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ME470: Mechanics of Soft and Biological Matter
Lecture4: Idea Chain & Freely Jointed Chain

Glycoprotein: protein with Glycolipid: lipid with
carbohydrate attached ./ carbohydrate
4 3  attached

Peripheral membrane Phospholipid

protein bilayer
Integral membrane Cholesterol Channel protein
protein
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cPFL Ideal chain (IC)

Ideal chain: polymer model in the flexible limit

_}:; Assumptions
5 * n segments of length
,2 * Inextensible (L, = nb)

* Freely rotation, no internal energy change (dU = 0)

(end-to-end vector)

=1
I
M=
e~

(ﬁ) =0 (random orientation of #;)

(R?) = (R - R) = nb? = (R?)~n

Same as random walk
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cPFL Ideal chain (IC)

Randomwalk < > Probability of the chain having a specific length
<> Free energy & force-displacement relation

Probability of at distance r with n step for 1D random work

1 n 1 n!
Pig(n,r) = 2_n<n +2T/b> = on (n +r/b) ' (n —T'/b)'
2 ' 2 '

Binomial coefficient

1
In the limit of large n —> Pia(n,1) = e~ T/2(r?)

\ 21{r?)
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Here,
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|deal chain (IC)

R = Ryéx + Ry&, + R,6,

(R?) = 3(r?)

=

—

_(R?) nb?
) =37=73
Yo |3 -srE2(r?)
Pld(n'Rl) 27T<R2>e
3 3/2 , ,
Pyy(n,R) = (mz)) e —3R*/2(R?)

Gaussian distribution!

Il=Xx,9,Z
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|ldeal chain (IC)

Now, translate probability distribution function to free energy

F=-TS

S=kglnQ(n,R) = kgIn[P3;5(n, R)Q¢o¢]

~y

3kgR? 3
~ Znpz Tl (27mb2) + g In o
So: constant
F=-TS =kgT 3R° TS
B — B onb2 0




cPFL Ideal chain (IC)

Under external force, F, in the direction of R

G =-TS —FR dG = 0

. 9G _3kgT

_ 3kBT) P
OR  nb?

_F = F =
S

ksp: spring constant

Note

» Non-zero force for non-zero R.

» Linear relation between force-displacement > ENTROPIC spring.
 As T increases, stiffness increases.

« Valid only for flexible polymer with small R.

* Kuhn length is related to the persistence length, b = 21,
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cPFL Freely Jointed Chain (FJC)

|C limitation: linear response beyond L = nb —> FJC for realistic description at R~L

[/ /0t }i g Assumptions

Inextensible segments (same as IC)
x « End-to end vector

n
j? —_ Z)ZEE:iii

i=1
Chain extended in direction only

Describe microstates by directional angle, (¢;,6;) = 0

U; , = Sin0; cos ¢;
] 7/7; U;y = sin ; sin ¢;
U; , = cos b;
l = « Consider a system, chain and weight,
U= —F,;R,
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cPFL Freely Jointed Chain (FJC)

—> Use canonical ensemble (constant T, Boltzmann distribution)

Microscopic description: 6; is an angle w.r.t z-axis

n

n
Rzzﬁ-éZ:chosei I:> U=—szZc059i
i=1

i=1

1
Probability: P(B®) = Ee—U(@)/l’CBT

3 U(8)
Z-f@ exp( kBT>d@
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cPFL Freely Jointed Chain (FJC)

u(e) , _ bR
—> kT —KZcos i = 4T

i=1

N .2m oem
—> Z = 1_[[ f exp(—k cos0;)sinf; d6;d¢p; = z"
i=1 "0 70

=2 Jﬂ ( 9) sin 0 d0 = —~ sinh
—> zZ = noexp K cos ¢) sin —KSIHK
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cPFL Freely Jointed Chain (FJC)

1 KR,
We seek (Ry) = J P(®)R,dO = Zj exp( b
0 0
o h j (KR ) R.d0 = b2
ne can —
e can show . exp b P
(R )_b(’)Z ba(an) _ d(Inz)
= 20 7 0k o ' ok
bF, kgT
= rafon(15)-
(R,) =nb [cot ks bE,
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cPFL Freely Jointed Chain (FJC)

d(InZ)
OF,

Note: this could be writtenas | (R,) = kgT

Which is generally true (for any spring)

Exercise: F, «< 1 (Taylor expansion around F,), show

3koT
— F= ( 52 )Rz +H.0.T (IC recovered)

As F, - o, coth(x) - 1,and (R,) > nb =L
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