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Problem 1 (25 points)

Consider a prismatic beam of length ℓ, constant cross-sectional area A, flexural rigidity EI, and
mass density ρ, undergoing transverse vibrations. The beam is modeled using Euler-Bernoulli beam
theory, neglecting shear deformation and rotary inertia, and is clamped at both ends.
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The weak form of the governing equations of motion is given by:∫ ℓ

0

EI ∂2
xxu2 ∂

2
xxδu2 dx+

∫ ℓ

0

ρA ü2 δu2 dx = 0,

where u2 ∈ U denotes the transverse displacement field, and δu2 ∈ V is the corresponding virtual
displacement.

(a) (3 points) Provide the definition of the functional spaces U and V .

(b) (7 points) Derive the semi-discrete weak form by discretizing the domain using two Hermitian
beam finite elements of equal length:

– Retrieve and assemble the elementary stiffness and consistent mass matrices.

– Impose the essential boundary conditions to reduce the global system.

– Explain the physical significance of each component in the generalized displacement
vector q(t), and identify the degrees of freedom associated with each node.

(c) (6 points) Formulate the generalized eigenvalue problem corresponding to the semi-discrete
system obtained in part (b), and compute the two lowest natural frequencies and the associated
mode shapes of the structure.

(d) (4 points) Explain whether the approximated natural frequencies are expected to be higher
or lower than the exact ones. Additionally, describe how the error may be quantified. If
the number of elements is doubled, would you expect the computed fundamental frequency
to increase or decrease compared to the value obtained with two finite elements? Provide
justification for the following reasoning.

(e) (5 points) To simplify the numerical computation, assume normalized parameters: E = A =
ρ = I = ℓ = 1. The beam is now subjected to a time-harmonic transverse point load of the
form

F (t) = A sin(ω̄t)

applied at the midpoint x = ℓ/2, where A and ω̄ are given constants. Assuming the beam is
initially at rest with zero initial velocity, compute the transient response q(t) for t ∈]0, T [.
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Problem 2 (25 points)

We consider the problem of transverse vibrations of a homogeneous, isotropic right-triangular mem-
brane Ω under uniform tension which is supported along the edge parallel to the y-axis and spring-
supported at the opposite vertex (3), as shown in the figure below.
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The membrane has the following physical properties: mass density: ρ = 1 kg/m2 and tension per
unit length: S = 2 N/m. A uniform vertical pressure of magnitude A = 3 N/m2 is applied over the
entire triangle for 2 seconds. Thus p(x, y, t) = Aθ(t) where

θ(t) =

{
1 if 0 ≤ t ≤ 2

0 if 1 ≤ t ≤ T
.

Moreover, the spring stiffness is k = 10 N/m.

(a) (5 points) Write the strong form and show that the weak form governing the transverse
vibrations of the membrane is: find u3 ∈ U such that∫

Ω

ρ ü3 δu3 dΩ +

∫
Ω

S (∇δu3)
T∇u3 dΩ + ku3(1, 1) δu3(1, 1) =

∫
Ω

p δu3 dΩ ∀δu3 ∈ V .

(b) (6 points) The triangular domain is discretized using a single linear triangular finite element
with three nodes. The consistent mass matrix and stiffness matrix of the element are given
by:

eM =
1

24

2 1 1
1 2 1
1 1 2

 , eK =

 2 −1 −1
−1 11 0
−1 0 1

 .

Verify that eM13 = 1/24 and eK22 = 11 and show that the load vector is

er =
θ(t)

2

11
1

 .

Then, reduce the global system by enforcing the boundary conditions, and compute the re-
duced consistent mass and stiffness matrices, and load vector.

(c) (4 points) Determine an approximate fundamental frequency and mode shape of the struc-
ture by applying Rayleigh’s quotient, ensuring that the boundary conditions are properly
incorporated into the chosen admissible displacement field.
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(d) (5 points) The central difference method is an explicit time integration scheme used to ap-
proximate the transient response of a second-order system of the form: Mq̈(t)+Kq(t) = r(t).
The central difference update formulas are:

qn+1 = (∆t)2M−1 (rn −Kqn) + 2qn − qn−1,

where ∆t > 0 is the time step, and qk = q(k∆t), rk = r(k∆t), k ∈ N. The initial displacement
and velocity are used to compute the first artificial step:

q−1 = q0 −∆tq̇0 +
(∆t)2

2
M−1

(
r0 −Kq0

)
.

(i) Write explicitly the update formulas for the reduced model obtained in part (b) and
∆t = 3/2.

(ii) Using the values q0
1 = 0 and q̇0

1 = 0, compute q−1
1 .

(iii) Compute the value of q at the first two time steps using the central difference formula.
Briefly interpret the computed results.

(e) (5 points) Apply the Newmark method with average acceleration (β = 1/4, γ = 1/2) and
∆t = 3/2 to compute the displacement at the first two time steps. Compare the result with
the one obtained using the central difference method in point (d).
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