Thin-film Rayleigh—Plateau instability around a
cylinder — correction

ME-466 Instability

1 Problem formulation

We are interested in the stability of a layer of viscous liquid with dynamic viscosity
n [Pa s] and surface tension v [Pa m] of typical thickness H |[m], coating a cylinder
of radius R > H [m] (figure [1)). We neglect inertial effects and gravity. We further
assume axisymmetry and no azimuthal velocity.

The system is governed by the incompressible Stokes equations with no-penetration
and no-slip conditions at the solid surface, no tangential stress and Laplace jump in
the normal stress dynamic conditions on the liquid—air interface.

1 o(r*ur)  oul

- T z 1
r*  Or* Oz* 0. (1)

op* OPur 1ous  OPui\

9z + (8"/’*2 * r* Or* i 82*2) =0, @)

op* OPup 1 0ur  0Pur o owr\

o ' (37“*2 * rors | 922 7“*2) =0, @)
(r*=R)=ul(r"=R)=0, (4)
On\?\ [ou: Our On* [Our  Out B
<1_ (82*) ) <8r*+8z*)+28z* (8r* _82*) =0, ()

r*=R+h*
IR On*\* our  Oh* (0us Lou oy e
P 1+ (gL:)Z 0z ) 0z 0z \Or*  0z* Or* -

r*=R+h*
(6)

where the asterisks * indicate dimensional variables, and the total curvature of the
free surface reads
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Figure 1: (top panel) Spider web with dew pearls (reprinted from 12009)).
(bottom panel) Cartoon of the problem at hand.

2 Thin-film (lubrication) equation

We start by non-dimensionalising the system of equations,

=Rz, r*=Rr, dr*= Hdr,
u, =Uu,, u,.=Uwu,, p"=Pp, h*=Hh (8)

To make use of the separation of scales between the film thickness and the cyl-
inder’s radius, we introduce two length scales, R and H = JR, with 6 < 1, and
two velocity scales, U and U,. It is crucial to notice that while r* scales as R, the
variations along 7* happen on an interval of the scale of H.

Notice that the axial dimension is also rescaled with R. This is because of the
anticipation that the characteristic length of the Raleigh—Plateau instability is set
by the liquid column’s radius.

We introduce the rescaled variables in the full governing equations. The con-
tinuity equation becomes
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The axial momentum equation (2)) becomes
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The radial momentum equation becomes




The pressure is constant throughout the liquid layer and set by the curvature-induced
Laplace pressure from the normal dynamic boundary condition @ becomes
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where we have chosen to rescale the pressure with the non-constant term of interest.
Now, going back to equation ((10) and knowing that the pressure is a constant

of r, we are able to integrate the axial velocity’s wall-normal profile u,(r),
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which is a parabola. The constants of integration are set by the no-slip and
free-shear boundary conditions. The latter reads
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We have now solved all fields of the thin-film flow. This allows us to write a
unique evolution equation for the film thickness h. We can either integrate u, from
the continuity equation @[) and plug it into the kinematic boundary condition, or
equivalently (and more directly) we can perform the following mass balance on an
elementary interval [z,z + dz|: the change of volume in a time step At must be
compensated by the difference between the inflow and outflow,
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with the flow rate per azimuthal length
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We obtain the, so-called, thin-film or lubrication equation in the absence of

external body forces,
on__o [ (on o o)
o 023 \0z 023)]|

It is at this point fully non-linear.
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Figure 2: Dispersion relation (22)).

3 Linear instability analysis

The basic flow, the linear stability of which we will study, is the trivial one hg = 1.
We add an infinitesimal perturbation, which we decompose in normal modes,

h(z,t) =1+ ehy exp [i(kz — w2)] + c.c. (20)
and linearise the governing equation (|19)),
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We have obtained the dispersion relation, that we can re-dimensionalise; remem-
ber that k is the axial wave number, so k = RE*, and —iwh is the velocity of the in-
terface, which is radial and thus, was rescaled with U,, meaning that w = (H/U, )w*.
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It is presented in figure 2] Similarly to the classical Rayleigh-Plateau instability
of a free liquid column, wavelengths larger than 27 R are linearly unstable and the

most unstable wave number is Koy = 1/ V2, corresponding to 2mv/2R.




4 Discussion

This dispersion relation strikingly resembles the one from the previous week of
the Rayleigh—Taylor instability of a thin film suspended on the underside of a plate,
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with the capillary length I, = \/7/pg.
It is true that for very thin layers, the bottom of the horizontal cylinder which

they coat, looks like a horizontal plate; the effects of the curvature are negligible.
One can reasonably ask when the Rayleigh—Plateau mechanism of this exercise will
be dominant, and when the Rayleigh-Taylor one. (Remember that here we have
completely neglected gravity, while in the previous week’s exercise, we hate not
included any possible curvature effects.) The two result in distinct lenght scales.
The ratio of the highest growth rates of the two dispersion relations above is a
classical dimensionless group in interfacial fluid mechanics, named the Bond number,
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and it will set the transition between the two instability mechanisms: when Bo is
very small, fibre’s radius much inferiour to the capillary length (think spider webs),
gravity has almost no effect, the thin film destabilises into pearls, centred on the
fibre; contrarily, when Bo is very large, R > [. (think blue beams below lecture
hall’s ceiling), surface tension is very weak and drops remain suspended on or drip
from the underside of the cylinder.

References

C. Duprat. [Instabilités d’un film liquide en écoulement sur une fibre verticale. PhD
thesis, Université Pierre et Marie Curie - Paris VI, 2009.

S. Eghbali, S. Djambov, and F. Gallaire. Stability of a liquid layer draining around
a horizontal cylinder: Interplay of capillary and gravity forces. Phys. Rev. Fluids,
9:063903, 2024.

E. Guyon, J.-P. Hulin, L. Petit, and C. Mitescu. Quasi-Parallel Flows — Lubrication
Approximation. In Physical Hydrodynamics. Oxford University Press, 2015.


https://theses.hal.science/tel-00433439
https://link.aps.org/doi/10.1103/PhysRevFluids.9.063903
https://link.aps.org/doi/10.1103/PhysRevFluids.9.063903
https://academic.oup.com/book/43729/chapter-abstract/368179517
https://academic.oup.com/book/43729/chapter-abstract/368179517

	Problem formulation
	Thin-film (lubrication) equation
	Linear instability analysis
	Discussion

