
1

Most flows are unstable...

1. Intro-definitions

2. Rayleigh-Taylor

3. Waves (phase velocity-group velocity)

4. Rayleigh Plateau (destabilization through surface tension)

5. Rayleigh-Benard (convection)

6. Taylor Couette-Centrifugal instability

7. Kelvin-Helmholtz

8. Inflection point theorem Rayleigh - Orr sommerfeld

9. Tollmien schlichting waves+ transient growth

10. Spatial growth
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Temporal approach:

k is real; ω is complex

Perturbation grow and 

decay in time!

Spatial approach:

ω is real; k is complex

Perturbations grow and 

decay in space!
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Shear layer is inviscidly unstable!

Why?
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L

Only a necessary condition for instability!

Remember: Influence of confinement
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Temporal approach: k is real; ω is complex
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Gaster transformation



Solving a spatial instability problem

ex: Rayleigh equation
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We fix k, we need to find all ω and ψ such that

Formally,

Discretize

Generalized eigenvalue problem

Back to temporal stability analysis!

How to solve Rayleigh equation for real k and complex ω?

ωk

c=ω/k
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How to solve Rayleigh equation for real k and complex ω?

Finite differences of order 1

+1

+1
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Finite differences

Sparse matrix but low order!

How to solve Rayleigh equation for real k and complex ω?
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We fix ω, we need to find all k and ψ such that

Formally,

Polynomial eigenvalue problem

How to solve Rayleigh equation for complex k and real ω?

ωk

(A0(ω,y)+kA1(ω,y)+k2A2(ω,y)+k3A3(ω,y))      = 0



Many more eigenvalues

(for Rayleigh equation: 3 x more!)
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U=1+0.9*tanh(y); ω=0.4; L=5



Which of these waves are unstable?
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Im(k)<0?

Im(k)>0?

Recall : exp(i(kx-ωt))



The stability of a spatial wave can be only 

determined if one knows in which direction it 

propagates!
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k+ waves propagate towards positive x

k- waves propagate towards negative x

x
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However, determining this direction of 

propagation is particularly difficult, except in 

the case of a temporally stable flow.
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The addition of a positive imaginary offset to the frequency makes the 

temporal problem stable!

This separates the spatial waves into k+ and k- waves.  

The branches are then followed by continuity

offset spatial stability

spatial stability: Im(ω)=0
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R=0.4

Validity of Gaster transformation?

x: Gaster transformation
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R=0.9

Validity of Gaster transformation?

x: Gaster transformation
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Huerre and Monkewitz (1985)
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Huerre and Monkewitz (1985)
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Théorie de la stabilité linéaire spatio-temporelle

Im(w0)>0

Onde de vitesse de groupe nulle :   dw/dk=0  (k0,w0)

Instabilité convective

 Amplificateur

Instabilité absolue

 Oscillateur

Im(w0)<0
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,y)

,y) t,y)

,ω,y)

Manipulate these integrals….
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Saddle point condition

Isovaleurs de ωi

Absolute frequency ω0:
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R
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R
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Hot wire measurement

t

ω

FFT
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Influence of coutercurrent shear on turbulence level

It will not respond to an harmonic forcing

The spatial instability problem is ill-posed
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Influence of coutercurrent shear on turbulence level

Base flow
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Influence of coutercurrent shear on turbulence level

Turbulence intensity
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Viscous diffusion Non-parallel flow

SLIP 

Direct Numerical Simulations with top-hat profile at inlet 

SLIP 



Vorticity field: Re = 100, h = 1

Λ = -0.739

Λ = -0.667

An increase in Λ (more coflow) advects the perturbation



Vorticity field: Re = 100, Λ = -0.739

h=1

Destabilizing influence of confinement!

h=3



Spatio-temporal diagram, h=1 and  Λ = -0.667

GLOBALLY STABLE

|v(x,0,t)|

wave front



GLOBALLY UNSTABLE

Spatio-temporal diagram, h=1 and  Λ = -0.739



52



53

R



54

R



55

R



56

R



57

R



58

R


