
1D models

• Displacements: u = {u1}

• Strain: ε = {ε11}

• Stress: σ = {σ11}

• Linear strain-displacement relationship: ε11 = ∂x1u1

∇ =
[
∂x1

]
• Generalised Hooke’s law: σ11 = Eε11

• Stiffness material matrix:
C =

[
E
]

• Dynamic equilibrium equation:

∂x1σ11 + f1 = ρü1 or E∂2
x1x1

u1 + f1 = ρü1

2D models - plane stress

• Displacements: u = {u1, u2}T

• Strain: ε = {ε11, ε22, 2ε12}T , ε23 = ε13 = 0 and ε33 = − ν
E
(σ11 + σ22)

• Stress: σ = {σ11, σ22, σ12}T , σ11 = σ23 = σ13 = 0

• Linear strain-displacement relationship: ε = ∇u

∇ =

∂x1 0
0 ∂x2

∂x2 ∂x1


• Generalised Hooke’s law: σ = Cε

• Stiffness isotropic material matrix:

C =
E

1− ν2

1 ν 0
ν 1 0
0 0 (1− ν)/2


• Dynamic equilibrium equations:{

∂x1σ11 + ∂x2σ12 + f1 = ρü1

∂x2σ22 + ∂x1σ12 + f2 = ρü2

or ∇TC∇u+ f = ρü
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2D models - plane strain

• Displacements: u = {u1, u2}T , u3 = 0.

• Strain: ε = {ε11, ε22, 2ε12}T , ε33 = ε23 = ε13 = 0

• Stress: σ = {σ11, σ22, σ12}T , σ23 = σ13 = 0 and σ33 =
Eν(ε11+ε22)
(1+ν)(1+2ν)

• Linear strain-displacement relationship: ε = ∇u

∇ =

∂x1 0
0 ∂x2

∂x2 ∂x1


• Generalised Hooke’s law: σ = Cε

• Stiffness isotropic material matrix:

C =
E

(1 + ν)(1− 2ν)

1− ν ν 0
ν 1− ν 0
0 0 (1− 2ν)/2


• Dynamic equilibrium equations:{

∂x1σ11 + ∂x2σ12 + f1 = ρü1

∂x2σ22 + ∂x1σ12 + f2 = ρü2

or ∇TC∇u+ f = ρü

3D models

• Displacements: u = {u1, u2, u3}T

• Strain: ε = {ε11, ε22, ε33, 2ε23, 2ε31, 2ε12}T

• Stress: σ = {σ11, σ22, σ33, 2σ23, 2σ31, 2σ12}T

• Linear strain-displacement relationship: ε = ∇u

∇ =


∂x1 0 0
0 ∂x2 0
0 0 ∂x3

0 ∂x3 ∂x2

∂x3 0 ∂x1

∂x2 ∂x1 0


• Generalised Hooke’s law: σ = Cε
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• Stiffness isotropic material matrix:

C =
E

(1 + ν)(1− 2ν)


1− ν ν ν 0 0 0
ν 1− ν ν 0 0 0
ν ν 1− ν 0 0 0
0 0 0 (1− 2ν)/2 0 0
0 0 0 0 (1− 2ν)/2 0
0 0 0 0 0 (1− 2ν)/2


• Dynamic equilibrium equation:

∂x1σ11 + ∂x2σ12 + ∂x3σ13 + f1 = ρü1

∂x1σ12 + ∂x2σ22 + ∂x3σ23 + f2 = ρü2

∂x1σ13 + ∂x2σ23 + ∂x3σ33 + f3 = ρü3

or ∇TC∇u+ f = ρü
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