ME470: Problem sheet 1 - Continuum mechanics and
statistical mechanics - correction

1 Index notation

(a) For cos @

Thus,

For | sin 4|
Since,
We obtain

)

Thus,

(b)
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a-d= ant, and g-g:bkbk

@-b=|alb| cosd = a;b;

a;b; a;b;

g — 71 _
’C?Hbl vV AmQmV bkbk

|@ x b] = |al|b]| sin @] = \/eijkefgkaibjafbg

€ijk€fgk = 0if0jg — OigOjy

€ijk€fgrtibjarby = a;a;b;b; — a;a;b;b;

\/aiaibjbj — aiajbibj
/U G\ b by,

|sin 6| =

QEj&iaj = T’i]’&iaj + T‘ijaia]’

= Tijaia; — Taa;  (Ty = —Ty)
= Tijaia; — Tija;a;
=0

(1)

(8)



Tijaiaj =0 (9)
(c)
2e¢jkajak = €ijkA;a + €ijkAjaL
= €k — €ik QA (Eijk = —Eikj) (10)
= eijkajak — eikjakaj
=0
So,
€ijkajar =0 (11)

2 Homogeneous isotropic linear elastic material

(a) Considering a superposition of three uni-axial stresses we get

1 v 1+v v

€xz = Eo-zm - E(Uyy + Uzz) - To-rz - E(Ua::c + Oyy + Uzz>7

and equivaient expressions for Eyy and €,,. This can be generaiized in the index notation to include
non-diagonal elements as well

1+v v

Gij = TO'Z'J' — Eo-lléij' (12)

(b) Using the fact that 6,0, = 6 = Tr(I) = 3 in a 3-dimensional space,

1
€1l = €mOmi = %Ulmfsml - %Uii5lm5ml (13)
1 3 1-2
= ;V‘TZZ - EI/UU = “ou (14)
Then, inverting Eq. yields
E Ev

Oij + €10;j (15)

T 1T ) — )

(¢) For simple shear, 0,y = 2/1€,,. It immediately follows from Eq. that

B FE
P50+
Under isotropic stress, 055 = —pd. Then oy = —3p and doy = —3dp.
By definition,
1 1dV
K Vdp
Then,
dV' —dV dv
€ = T’ dey = 7,
and

1 _3d€ll . 3(1—21/)

K_ dO’ll_ E ’




where we have differentiated the final expression of Eq. (14). Then

I
K=—"-——.
3(1—2v)
(d)
Ev B E 1 n 1 _ 2 LK
Q+v)(i-2v) 3\ 1+v 1-2v) 377
Using this and the expression of u, Eq. becomes
2
Oij = 2,u€l'j + (—gﬂ + K) 6”(5@ (16)
1
=2u| €5 — §€u5ij + Keydy. (17)
(e)
= 3Ke €y = L(7
o = i = 3K i
Inserting this in Eq. gets us
1 1
0ij = 2| €j — gpondiy | + 5oudi;.
Inverting this expression leads to the result
1 1 1
€ij = U (Uij - 50115@') + 9_Kall(5ij-
6]
1
u = 561']'0'1']'
1 1
= 561']' Q,u €5 — ge”@j -+ ]’{76”(5” (18)
1 K
= W |€ij€i5 — §€zz€kk + 3€llekk'
The term in square brackets of the last line can be written as
1 1
€ij — 56555@' €ij — gekksij
1 1 n 1 5
= €€ — SC€UuCiH — 5€kkCis T 5 " €kk€li04
i€ — g€u 3 Ck g " CkkEU
1
= €€ — Z€kk€l,
7 Cij 3 kECl

remembering that d;; = 3. Then, inserting this result into Eq. leads to

1 > K
u=pu (61']‘ — g@l@j) + 361%

3



3 2D elasticity

(a) First rewrite the energy as

1 Ky
Ug = A | €j€ij — §€ll€kk + TEZZ‘Ekk

1
= [LA€€ij + 3 (K4 — pta) €npr,

keeping in mind that now d;; = 2. Then

. 8uA
N 861']'
0 1
= — (,UAEz‘jeij + = (KA - /LA) Ellekk>

T,’j

661']' 2
=2pa€ij + (KA — p1a) €u0;;
(b)
T = 2K z¢€y,
Ka— g
Tij = 2pia€; + Wﬂz%-
Inverting the last equation leads to the result
1 pa — Ky
i = i ij-
€ij QMATJ + 4K ain T11045

(¢) Assuming 7., = 7 and 7, = 0, the strain diagonal components are

1 pa — Ka Ka+pa
€xx = T+ T =

24 4K apia 4K Apia
€y = pa = 84 KAT
vy 4KA/~LA .
Then,
U Eyy _ KA — HA
4 €xx KA + A '
(d)
4K
Tex = AllA €z EAEx:c
Ko+ pa
0. 4K apia
AT Katpa



4 Two dice

(a) The number of microstates is equal to the total number of pairs of outcomes for each of the two

dices (7; 7). So there are 6 * 6 = 36 microstates. There are 11 macrostates, as the sum of the two dices
numbers ranges from 2 (for the pair (1;1)) to 12 (for the pair (6;6)).
(b) The density of states for each macrostate are:

Macrostates
S=2
S=3
S=4
S=5
S=6
S=7
S=8
S=9

S=10
S=11
S=12

(c) The probability of each macrostate S is:

5 Two state system

Density of states Microstates
QS=2)=1 (1)
QS =3)=2 (1:2), (2;1)
Q(S = 4) =3 (1:3), (2;2), (3;1)
QS =5)=4
QS =6)=5
QS =7)=6
QS =8) =5
QS =9)=4
QS =10)=3
QS =11) =2
QS =12) =1

Q(S)
P(S) = 36

(19)

(a) The partition function is the sum of the Boltzmann factors for all possible states of the system:

Z =) exp (-@%)

states

where E(s) is the energy of the system in state S.

For s = 0 (closed state),

For s = 1 (open state),

(b) The probabilities of the channel being in the closed (Fp) or the open state (P) are:

E(O) = €closed

E(1) = €open

1
Py = —exp (—

A

—7AA

€closed

kgT

)

(20)

(23)



1 (€open — TAA)
Pl—ZeXp( ]{:B—T) (24)

(c) The average energy of the two-state system is:

(E) = PyE(0) + PLE(1)
1

= E[eclosed €xXp (_ Egl;?d) + (‘Eopen - TAA) €xp (_

(€open — TAA) (25)
kgT )
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