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Rayleigh cited the work previously published by W. H. Besant: 
“A Treatise on Hydrostatics and Hydrodynamics”, 1859

W. H. Besant cited the Senate-House Problems, Friday January 8th, 1847

Dynamics of a Cavitation Bubble

Rayleigh Model
Historical Facts: 
Published by Lord Rayleigh in 1917 (available in Moodle): 

“On the pressure developed in a liquid during the collapse of a spherical bubble”, 
Philosophical Magazine Series 6, 1917

Senate house problems is a distinctive written examination of undergraduate
students of the University of Cambridge. It consisted of 16 papers spread over 8
days, totaling 44.5 hours. The total number of questions was 211. The actual marks
for the exams were never published, but there is reference to an exam in the 1860s
where, out of a total possible mark of 17,000, the best student achieved 7634, the
second 4123, the lowest around 1500.
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Senate-House Problems, Cambridge, 1847
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Bubble Dynamics

TO BE CONTINUED …

Cavity collapse limited by liquid inertia
Origin: Senate-House Problems, Friday, Jan. 8th 1847. By G. C. Stokes

Challenge: 
Stop reading here and try to solve this 23rd question (and only this) 

using the knowledge of the 19th century … 
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Cavity collapse limited by liquid inertia (a 174 years old problem !)
Origin: Senate-House Problems, Friday, Jan. 8th 1847. By G. C. Stokes 

Bubble Dynamics
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• Hypotheses
• Bubble of initial radius 𝑹𝑹𝟎𝟎 , placed in infinite volume of a liquid at rest 𝒑𝒑 = 𝒑𝒑∞
• The bubble may be empty (𝒑𝒑𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃 = 𝟎𝟎) as in Stokes problem 

or filled with vapour only (𝒑𝒑𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒆𝒆 = 𝒑𝒑𝒗𝒗 (𝑻𝑻) = 𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪𝑪)
• The bubble remains spherical all the time
 The velocity of the liquid phase:    𝑼𝑼 = (𝒖𝒖𝒓𝒓,𝒖𝒖𝜽𝜽 = 𝟎𝟎, 𝒖𝒖𝝋𝝋 = 𝟎𝟎)

• The liquid is supposed Newtonian and the flow incompressible
• We neglect the mass transfer across the bubble interface
• Phase transition is not taken into account (No vaporization/condensation) 
• No surface tension
• No gravity

Rayleigh Model
Collapse of empty bubble or bubble filled with vapour only
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• Mass conservation in the liquid phase (Continuity):

• Incompressible⇒ 𝛻𝛻𝑈𝑈 = 0

In spherical coordinates, the divergence reads:

𝛁𝛁𝑼𝑼 =
𝟏𝟏
𝒓𝒓𝟐𝟐

𝝏𝝏
𝝏𝝏𝝏𝝏

𝒓𝒓𝟐𝟐𝒖𝒖𝒓𝒓 +
𝟏𝟏

𝒓𝒓 sin𝜽𝜽
𝝏𝝏
𝝏𝝏𝝏𝝏

𝒖𝒖𝜽𝜽 sin𝜽𝜽 +
𝟏𝟏

𝒓𝒓 sin𝜽𝜽
𝝏𝝏𝒖𝒖𝝓𝝓
𝝏𝝏𝝏𝝏

• 𝑼𝑼 = (𝒖𝒖𝒓𝒓,𝟎𝟎, 𝟎𝟎)

⇒
𝝏𝝏(𝒓𝒓𝟐𝟐𝒖𝒖𝒓𝒓)
𝝏𝝏𝝏𝝏

= 𝟎𝟎 ⇒ 𝒓𝒓𝟐𝟐𝒖𝒖𝒓𝒓 = 𝑹𝑹𝟐𝟐𝑹̇𝑹

⇒ 𝒖𝒖𝒓𝒓 =
𝑹𝑹𝟐𝟐𝑹̇𝑹
𝒓𝒓𝟐𝟐

∀𝒓𝒓 ≥ 𝑹𝑹

ur

r
Liquid

Rayleigh Model
Collapse of empty bubble or bubble filled with vapour only
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𝟒𝟒𝝅𝝅𝑹𝑹𝟐𝟐𝑹̇𝑹 = 𝟒𝟒𝝅𝝅𝒓𝒓𝟐𝟐𝒖𝒖𝒓𝒓 ∀𝒓𝒓 ≥ 𝑹𝑹

⇒ 𝒖𝒖𝒓𝒓 =
𝑹𝑹𝟐𝟐𝑹̇𝑹
𝒓𝒓𝟐𝟐

∀𝒓𝒓 ≥ 𝑹𝑹

• Mass conservation in the liquid phase (Continuity):

• Alternate method (more intuitive):

Incompressibility  The flowrates across the spheres of radii r and R, are equal

Rayleigh Model
Collapse of empty bubble or bubble filled with vapour only

ur

r
Liquid
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• Momentum conservation in liquid phase (Navier-Stokes equation):

• In spherical coordinates (Newtonian fluid):

Rayleigh Model
Collapse of empty bubble or bubble filled with vapour only
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Rayleigh Model
Collapse of empty bubble or bubble filled with vapour only

• Momentum conservation in liquid phase (Navier-Stokes equation):

• In spherical coordinates (Newtonian fluid):

𝝏𝝏𝒖𝒖𝒓𝒓
𝝏𝝏𝝏𝝏

+ 𝒖𝒖𝒓𝒓
𝝏𝝏𝒖𝒖𝒓𝒓
𝝏𝝏𝒓𝒓

= −
𝟏𝟏
𝝆𝝆
𝝏𝝏𝒑𝒑
𝝏𝝏𝝏𝝏

+ 𝝊𝝊
𝟏𝟏
𝒓𝒓𝟐𝟐

𝝏𝝏
𝝏𝝏𝝏𝝏

𝒓𝒓𝟐𝟐
𝝏𝝏𝒖𝒖𝒓𝒓
𝝏𝝏𝝏𝝏

− 𝟐𝟐
𝒖𝒖𝒓𝒓
𝒓𝒓𝟐𝟐

∀𝒓𝒓 ≥ 𝑹𝑹

• Incompressible and irrotational flow  Viscosity term = 0

∆𝒖𝒖 = 𝒅𝒅𝒅𝒅𝒅𝒅 𝒈𝒈𝒈𝒈𝒈𝒈𝒈𝒈𝒖𝒖 = 𝒈𝒈𝒈𝒈𝒈𝒈𝒈𝒈 𝒅𝒅𝒅𝒅𝒅𝒅𝒖𝒖 − 𝒓𝒓𝒓𝒓𝒓𝒓(𝒓𝒓𝒓𝒓𝒓𝒓𝒖𝒖)

⟹
𝝏𝝏𝒖𝒖𝒓𝒓
𝝏𝝏𝒕𝒕

+ 𝒖𝒖𝒓𝒓
𝝏𝝏𝒖𝒖𝒓𝒓
𝝏𝝏𝒓𝒓

= −
𝟏𝟏
𝝆𝝆
𝝏𝝏𝒑𝒑
𝝏𝝏𝒓𝒓
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Rayleigh Model
Collapse of empty bubble or bubble filled with vapour only

• Momentum conservation in liquid phase (Navier-Stokes equation): 

• Continuity equation yields:

𝒖𝒖𝒓𝒓 =
𝑹𝑹𝟐𝟐

𝒓𝒓𝟐𝟐
𝑹̇𝑹 ⟹

𝝏𝝏𝒖𝒖𝒓𝒓
𝝏𝝏𝒕𝒕

= 𝑹̈𝑹
𝑹𝑹𝟐𝟐

𝒓𝒓𝟐𝟐
+ 𝟐𝟐𝑹̇𝑹𝟐𝟐

𝑹𝑹
𝒓𝒓𝟐𝟐

𝝏𝝏𝒖𝒖𝒓𝒓
𝝏𝝏𝒓𝒓

= −𝟐𝟐𝑹̇𝑹
𝑹𝑹𝟐𝟐

𝒓𝒓𝟑𝟑

• The equation of momentum conservation reads: 

𝝏𝝏𝒖𝒖𝒓𝒓
𝝏𝝏𝒕𝒕

+ 𝒖𝒖𝒓𝒓
𝝏𝝏𝒖𝒖𝒓𝒓
𝝏𝝏𝒓𝒓

= −
𝟏𝟏
𝝆𝝆
𝝏𝝏𝒑𝒑
𝝏𝝏𝒓𝒓

⟹ 𝑹̈𝑹
𝑹𝑹𝟐𝟐

𝒓𝒓𝟐𝟐
+ 𝟐𝟐𝑹̇𝑹𝟐𝟐

𝑹𝑹
𝒓𝒓𝟐𝟐
− 𝟐𝟐𝑹̇𝑹𝟐𝟐

𝑹𝑹𝟒𝟒

𝒓𝒓𝟓𝟓
= −

𝟏𝟏
𝝆𝝆
𝝏𝝏𝒑𝒑
𝝏𝝏𝒓𝒓

• Integrating in space (𝒓𝒓 = 𝑹𝑹 to 𝒓𝒓 = ∞), we obtain: 

𝑹𝑹𝑹̈𝑹 +
𝟑𝟑
𝟐𝟐
𝑹̇𝑹𝟐𝟐 = −

𝒑𝒑∞ − 𝒑𝒑𝒗𝒗
𝝆𝝆

Rayleigh equation
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• Alternate method to obtain Rayleigh equation with Energy conservation 

• Potential Energy: 

𝑬𝑬𝒑𝒑 = 𝒑𝒑∞ − 𝒑𝒑𝒗𝒗 𝑽𝑽 = 𝒑𝒑∞ − 𝒑𝒑𝒗𝒗
𝟒𝟒
𝟑𝟑
𝝅𝝅𝑹𝑹𝟑𝟑

• Kinetic Energy: 

𝑬𝑬𝒌𝒌 = �
𝑹𝑹

∞ 𝟏𝟏
𝟐𝟐
𝝆𝝆𝒖𝒖𝒓𝒓𝟐𝟐 𝟒𝟒𝟒𝟒𝒓𝒓𝟐𝟐 𝒅𝒅𝒅𝒅 = �

𝑹𝑹

∞ 𝟏𝟏
𝟐𝟐
𝝆𝝆

𝑹𝑹𝟐𝟐

𝒓𝒓𝟐𝟐
𝑹̇𝑹

𝟐𝟐

𝟒𝟒𝟒𝟒𝒓𝒓𝟐𝟐 𝒅𝒅𝒅𝒅

𝑬𝑬𝒌𝒌 = 𝟐𝟐𝟐𝟐𝟐𝟐𝑹𝑹𝟒𝟒𝑹̇𝑹𝟐𝟐 �
𝑹𝑹

∞𝒅𝒅𝒅𝒅
𝒓𝒓𝟐𝟐

= 𝟐𝟐𝟐𝟐𝟐𝟐𝑹𝑹𝟑𝟑𝑹̇𝑹𝟐𝟐

 The conservation of the total energy (𝑬𝑬𝒑𝒑 + 𝑬𝑬𝒌𝒌) leads to Rayleigh equation: 

⇒
𝒅𝒅
𝒅𝒅𝒅𝒅

𝑬𝑬𝒑𝒑 + 𝑬𝑬𝒌𝒌 = 𝟎𝟎 ⇒ ⋯ ⇒ 𝑹𝑹𝑹̈𝑹 +
𝟑𝟑
𝟐𝟐
𝑹̇𝑹𝟐𝟐 = −

𝒑𝒑∞ − 𝒑𝒑𝒗𝒗
𝝆𝝆

Rayleigh Model
Collapse of empty bubble or bubble filled with vapour only
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1st integration or Rayleigh equation  Velocity of bubble interface

𝑹𝑹𝑹̈𝑹 +
𝟑𝟑
𝟐𝟐
𝑹̇𝑹𝟐𝟐 = −

𝒑𝒑∞ − 𝒑𝒑𝒗𝒗
𝝆𝝆

𝑹𝑹𝑹̈𝑹 +
𝟑𝟑
𝟐𝟐
𝑹̇𝑹𝟐𝟐 𝟐𝟐𝑹𝑹𝟐𝟐𝑹̇𝑹 = −

𝒑𝒑∞ − 𝒑𝒑𝒗𝒗
𝝆𝝆

𝟐𝟐𝑹𝑹𝟐𝟐𝑹̇𝑹

𝒅𝒅
𝒅𝒅𝒅𝒅

𝑹̇𝑹𝟐𝟐𝑹𝑹𝟑𝟑 = −
𝒑𝒑∞ − 𝒑𝒑𝒗𝒗

𝝆𝝆
𝟐𝟐𝑹𝑹𝟐𝟐𝑹̇𝑹 = −𝟐𝟐

𝒑𝒑∞ − 𝒑𝒑𝒗𝒗
𝝆𝝆

𝑹𝑹𝟐𝟐
𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅

𝒅𝒅 𝑹̇𝑹𝟐𝟐𝑹𝑹𝟑𝟑 = −𝟐𝟐
𝒑𝒑∞ − 𝒑𝒑𝒗𝒗

𝝆𝝆
𝑹𝑹𝟐𝟐𝒅𝒅𝒅𝒅

⟹ 𝑹̇𝑹 = −
𝟐𝟐
𝟑𝟑
𝒑𝒑∞ − 𝒑𝒑𝒗𝒗

𝝆𝝆
𝑹𝑹𝟎𝟎𝟑𝟑

𝑹𝑹𝟑𝟑
− 𝟏𝟏

Rayleigh Model
Collapse of empty bubble or bubble filled with vapour only

Integration from 𝑅𝑅0 to 𝑅𝑅
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2nd integration  Time of the bubble collapse, TR (Rayleigh Time): 

𝑹̇𝑹 = −
𝟐𝟐
𝟑𝟑
𝒑𝒑∞ − 𝒑𝒑𝒗𝒗

𝝆𝝆
𝑹𝑹𝟎𝟎𝟑𝟑

𝑹𝑹𝟑𝟑
− 𝟏𝟏 ⟹

−𝒅𝒅𝒅𝒅

𝟐𝟐
𝟑𝟑
𝒑𝒑∞ − 𝒑𝒑𝒗𝒗

𝝆𝝆
𝑹𝑹𝟎𝟎𝟑𝟑
𝑹𝑹𝟑𝟑 − 𝟏𝟏

= 𝒅𝒅𝒅𝒅

Integration from 𝑅𝑅 = 𝑅𝑅0 to 𝑅𝑅=0 : 

⟹ 𝑻𝑻𝑹𝑹 = −
𝟑𝟑
𝟐𝟐

𝝆𝝆
𝒑𝒑∞ − 𝒑𝒑𝒗𝒗

�
𝑹𝑹𝟎𝟎

𝟎𝟎 𝑹𝑹𝟎𝟎𝟑𝟑

𝑹𝑹𝟑𝟑
− 𝟏𝟏

−𝟏𝟏𝟐𝟐
𝒅𝒅𝒅𝒅 =

𝟑𝟑
𝟐𝟐

𝝆𝝆
𝒑𝒑∞ − 𝒑𝒑𝒗𝒗

�
𝟎𝟎

𝑹𝑹𝟎𝟎 𝑹𝑹𝟎𝟎𝟑𝟑

𝑹𝑹𝟑𝟑
− 𝟏𝟏

−𝟏𝟏𝟐𝟐
𝒅𝒅𝒅𝒅

Rayleigh Model
Collapse of empty bubble or bubble filled with vapour only
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2nd integration  Time of the bubble collapse, TR (Rayleigh Time)

Using a substitute variable 𝝀𝝀, defined as: 𝝀𝝀𝟐𝟐𝑹𝑹𝟎𝟎 = 𝑹𝑹 𝟐𝟐𝑹𝑹𝟎𝟎𝝀𝝀𝝀𝝀𝝀𝝀 = 𝒅𝒅𝒅𝒅, 
Leads to the expression of collapse time as requested in the Stokes problem,   

The integral may be determined, using Gamma functions or by a numerical computation

⟹ 𝑻𝑻𝑹𝑹 =
𝟔𝟔𝟔𝟔

𝒑𝒑∞ − 𝒑𝒑𝒗𝒗
𝑹𝑹𝟎𝟎 �

𝟎𝟎

𝟏𝟏 𝝀𝝀𝟒𝟒𝒅𝒅𝒅𝒅
𝟏𝟏 − 𝝀𝝀𝟔𝟔

𝑻𝑻𝑹𝑹 =
𝟔𝟔𝟔𝟔

𝒑𝒑∞ − 𝒑𝒑𝒗𝒗
𝑹𝑹𝟎𝟎

𝚪𝚪 𝟏𝟏𝟏𝟏
𝟔𝟔 𝚪𝚪 𝟏𝟏

𝟐𝟐

𝟓𝟓 𝚪𝚪 𝟒𝟒
𝟑𝟑

≈ 𝟎𝟎.𝟗𝟗𝟗𝟗𝟒𝟒𝟒𝟒𝟒𝟒 𝑹𝑹𝟎𝟎
𝝆𝝆

𝒑𝒑∞ − 𝒑𝒑𝒗𝒗

Rayleigh Model
Collapse of empty bubble or bubble filled with vapour only

𝑹𝑹𝟎𝟎

𝒑𝒑∞

Gamma function is the extension of the factorial function to complex numbers
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Note: We may also use other subsitute variables, such as: 

• 𝝀𝝀 = 𝑹𝑹𝟑𝟑/𝑹𝑹𝟎𝟎𝟑𝟑 ⇒ 𝒅𝒅𝑹𝑹 = 𝟏𝟏
𝟑𝟑
𝑹𝑹𝟎𝟎𝝀𝝀

𝟐𝟐
𝟑𝟑𝒅𝒅𝝀𝝀: 

Beta function: =

⟹ 𝑻𝑻𝑹𝑹 =
𝟑𝟑
𝟐𝟐

𝝆𝝆
𝒑𝒑∞ − 𝒑𝒑𝒗𝒗

�
𝟎𝟎

𝑹𝑹𝟎𝟎 𝑹𝑹𝟎𝟎𝟑𝟑

𝑹𝑹𝟑𝟑
− 𝟏𝟏

−𝟏𝟏𝟐𝟐
𝒅𝒅𝒅𝒅 =

𝟏𝟏
𝟔𝟔
𝑹𝑹𝟎𝟎

𝝆𝝆
𝒑𝒑∞ − 𝒑𝒑𝒗𝒗

�
𝟎𝟎

𝟏𝟏 𝒅𝒅𝒅𝒅

𝝀𝝀
𝟏𝟏
𝟔𝟔 𝟏𝟏 − 𝝀𝝀

⟹ 𝑻𝑻𝑹𝑹 =
𝟏𝟏
𝟔𝟔
𝑹𝑹𝟎𝟎

𝝆𝝆
𝒑𝒑∞ − 𝒑𝒑𝒗𝒗

𝚪𝚪 𝟓𝟓
𝟔𝟔 𝚪𝚪 𝟏𝟏

𝟐𝟐

𝚪𝚪 𝟒𝟒
𝟑𝟑

≈ 𝟎𝟎.𝟗𝟗𝟏𝟏𝟏𝟏𝟏𝟏𝟏𝟏 𝑹𝑹𝟎𝟎
𝝆𝝆

𝒑𝒑∞ − 𝒑𝒑𝒗𝒗

Rayleigh Model
Collapse of empty bubble or bubble filled with vapour only

Rayleigh Time 𝑻𝑻𝑹𝑹 is the time it takes to a spherical bubble, of initial radius 𝑅𝑅0, empty or 
filled with vapor only, to collapse in a liquid of density 𝜌𝜌 and a pressure 𝑝𝑝∞ > 𝑝𝑝𝒗𝒗

𝐵𝐵
5
6 ,

1
2
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• Now that we have established the collapse time, what about the 
evolution of the bubbe radius during the collapse event 𝑹𝑹 𝒕𝒕 ? 

• We may follow a similar approach by integrating the interface velocity
from 𝑹𝑹𝟎𝟎 to an arbitrary value of 𝑹𝑹: 

• It is not possible to derive 𝑹𝑹 𝒕𝒕 from this integral

 Alternative: Rayleigh equation may be solved numerically (See exercise)

Rayleigh Model
Collapse of empty bubble or bubble filled with vapour only

TO BE CONTINUED …

𝑹̇𝑹 = −
𝟐𝟐
𝟑𝟑
𝒑𝒑∞ − 𝒑𝒑𝒗𝒗

𝝆𝝆
𝑹𝑹𝟎𝟎𝟑𝟑

𝑹𝑹𝟑𝟑
− 𝟏𝟏 ⟹ 𝒕𝒕 = −

𝟑𝟑
𝟐𝟐

𝝆𝝆
𝒑𝒑∞ − 𝒑𝒑𝒗𝒗

�
𝑹𝑹𝟎𝟎

𝑹𝑹 𝑹𝑹𝟎𝟎𝟑𝟑

𝒙𝒙𝟑𝟑
− 𝟏𝟏

−𝟏𝟏𝟐𝟐
𝒅𝒅𝒙𝒙

𝑹𝑹𝑹̈𝑹 +
𝟑𝟑
𝟐𝟐 𝑹̇𝑹

𝟐𝟐 = −
𝒑𝒑∞ − 𝒑𝒑𝒗𝒗

𝝆𝝆
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• Interface velocity:

• The interface velocity is a function of the ratio 𝑹𝑹𝟎𝟎/𝑹𝑹 , not on 𝑹𝑹 !

• In the liquid domain:

 The liquid, initially at rest, is first accelerated to a maximum 
velocity then decelerated to zero at the end of the bubble collapse. 

𝑹̇𝑹 = 𝟐𝟐
𝟑𝟑
𝒑𝒑∞
𝝆𝝆

𝑹𝑹𝟎𝟎𝟑𝟑

𝑹𝑹𝟑𝟑
− 𝟏𝟏 lim

𝑹𝑹→𝟎𝟎
𝑹̇𝑹 = +∞

∀𝒓𝒓 > 𝑹𝑹 𝒖𝒖𝒓𝒓(𝒓𝒓, 𝒕𝒕) =
𝑹𝑹𝟐𝟐𝑹̇𝑹
𝒓𝒓𝟐𝟐 =

𝟐𝟐
𝟑𝟑
𝒑𝒑∞ − 𝒑𝒑𝒗𝒗

𝝆𝝆 𝑹𝑹𝑹𝑹𝟎𝟎𝟑𝟑 − 𝑹𝑹𝟒𝟒

𝒓𝒓𝟐𝟐

∀𝒓𝒓 > 𝑹𝑹 lim
𝑹𝑹→𝟎𝟎

(𝒖𝒖𝒓𝒓) = 𝟎𝟎 and 𝒖𝒖𝒓𝒓 𝒓𝒓,𝟎𝟎 = 𝟎𝟎

Properties of Rayleigh Equation
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• In the liquid domain:

• There must be a maximum value of liquid velocity: 

∀𝒓𝒓 ≥ 𝑹𝑹 𝒖𝒖𝒓𝒓(𝒓𝒓, 𝒕𝒕) =
𝑹𝑹𝟐𝟐𝑹̇𝑹
𝒓𝒓𝟐𝟐 =

𝟐𝟐
𝟑𝟑
𝒑𝒑∞ − 𝒑𝒑𝒗𝒗

𝝆𝝆 𝑹𝑹𝑹𝑹𝟎𝟎𝟑𝟑 − 𝑹𝑹𝟒𝟒

𝒓𝒓𝟐𝟐

→ 𝑾𝑾𝑾𝑾𝒎𝒎𝒎𝒎𝒎𝒎 𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆 𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔 𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕 𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆𝒆 𝒊𝒊𝒊𝒊 𝒕𝒕𝒕𝒕𝒕𝒕 𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍𝒍, 𝒕𝒕𝒕𝒕𝒕𝒕
𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗 𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓𝒓 𝒂𝒂𝒎𝒎𝒎𝒎𝒎𝒎𝒎𝒎𝒎𝒎𝒎𝒎𝒎𝒎 𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗 𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘 𝒕𝒕𝒕𝒕𝒕𝒕 𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃𝒃 𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗𝒗
𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔 𝒃𝒃𝒃𝒃 𝒂𝒂 𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇𝒇 𝒐𝒐𝒐𝒐 𝟒𝟒:

∀𝒓𝒓 ≥ 𝑹𝑹
𝝏𝝏𝒖𝒖𝒓𝒓
𝝏𝝏𝝏𝝏

= 𝟎𝟎 ⇔ 𝑹𝑹𝟑𝟑 =
𝑹𝑹𝟎𝟎𝟑𝟑

𝟒𝟒
⇔ 𝑹𝑹 =

𝑹𝑹𝟎𝟎
𝟑𝟑 𝟒𝟒

≈ 𝟎𝟎.𝟔𝟔𝟔𝟔𝑹𝑹𝟎𝟎

Properties of Rayleigh Equation
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0.6

0.8

1

1.2

0 0.2 0.4 0.6 0.8 1

Bubble Radius

Potential Enegy

Kinetic Enegy

Total Enegy

t/TR [-]

• Evolution of potential and kinetic energies during a bubble collapse
• As a function of non-dimensional time

Non-dimensional quantities

Properties of Rayleigh Equation

𝒕𝒕
𝑻𝑻𝑹𝑹

[−]

Bubble Radius 𝑹𝑹 𝒕𝒕
𝑻𝑻𝑹𝑹

Potential Energy

Kinetic Energy

Total Energy
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0
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0.8
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ur(r)/max(ur(r))

Potential Enegy

Kinetic Enegy

Total Enegy

R/R0 [-]

• Evolution of potential and kinetic energies during a bubble collapse
• As a function of bubble radius

Non-dimensional quantities

Properties of Rayleigh Equation

Velocity in an arbitrary 
fixed point in liquid phase𝒖𝒖𝒓𝒓(𝒓𝒓)/ max

𝒓𝒓>𝑹𝑹
(𝒖𝒖𝒓𝒓)

Potential Energy

Kinetic Energy

Total Energy

𝑹𝑹
𝑹𝑹𝟎𝟎

[−]
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0

0.2

0.4

0.6

0.8
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1.2

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

ur(r)/max(ur(r))
Potential Enegy
Kinetic Enegy
Total Enegy

(R/R0)3 [-]

• Evolution of potential and kinetic energies during a bubble collapse
• As a function of bubble Volume

Non-dimensional quantities

Velocity in an arbitrary 
fixed point in liquid phase

Properties of Rayleigh Equation

𝒖𝒖𝒓𝒓(𝒓𝒓)/ max
𝒓𝒓>𝑹𝑹

(𝒖𝒖𝒓𝒓)

Potential Energy

Kinetic Energy

Total Energy

𝑹𝑹𝟑𝟑

𝑹𝑹𝟎𝟎𝟑𝟑
[−]
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 Compressibility hypothesis questionable ?

�
𝑅𝑅0 = 1 𝑐𝑐𝑐𝑐
𝑝𝑝∞ = 105 𝑃𝑃𝑃𝑃
𝑝𝑝𝑣𝑣 = 2400 𝑃𝑃𝑃𝑃

→ 𝑇𝑇𝑅𝑅 = 0.93 𝑚𝑚𝑚𝑚

0

500

1000

1500

2000

0 10 20 30 40

𝑹̇𝑹 [𝒎𝒎/𝒔𝒔]

𝑹𝑹𝟎𝟎
𝑹𝑹 [−]

𝑹̇𝑹 =
𝟐𝟐
𝟑𝟑
𝒑𝒑∞ − 𝒑𝒑𝒗𝒗

𝝆𝝆
𝑹𝑹𝟎𝟎𝟑𝟑

𝑹𝑹𝟑𝟑
− 𝟏𝟏

Evolution of interface radius and velocity during the bubble collapse: 

Properties of Rayleigh Equation

𝑹𝑹𝟎𝟎/𝑹𝑹 = 𝟐𝟐𝟐𝟐 ⟹ 𝑹̇𝑹 = 𝟕𝟕𝟕𝟕𝟕𝟕𝒎𝒎/𝒔𝒔

0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1

0 0.2 0.4 0.6 0.8 1 1.2

t/TR [-]

𝑹𝑹/𝑹𝑹𝟎𝟎[−]
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• Non-dimensional form of Rayleigh equation :
• Surface tension and viscosity terms neglected
• Constant driving pressure  (𝑝𝑝∞)

• Initial Conditions: 

• Non-dimensional variable : bubble radius 𝒓𝒓 and time 𝒕𝒕

Rayleigh Model: Analytical solutions

𝑹𝑹
𝒅𝒅𝟐𝟐𝑹𝑹
𝒅𝒅𝒕𝒕𝟐𝟐 +

𝟑𝟑
𝟐𝟐

𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅

𝟐𝟐

= −
𝒑𝒑∞ − 𝒑𝒑𝒗𝒗

𝝆𝝆

𝒕𝒕 = 𝟎𝟎 ⟹ 𝑹𝑹 = 𝑹𝑹𝟎𝟎 𝒂𝒂𝒂𝒂𝒂𝒂 𝑹̇𝑹 = 𝟎𝟎

𝒓𝒓 =
𝑹𝑹
𝑹𝑹𝟎𝟎

𝒕𝒕 =
𝒕𝒕
𝑻𝑻𝑹𝑹

𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘𝒘
𝑻𝑻𝑹𝑹 = 𝝃𝝃𝑹𝑹𝟎𝟎

𝝆𝝆
𝒑𝒑∞ − 𝒑𝒑𝒗𝒗

𝝃𝝃 = 𝟔𝟔�
𝟎𝟎

𝟏𝟏 𝝀𝝀𝟒𝟒𝒅𝒅𝒅𝒅
𝟏𝟏 − 𝝀𝝀𝟔𝟔

≈ 𝟎𝟎.𝟗𝟗𝟗𝟗𝟗𝟗
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• We may show (see exercise) that:

• Non-dimensional form of the interface velocity:   

Non-dimensional form of Rayleigh equation : 

⟹ 𝒓𝒓 𝒓̈𝒓 +
𝟑𝟑
𝟐𝟐
𝒓̇𝒓𝟐𝟐 + 𝝃𝝃𝟐𝟐 = 𝟎𝟎

𝒓̈𝒓 = −
𝝃𝝃𝟐𝟐

𝒓𝒓𝟒𝟒

Bubble Collapse due to a sudden increase of pressure

𝒕𝒕 = 𝟎𝟎 ⟹ 𝒓𝒓 = 𝟏𝟏 𝒂𝒂𝒂𝒂𝒂𝒂 𝒓̇𝒓 = 𝟎𝟎

𝒓̇𝒓 = − 𝟐𝟐
𝟑𝟑
𝝃𝝃𝟐𝟐 𝟏𝟏

𝒓𝒓𝟑𝟑
− 𝟏𝟏
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• Analytical solution of Rayleigh equation :

• First “fair” approximation1: 

1Reference: ”Analytical approximation for the collapse of an empty spherical bubble”, Obreschkow et. al, Phys. Rev. E, 2012

𝒓𝒓𝟎𝟎(𝒕𝒕) ≈ 𝟏𝟏 − 𝒕𝒕𝟐𝟐
𝟐𝟐
𝟓𝟓

Bubble Collapse due to a sudden increase of pressure
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• Analytical solution of Rayleigh equation:

• A better approximation1: 

𝒓𝒓∗(𝒕𝒕) ≈ 𝟏𝟏 − 𝒕𝒕𝟐𝟐
𝟐𝟐
𝟓𝟓 𝟏𝟏 + 𝒂𝒂𝟏𝟏𝑳𝑳𝑳𝑳𝟐𝟐.𝟐𝟐𝟐𝟐 𝒕𝒕𝟐𝟐

where 𝐿𝐿𝐿𝐿𝑠𝑠 𝑥𝑥 = ∑𝑞𝑞=1∞ 𝑞𝑞−𝑠𝑠𝑥𝑥−𝑞𝑞 is the 
polylogarithm (Jonquière’s functions)
and 𝑎𝑎1 is a constant (𝑎𝑎1 = −0.01832099)

1Reference: ”Analytical approximation for the collapse of an empty spherical bubble”, Obreschkow et. al, Phys. Rev. E, 2012

Bubble Collapse due to a sudden increase of pressure
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Exact solution of Rayleigh equation (Kudryashov et al. 2014)1: 

1N. A Kudryashov, D. I. Sinelshchikov, “Analytical solutions of the Rayleigh equation for empty and gas-filled bubble”, 
Journal of Physics A: Mathematical & Theoretical, 2014

F is the hypergeometric function defined, for all  𝒛𝒛 < 𝟏𝟏 by: 

Bubble Collapse due to a sudden increase of pressure

𝒕𝒕 =
𝟐𝟐
𝟑𝟑
𝟏𝟏
𝝃𝝃

𝟏𝟏
𝒓𝒓𝟑𝟑
− 𝟏𝟏

𝟏𝟏
𝟐𝟐
𝑭𝑭

𝟏𝟏
𝟐𝟐

,
𝟒𝟒
𝟑𝟑

;
𝟑𝟑
𝟐𝟐

;𝟏𝟏 −
𝟏𝟏
𝒓𝒓𝟑𝟑

𝐹𝐹(𝑎𝑎, 𝑏𝑏; 𝑐𝑐, 𝑧𝑧) = �
𝑛𝑛=0

∞
(𝑎𝑎)𝑛𝑛(𝑏𝑏)𝑛𝑛

(𝑐𝑐)𝑛𝑛
𝑧𝑧𝑛𝑛

𝑛𝑛!

(𝑎𝑎)0= (𝑏𝑏)0= (𝑐𝑐)0= 1 and 𝑓𝑓𝑓𝑓𝑓𝑓 𝑛𝑛 > 0 �
(𝑎𝑎)𝑛𝑛= 𝑎𝑎 𝑎𝑎 + 1 … 𝑎𝑎 + 𝑛𝑛 − 1
(𝑏𝑏)𝑛𝑛= 𝑏𝑏 𝑏𝑏 + 1 … 𝑏𝑏 + 𝑛𝑛 − 1
(𝑐𝑐)𝑛𝑛= 𝑐𝑐 𝑐𝑐 + 1 … 𝑐𝑐 + 𝑛𝑛 − 1

Nevertheless, since this exact solution is made of an infinite sum, it presents a limited 
advantage over a numerical solution (e.g. Runge-Kutta)
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• So far, we have only solved the problem of the collapse time. 

• We still need to find the instantaneous alteration of the 
pressure in the liquid phase during the bubble collapse ?

Bubble Collapse due to a sudden increase of pressure

TO BE CONTINUED …
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• Mass conservation (𝐝𝐝𝐝𝐝𝐝𝐝𝒖𝒖 = 𝟎𝟎) ⟹ 𝒖𝒖𝒓𝒓 = 𝑹̇𝑹 𝑹𝑹𝟐𝟐

𝒓𝒓𝟐𝟐
∀𝒓𝒓 ≥ 𝑹𝑹

• Momentum conservation in the liquid phase:

𝝏𝝏𝒖𝒖𝒓𝒓
𝝏𝝏𝝏𝝏 + 𝒖𝒖𝒓𝒓

𝝏𝝏𝒖𝒖𝒓𝒓
𝝏𝝏𝝏𝝏 = −

𝟏𝟏
𝝆𝝆
𝝏𝝏𝝏𝝏
𝝏𝝏𝝏𝝏

+ 𝝊𝝊
𝟏𝟏
𝒓𝒓𝟐𝟐

𝝏𝝏
𝝏𝝏𝝏𝝏 𝒓𝒓𝟐𝟐

𝝏𝝏𝒖𝒖𝒓𝒓
𝝏𝝏𝝏𝝏 − 𝟐𝟐

𝒖𝒖𝒓𝒓
𝒓𝒓𝟐𝟐 ∀𝒓𝒓 ≥ 𝑹𝑹

⟹
𝜕𝜕𝒖𝒖𝒓𝒓
𝜕𝜕𝜕𝜕

+ 𝒖𝒖𝒓𝒓
𝜕𝜕𝒖𝒖𝒓𝒓
𝜕𝜕𝜕𝜕

= −
𝟏𝟏
𝝆𝝆
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

Rayleigh Model: Pressure in the liquid phase

𝒖𝒖𝒓𝒓 =
𝑹𝑹𝟐𝟐

𝒓𝒓𝟐𝟐 𝑹̇𝑹 ⟹ 𝑹̈𝑹
𝑹𝑹𝟐𝟐

𝒓𝒓𝟐𝟐 + 𝟐𝟐𝑹̇𝑹𝟐𝟐
𝑹𝑹
𝒓𝒓𝟐𝟐 − 𝟐𝟐𝑹̇𝑹𝟐𝟐

𝑹𝑹𝟒𝟒

𝒓𝒓𝟓𝟓
= −

𝟏𝟏
𝝆𝝆
𝜕𝜕𝒑𝒑
𝜕𝜕𝒓𝒓
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Since we are interested on the pressure in the liquid, the momentum 
conservation equation is now integrated between 𝒓𝒓 𝐚𝐚𝐚𝐚𝐚𝐚 + ∞

𝒑𝒑∞ − 𝒑𝒑(𝒓𝒓, 𝒕𝒕)
𝝆𝝆 = −𝑹̈𝑹

𝑹𝑹𝟐𝟐

𝒓𝒓 + 𝟐𝟐𝑹̇𝑹𝟐𝟐
𝑹𝑹𝟒𝟒

𝟒𝟒𝒓𝒓𝟒𝟒 −
𝑹𝑹
𝒓𝒓

We suppose the bubble filled with vapor only and we neglect the surface 
tension and viscosity We can use the following relations, found earlier 
for the interface velocity and acceleration: 

⇒ 𝑹̇𝑹𝟐𝟐 =
𝟐𝟐
𝟑𝟑
𝒑𝒑∞ − 𝒑𝒑𝒗𝒗

𝝆𝝆
𝑹𝑹𝟎𝟎𝟑𝟑

𝑹𝑹𝟑𝟑 − 𝟏𝟏 𝑹̈𝑹 =
−𝟏𝟏
𝑹𝑹

𝒑𝒑∞ − 𝒑𝒑𝒗𝒗
𝝆𝝆

+
𝟑𝟑
𝟐𝟐 𝑹̇𝑹

𝟐𝟐

Pressure in the liquid phase during the bubble collapse

ur

r
Liquid

𝒑𝒑∞
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After replacing 𝑹̇𝑹 and  𝑹̈𝑹, the pressure everywhere in the liquid reads: 

𝒑𝒑 𝒓𝒓, 𝒕𝒕 − 𝒑𝒑∞
𝒑𝒑∞ − 𝒑𝒑𝒗𝒗

=
𝑹𝑹
𝟑𝟑𝟑𝟑

𝑹𝑹𝟎𝟎𝟑𝟑

𝑹𝑹𝟑𝟑
− 𝟒𝟒 −

𝑹𝑹𝟒𝟒

𝟑𝟑𝒓𝒓𝟒𝟒
𝑹𝑹𝟎𝟎𝟑𝟑

𝑹𝑹𝟑𝟑
− 𝟏𝟏

We verify that:    𝒑𝒑 𝑹𝑹, 𝒕𝒕 = 𝒑𝒑𝒗𝒗 𝒂𝒂𝒂𝒂𝒂𝒂 𝐥𝐥𝐥𝐥𝐥𝐥
𝒓𝒓→∞

𝒑𝒑 𝒓𝒓, 𝒕𝒕 = 𝒑𝒑∞ for 𝟎𝟎 ≤ 𝒕𝒕 ≤ 𝑻𝑻𝑹𝑹

How does the pressure evolve in space at a given bubble radius 𝑹𝑹 ? 

𝝏𝝏𝒑𝒑(𝒓𝒓, 𝒕𝒕)
𝝏𝝏𝒓𝒓

= 𝒑𝒑∞ − 𝒑𝒑𝒗𝒗 −
𝑹𝑹
𝟑𝟑𝒓𝒓𝟐𝟐

𝑹𝑹𝟎𝟎𝟑𝟑

𝑹𝑹𝟑𝟑
− 𝟒𝟒 +

𝟒𝟒
𝟑𝟑
𝑹𝑹𝟒𝟒

𝒓𝒓𝟓𝟓
𝑹𝑹𝟎𝟎𝟑𝟑

𝑹𝑹𝟑𝟑
− 𝟏𝟏

𝝏𝝏𝒑𝒑(𝒓𝒓, 𝒕𝒕)
𝝏𝝏𝒓𝒓

= 𝟎𝟎 ⇔ 𝒓𝒓𝟑𝟑 = 𝟒𝟒𝟒𝟒 �
𝑹𝑹𝟎𝟎𝟑𝟑

𝑹𝑹𝟑𝟑
− 𝟏𝟏

𝑹𝑹𝟎𝟎𝟑𝟑

𝑹𝑹𝟑𝟑
− 𝟒𝟒

𝜕𝜕𝑝𝑝(𝑟𝑟,𝑡𝑡)
𝜕𝜕𝑟𝑟

= 0 has a solution 𝑟𝑟 > 0 only if  𝑅𝑅03

𝑅𝑅3
− 4 >0

Pressure in the liquid phase during the bubble collapse
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• The pressure field evolves in 2 steps: 

• 1st step: 𝑹𝑹𝟎𝟎𝟑𝟑 𝟒𝟒
≤ 𝑹𝑹 ≤ 𝑹𝑹𝟎𝟎 ⇔ 𝑹𝑹𝟎𝟎

𝟑𝟑

𝟒𝟒
≤ 𝑹𝑹𝟑𝟑 ≤ 𝑹𝑹𝟎𝟎𝟑𝟑

In this case, 𝝏𝝏𝒑𝒑 𝒓𝒓
𝝏𝝏𝒓𝒓

> 𝟎𝟎 ∀𝒓𝒓 ≥ 𝑹𝑹, the pressure is a monotonic function, increasing 
from 𝒑𝒑𝒗𝒗 at 𝒓𝒓 = 𝑹𝑹 to 𝒑𝒑∞ for 𝒓𝒓 → ∞

• 2nd step: 𝟎𝟎 < 𝑹𝑹 < 𝑹𝑹𝟎𝟎
𝟑𝟑 𝟒𝟒

⇔ 𝟎𝟎 ≤ 𝑹𝑹𝟑𝟑 ≤ 𝑹𝑹𝟎𝟎
𝟑𝟑

𝟒𝟒

In this case, 𝝏𝝏𝒑𝒑(𝒓𝒓)
𝝏𝝏𝒓𝒓

vanishes at 𝒓𝒓 = 𝒓𝒓𝒎𝒎𝒎𝒎𝒎𝒎 and the pressure is maximum (𝒑𝒑𝒎𝒎𝒎𝒎𝒎𝒎)

𝒓𝒓𝒎𝒎𝒎𝒎𝒎𝒎 = 𝑹𝑹

𝑹𝑹𝟎𝟎𝟑𝟑
𝑹𝑹𝟑𝟑 − 𝟏𝟏

𝑹𝑹𝟎𝟎𝟑𝟑
𝟒𝟒𝑹𝑹𝟑𝟑 − 𝟏𝟏

𝟏𝟏
𝟑𝟑

𝒑𝒑𝒎𝒎𝒎𝒎𝒎𝒎 − 𝒑𝒑∞
𝒑𝒑∞ − 𝒑𝒑𝒗𝒗

=

𝑹𝑹𝟎𝟎𝟑𝟑
𝟒𝟒𝑹𝑹𝟑𝟑 − 𝟏𝟏

𝟒𝟒/𝟑𝟑

𝑹𝑹𝟎𝟎𝟑𝟑
𝑹𝑹𝟑𝟑 − 𝟏𝟏

𝟏𝟏/𝟑𝟑

 Interestingly, the pressure field starts exhibiting a maximum value at 𝒓𝒓 = 𝒓𝒓𝒎𝒎𝒎𝒎𝒎𝒎
when the bubble volume shrinks by a factor 4. This corresponds exactly to the
start of the decrease of the velocity everywhere in the liquid, as shown earlier.

Pressure in the liquid phase during the bubble collapse
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For 𝑹𝑹𝟎𝟎
𝑹𝑹

>> 1  , we obtain the following approximations for the pressure field: 

⇒
𝒑𝒑𝒎𝒎𝒎𝒎𝒎𝒎 − 𝒑𝒑∞
𝒑𝒑∞ − 𝒑𝒑𝒗𝒗

~
𝟏𝟏

𝟒𝟒𝟒𝟒/𝟑𝟑
𝑹𝑹𝟎𝟎
𝑹𝑹

𝟑𝟑

𝒓𝒓𝒎𝒎𝒎𝒎𝒎𝒎 ~ 𝟑𝟑 𝟒𝟒𝑹𝑹 ~ 𝟏𝟏.𝟓𝟓𝟓𝟓 𝑹𝑹

 As the bubble shrinks, the maximum pressure tends to occur on a sphere, which
is concentric with the bubble and has a volume 4 times larger than the bubble.

 The maximum pressure tends to infinity when 𝑹𝑹 → 𝟎𝟎 :

lim
𝑹𝑹→𝟎𝟎

𝒑𝒑𝒎𝒎𝒎𝒎𝒎𝒎 = +∞ ‼

Pressure in the liquid phase during the bubble collapse
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Pressure in the liquid phase during the bubble collapse

lim
𝑹𝑹→𝟎𝟎

𝒑𝒑𝒎𝒎𝒎𝒎𝒎𝒎 = +∞ ‼

Pressure increase hardly measurable because of (i) the fast 
character of the collapse and (ii) the lack on non-intrusive 
instrumentation

In reality, the increase of maximum pressure is limited by 
viscosity and surface tension as well as by the presence of 
non-condensable gas. 
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𝒑𝒑 𝒓𝒓 − 𝒑𝒑∞
𝒑𝒑∞ − 𝒑𝒑𝒗𝒗

=
𝑹𝑹
𝟑𝟑𝟑𝟑

𝑹𝑹𝟎𝟎𝟑𝟑

𝑹𝑹𝟑𝟑 − 𝟒𝟒 −
𝑹𝑹𝟒𝟒

𝟑𝟑𝒓𝒓𝟒𝟒
𝑹𝑹𝟎𝟎𝟑𝟑

𝑹𝑹𝟑𝟑 − 𝟏𝟏

∀𝒓𝒓 ≥ 𝑹𝑹 lim
𝒕𝒕→𝑻𝑻𝑹𝑹

𝒑𝒑(𝒓𝒓) = lim
𝑹𝑹→𝟎𝟎

𝒑𝒑(𝒓𝒓) = +∞

 Once the bubble has completely collapsed, the pressure everywhere in the 
liquid is infinite ! This is not true (hopefully). It is due to the singularity at 
the center of the bubble. 

Pressure in the liquid phase during the bubble collapse

The pressure field at the end of the bubble collapse: 
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• Hypotheses
• Bubble of initial radius R0, placed in infinite volume of a liquid at rest
• The bubble is filled with gas and vapour (pbubble=pg+pv)
• Only spherical deformation of the bubble is allowed

 The velocity of the liquid phase:    𝒖𝒖 = (𝒖𝒖𝒓𝒓,𝒖𝒖𝜽𝜽 = 𝟎𝟎, 𝒖𝒖𝝋𝝋 = 𝟎𝟎)
• The liquid is supposed Newtonian and incompressible
• We neglect the mass transfer across the bubble interface
• Phase transition is not taken into account 
• No gravity

Rayleigh-Plesset Model
Case of a bubble filled with vapour and non-condensable gas
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• Mass conservation in liquid phase (as for Rayleigh model): 
• Incompressible ⇒ 𝛁𝛁𝑼𝑼 = 𝟎𝟎

In spherical coordinates, the divergence reads: 

𝛁𝛁𝑼𝑼 =
𝟏𝟏
𝒓𝒓𝟐𝟐

𝝏𝝏
𝝏𝝏𝝏𝝏

𝒓𝒓𝟐𝟐𝒖𝒖𝒓𝒓 +
𝟏𝟏

𝒓𝒓 sin𝜽𝜽
𝝏𝝏
𝝏𝝏𝝏𝝏

𝒖𝒖𝜽𝜽 sin𝜽𝜽 +
𝟏𝟏

𝒓𝒓 sin𝜽𝜽
𝝏𝝏𝒖𝒖𝝓𝝓
𝝏𝝏𝝏𝝏

⇒
𝝏𝝏(𝒓𝒓𝟐𝟐𝒖𝒖𝒓𝒓)
𝝏𝝏𝝏𝝏

= 𝟎𝟎 ∀𝒓𝒓 ≥ 𝑹𝑹

⇒ 𝒖𝒖𝒓𝒓 =
𝑹𝑹𝟐𝟐𝑹̇𝑹
𝒓𝒓𝟐𝟐

∀𝒓𝒓 ≥ 𝑹𝑹

ur

r
Liquid

Rayleigh-Plesset Model
Case of a bubble filled with vapour and non-condensable gas



Cavitation & Interface Phenomena: Chap 2.2 6th & 8th Semester Fall 2024 EPFL - LMH - M. FarhatPage 48

As for Rayleigh model, the momentum conservation reads:

𝝏𝝏𝒖𝒖𝒓𝒓
𝝏𝝏𝝏𝝏 + 𝒖𝒖𝒓𝒓

𝝏𝝏𝒖𝒖𝒓𝒓
𝝏𝝏𝝏𝝏 = −

𝟏𝟏
𝝆𝝆
𝝏𝝏𝝏𝝏
𝝏𝝏𝝏𝝏 ∀𝒓𝒓 ≥ 𝑹𝑹

Integrating in space (from 𝒓𝒓 = 𝑹𝑹 to 𝒓𝒓 = ∞), we obtain: 

⟹ 𝑹𝑹𝑹̈𝑹 +
𝟑𝟑
𝟐𝟐 𝑹̇𝑹

𝟐𝟐 =
𝒑𝒑 𝑹𝑹 − 𝒑𝒑∞

𝝆𝝆

𝒑𝒑 𝑹𝑹 ? Here, we can relate the pressure in the liquid to the pressure 
in the bubble, using the equilibrium of normal stresses. 

Rayleigh-Plesset Model
Case of a bubble filled with vapour and non-condensable gas
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Balance of normal stresses at the bubble interface: 

Bubble
Liquid

Interface

Stress Tensor for a Newtonian 
and incompressible fluid: 

𝒑𝒑𝒃𝒃 −
𝟐𝟐𝟐𝟐
𝑹𝑹 + 𝝈𝝈𝒓𝒓𝒓𝒓 = 𝟎𝟎 ⟹ 𝒑𝒑𝒃𝒃 −

𝟐𝟐𝟐𝟐
𝑹𝑹 = 𝒑𝒑 𝑹𝑹 − 𝟐𝟐𝟐𝟐

𝝏𝝏𝒖𝒖𝒓𝒓
𝝏𝝏𝝏𝝏

𝒖𝒖𝒓𝒓 =
𝑹𝑹𝟐𝟐𝑹̇𝑹
𝒓𝒓𝟐𝟐 ⟹ 𝒑𝒑𝒃𝒃 −

𝟐𝟐𝟐𝟐
𝑹𝑹 = 𝒑𝒑 𝑹𝑹 + 𝟒𝟒𝟒𝟒

𝑹̇𝑹
𝑹𝑹

Rayleigh-Plesset Model
Case of a bubble filled with vapour and non-condensable gas

Note: The balance of normal stresses was not considered in the Rayleigh model (neglected)
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with

• Initial conditions: 
• Partial pressure of the non-condensable gas 𝒑𝒑𝒈𝒈 = 𝒑𝒑𝒈𝒈𝟎𝟎
• Pressure in the liquid : 𝒑𝒑∞𝟎𝟎
• Initial bubble radius: 𝑹𝑹𝟎𝟎

• Polytropic transformation of the gas: 

Rayleigh-Plesset Model
Case of a bubble filled with vapour and non-condensable gas
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• The momentum conservation leads to the Rayleigh-Plesset equation:

• This is a more general equation, which takes into account the non-
condensable gas, the surface tension and the liquid viscosity. 

• Small temporal variations and isothermal transformation of the gas (k=1)
 Static equilibrium (Blake Equation)

• The Rayleigh-Plesset equation may be solved numerically to compute the 
evolution of the bubble radius with time. 
• Using Runge-Kutta method (for example)

𝝆𝝆 𝑹𝑹𝑹̈𝑹 +
𝟑𝟑
𝟐𝟐 𝑹̇𝑹

𝟐𝟐 + 𝟒𝟒𝟒𝟒
𝑹̇𝑹
𝑹𝑹 = 𝒑𝒑∞𝟎𝟎 − 𝒑𝒑𝒗𝒗 +

𝟐𝟐𝟐𝟐
𝑹𝑹𝟎𝟎

𝑹𝑹𝟎𝟎
𝑹𝑹

𝟑𝟑𝟑𝟑

− 𝒑𝒑∞ + 𝒑𝒑𝒗𝒗 −
𝟐𝟐𝟐𝟐
𝑹𝑹

Rayleigh-Plesset Model
Case of a bubble filled with vapour and non-condensable gas
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Adiabatic hypothesis: 

Keller-Miksis model (beyond the scope of the course): 

Reference: J. B. Keller and M. Miksis, Journal of the Acoustical Society of America 68, 628 (1980).

0

3
max

g g
Rp p

R

γ
 =  
 

2( )(1 ) / (3 ) / 2
(1 )

g v gp p p v Rp c v R
R

v R
ρ

ρ
∞+ − + + − −

=
−

  



Rwhere v and c is the speed of sound in the liquid
c

c Rayleigh equation

=

→ ∞ ⇒




Keller-Miksis Model
Taking into account the effects of liquid compressibility
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In this Chapter (2.2), we have addressed the following models to 
investigate the dynamics of a spherical bubble in a still liquid: 

1. Rayleigh model: 
Spherical bubble (empty of filled with vapor only)
 Collapse time and pressure field
 Approximation and exact solutions

2. Rayleigh-Plesset model: 
Spherical bubble (filled with vapor and non condensable gas)

3. Keller-Miksis model: Compressibility effect 

SUMMARY of Chapter 2.2



Cavitation & Interface Phenomena: Chap 2.2 6th & 8th Semester Fall 2024 EPFL - LMH - M. FarhatPage 54

Solve the Rayleigh problem for the case of a cylindrical bubble: 

A cylindrical bubble of radius R and length 𝑳𝑳 (𝑳𝑳=1), filled with vapor
only, is placed in an infinite volume of a liquid (density 𝝆𝝆, pressure 𝒑𝒑∞)

Follow a similar method used for a spherical bubble to derive the 
collapse time. 

Exercise: Case of 2D bubble
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