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1 Index notation
(a) For cos θ

a⃗ · a⃗ = amam and b⃗ · b⃗ = bkbk (1)

a⃗ · b⃗ = |⃗a||⃗b| cos θ = aibi (2)

Thus,

cos θ =
aibi

|⃗a||⃗b|
=

aibi√
amam

√
bkbk

(3)

For | sin θ|

|⃗a× b⃗| = |⃗a||⃗b|| sin θ| =
√

ϵijkϵfgkaibjafbg (4)

Since,

ϵijkϵfgk = δifδjg − δigδjf (5)

We obtain,

ϵijkϵfgkaibjafbg = aiaibjbj − aiajbibj (6)

Thus,

| sin θ| =
√

aiaibjbj − aiajbibj
√
amam

√
bnbn

(7)

(b)
2Tijaiaj = Tijaiaj + Tijaiaj

= Tijaiaj − Tjiaiaj (Tij = −Tji)

= Tijaiaj − Tijajai

= 0

(8)
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So,
Tijaiaj = 0 (9)

(c)
2ϵijkajak = ϵijkajak + ϵijkajak

= ϵijkajak − ϵikjajak (ϵijk = −ϵikj)

= ϵijkajak − ϵikjakaj

= 0

(10)

So,
ϵijkajak = 0 (11)

2 Homogeneous isotropic linear elastic material
(a) Considering a superposition of three uni-axial stresses we get

ϵxx =
1

E
σxx −

ν

E
(σyy + σzz) =

1 + ν

E
σxx −

ν

E
(σxx + σyy + σzz),

and equivalent expressions for ϵyy and ϵzz . This can be generalized in the index notation to include
non-diagonal elements as well

ϵij =
1 + ν

E
σij −

ν

E
σllδij. (12)

(b) Using the fact that δlmδml = δll = Tr(I) = 3 in a 3-dimensional space,

ϵll = ϵlmδml =
1 + ν

E
σlmδml −

ν

E
σiiδlmδml (13)

=
1 + ν

E
σll −

3ν

E
σll =

1− 2ν

E
σll (14)

Then, inverting Eq. (12) yields

σij =
E

1 + ν
ϵij +

Eν

(1 + ν)(1− 2ν)
ϵllδij (15)

(c) For simple shear, σxy = 2µϵxy . It immediately follows from Eq. (15) that

µ =
E

2(1 + ν)

Under isotropic stress, σik = −pδik . Then σll = −3p and dσll = −3dp.
By definition,

1

K
= − 1

V

dV

dp
.

Then,

ϵll =
dV ′ − dV

dV
, dϵll =

dV

V
,

and
1

K
= 3

dϵll
dσll

=
3(1− 2ν)

E
,

2



where we have differentiated the final expression of Eq. (14). Then

K =
E

3(1− 2ν)
.

(d)
Eν

(1 + ν)(1− 2ν)
=

E

3

(
− 1

1 + ν
+

1

1− 2ν

)
= −2

3
µ+K.

Using this and the expression of µ, Eq. (15) becomes

σij = 2µϵij +

(
−2

3
µ+K

)
ϵllδij (16)

= 2µ

(
ϵij −

1

3
ϵllδij

)
+Kϵllδij. (17)

(e)

σll = 3Kϵll, ϵll =
1

3K
σll

Inserting this in Eq. (17) gets us

σij = 2µ

(
ϵij −

1

9K
σllδij

)
+

1

3
σllδij.

Inverting this expression leads to the result

ϵij =
1

2µ

(
σij −

1

3
σllδij

)
+

1

9K
σllδij.

(f)

u =
1

2
ϵijσij

=
1

2
ϵij

(
2µ

[
ϵij −

1

3
ϵllδij

]
+ kϵllδij

)
= µ

[
ϵijϵij −

1

3
ϵllϵkk

]
+

K

2
ϵllϵkk.

(18)

The term in square brackets of the last line can be written as(
ϵij −

1

3
ϵllδij

)(
ϵij −

1

3
ϵkksij

)
= ϵijϵij −

1

3
ϵllϵii −

1

3
ϵkkϵii +

1

9
· ϵkkϵllδii

= ϵijϵij −
1

3
ϵkkϵll,

remembering that δii = 3. Then, inserting this result into Eq. (18) leads to

u = µ

(
ϵij −

1

3
ϵllδij

)2

+
K

2
ϵ2ll
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3 2D elasticity
(a) First rewrite the energy as

uA = µA

(
ϵijϵij −

1

2
ϵllϵkk

)
+

KA

2
ϵllϵkk

= µAϵijϵij +
1

2
(KA − µA) ϵllϵkk,

keeping in mind that now δii = 2. Then

τij =
∂uA

∂ϵij

=
∂

∂ϵij

(
µAϵijϵij +

1

2
(KA − µA) ϵllϵkk

)
= 2µAϵij + (KA − µA) ϵllδij

(b)
τll = 2KAϵll,

τij = 2µAϵij +
KA − µA

2KA

τllδij.

Inverting the last equation leads to the result

ϵij =
1

2µA

τij +
µA −KA

4KAµA

τllδij.

(c) Assuming τxx = τ and τyy = 0, the strain diagonal components are

ϵxx =
1

2µA

τ +
µA −KA

4KAµA

τ =
KA + µA

4KAµA

τ,

ϵyy =
µA −KA

4KAµA

τ.

Then,

νA = − ϵyy
ϵxx

=
KA − µA

KA + µA

.

(d)

τxx =
4KAµA

KA + µA

ϵxx = EAϵxx.

EA =
4KAµA

KA + µA

.
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4 Two dice
(a) The number of microstates is equal to the total number of pairs of outcomes for each of the two
dices (i; j). So there are 6 ∗ 6 = 36 microstates. There are 11 macrostates, as the sum of the two dices
numbers ranges from 2 (for the pair (1;1)) to 12 (for the pair (6;6)).
(b) The density of states for each macrostate are:

Macrostates Density of states Microstates
S=2 Ω(S = 2) = 1 (1;1)
S=3 Ω(S = 3) = 2 (1;2), (2;1)
S=4 Ω(S = 4) = 3 (1;3), (2;2), (3;1)
S=5 Ω(S = 5) = 4 .
S=6 Ω(S = 6) = 5 .
S=7 Ω(S = 7) = 6 .
S=8 Ω(S = 8) = 5 .
S=9 Ω(S = 9) = 4 .
S=10 Ω(S = 10) = 3 .
S=11 Ω(S = 11) = 2 .
S=12 Ω(S = 12) = 1 .

(c) The probability of each macrostate S is:

P (S) =
Ω(S)

36
(19)

5 Two state system
(a) The partition function is the sum of the Boltzmann factors for all possible states of the system:

Z =
∑
states

exp

(
− E

kBT

)

=
s=1∑
s=0

exp

(
−E(s)

kBT

)
= exp

(
−ϵclosed

kBT

)
+ exp

(
−(ϵopen − τ∆A)

kBT

) (20)

where E(s) is the energy of the system in state s.

For s = 0 (closed state),
E(0) = ϵclosed (21)

For s = 1 (open state),
E(1) = ϵopen − τ∆A (22)

(b) The probabilities of the channel being in the closed (P0) or the open state (P1) are:

P0 =
1

Z
exp

(
−ϵclosed

kBT

)
(23)
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P1 =
1

Z
exp

(
−(ϵopen − τ∆A)

kBT

)
(24)

(c) The average energy of the two-state system is:

⟨E⟩ = P0E(0) + P1E(1)

=
1

Z
[ϵclosed exp

(
−ϵclosed

kBT

)
+ (ϵopen − τ∆A) exp

(
−(ϵopen − τ∆A)

kBT

)
]

(25)
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