the system
• μ: mean service rate for an item/customer entering service 
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Characterization with Kendall Notation 
Characterization for queueing systems: A/S/m/N − SD 

• A : distribution of the interrarrival times (item arrivals feeding a 
manufacturing system) -> M for Poisson, D for deterministic, G 
for general, etc.

• S : distribution of the service times (processing time of a 
workstation in a manufacturing system) -> M, D, G, etc.

• m : number of servers (workstations in a manufacturing system)

• N : capacity of the waiting room (of the buffer in a manufacturing
system)

• SD : service discipline (order the items are taken from the buffer
in a manufacturing system ) -> FIFO, LIFO, etc. If ommited: FIFO.  

Examples: M/M/1/∞, M/G/1/∞ - LIFO
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Little’s Law
Valid for mean values (when mean values can be calculated)

L:   mean number of customers in the system

W: mean time spent in the system

λ: production rate

Production rate
[parts/time]

tin tout

Arrival rate
[parts/time]

Application: a car factory produces 40cars/h. 1 car is produced in 25h. 
-> Estimated inventory is 1000 (partially finished) cars.   
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Little’s Law
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Little’s Law
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M/M/1/∞ - FIFO
A : arrivals occur according to a Poisson process with rate λ
(interrarrival time is exponential with mean 1/λ)

M : service time is exponential with mean 1/μ

m and N : single buffer of infinite size, positioned in front of a single 
workstation 

Traffic intensity :ρ = λ/μ (key performance indicator):

• ρ< 1 : stable queue
• ρ≥ 1 : unstable queue

Objective: finding the stationary distribution of the queueing system
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M/M/1/∞ - FIFO : Stationary Distribution
Finding the stationary distribution:

• Interpret the number Nt of customers/items in the system as a 
Markov chain with state space {0, 1, 2, ...} 

• Write down the balance equations :

πi : stationary (in the long-run) probability that the queueing       
system is in state i (i customers in the system)

• Solving the balance equations with                       , we obtain:
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M/M/1/∞ - FIFO : Results
Mean number of customers in the system L =

Mean number of customers waiting for service Lq :

Lq =

Time spent in the system W =                                 (using Little’s Law)

Time spent in the queue Wq =                                 (using Little’s Law)

Distribution of the waiting time in the queue Fq(t):

Fq(t) =
Busy period B :

Departure process: Poisson(λ)
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M/M/1/∞ - FIFO : Example
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M/M/1/∞ - FIFO : Derivation of the Results
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M/M/1/∞ - FIFO : Derivation of the Results
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M/M/1/∞ - FIFO : Derivation of the Results
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M/M/1/∞ - FIFO : AnyLogic

Exercice: Simulate the behavior of the M/M/1/∞ queueing system 
under both FIFO and LIFO service disciplines, and compare the 
distribution of the waiting time in the queue. Observe in particular
the variance of the waiting time in the queue.
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M/M/s/K - FIFO

In

out



20MSSCD, Chapter 4

M/M/s/K - FIFO

Finite queue : capacity limit K (arrivals denied when Nt > K)

Several workstations: s servers (K > s)

Arrival rate: λ

Service rate: sμ

The queueing system is stable if ρ = λ/sμ <  1

: arrival rate when n customer             
in the queue

service rate when n customer                          
in the queue
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M/M/s/K – FIFO : Results
Stationary distribution:

Distribution of the waiting time in the queue Fq(t):

Fq(t) =

Time spent in the queue Wq =

Time spent in the system W =

r

- 1

-
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M/M/s/K – FIFO : Results
Mean number of customers in the system L =

Mean number of customers waiting for service Lq =
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M/M/1/3 – FIFO : Example
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M/M/1/3 – FIFO : Example
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M/M/1/3 – FIFO : Example

π0
π2

π1
π3
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M/M/1/3 – FIFO : Example

π0
π2

π1
π3 π4

π4 π3
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M/M/1/∞ - FIFO vs M/M/2/∞ - FIFO: AnyLogic

Exercice: Simulate the behavior of the M/M/1/∞ and the M/M/2/∞ 
queueing systems under FIFO service discipline, and compare the 
distribution of the waiting time in the queue. Observe in particular
the variance of waiting time in the queue. Focus on the situation 
where the singler server of the M/M/1/∞ queueing system is twice as 
fast of the two servers of the M/M/2/∞ queueing system.



28MSSCD, Chapter 4

M/M/s/K – FIFO : AnyLogic


