
ME-459 - Formula Sheet
Heat pump systems

General definitions and relations:

E = KE + PE + U = m

(
w2

2
+ gz + u

)
dS =

δQ

T

∣∣∣∣
rev

H = U + PV

K = (H −H0) + T0(S − S0) +KE + PE

Ex = (E − E0) + p0(V − V0)− T0(S − S0)

dh = vdP + Tds

Tds = du+ Pdv

dh|p = cpdT

du|v = cvdT

x =
sx − s′

s′′ − s′
=

hx − h′

h′′ − h′

h0x = hx +
c2x
2

Mx = cx/ax

ηt−is =
Ẇ−

real

Ẇ−
is

=
h0,in − h0,out

h0,in − h0,out−is

ηk−is =
Ẇ+

is

Ẇ+
real

=
h0,out−is − h0,in

h0,out − h0,in

y = y1 +
(x− x1)

(x2 − x1)
(y2 − y1)

Relations valid for a perfect gas:

du = cvdT

dh = cpdT

cP = cv +R

Pv = RT

PV = mRT

(
T2

T1

)
=

(
P2

P1

) γ−1
γ

=

(
v1
v2

)γ−1

γ =
cp
cv

∆s = cp ln

(
Tfinal

Tinitial

)
−R ln

(
Pfinal

Pinitial

)
ax =

√
γRTx
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Thermodynamic balance equations for closed systems:

δW = −pdV

dE

dt
= Ẇ + Q̇

dU = δQ+ δW

dS

dt
=

Q̇

T
+ σ̇∮

δQ

T
= −σ

dEx

dt
=

(
1− T0

T

)
Q̇+ Ẇ + p0

dV

dt
− T0σ̇

Thermodynamic balance equations for open systems:

dmcv

dt
=

∑
in

ṁin −
∑
out

ṁout

dEcv

dt
= Ẇcv + Q̇cv +

∑
in

ṁin

(
h+

w2

2
+ gz

)
in

−
∑
out

ṁout

(
h+

w2

2
+ gz

)
out

dScv

dt
=

∑
j

Q̇j

Tj
+
∑
in

ṁinsin −
∑
out

ṁoutsout + σ̇cv

dExcv

dt
=

∑
j

(
1− T0

Tj

)
Q̇j + Ẇcv + p0

dVcv

dt
+

∑
in

ṁinkin −
∑
out

ṁoutkout − T0σ̇cv

Power cycles:

ηth =
Ẇ−

Q̇+
Hot

= 1−
Q̇−

Cold

Q̇+
Hot

ηCarnot = 1− Tcold

Thot

ηex =
ηth

ηCarnot

Heat pump cycles:

COPh =
q−h
e+

=
1

Θh
(1− l

e+
)

Θh = 1− Ta

Th

COPf =
q+f
e+

= − 1

Θf
(1− l

e+
)
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Θf = 1− Ta

Tf

COP =
qL
wc

ηex = 1− l

e+

e+ = q−h − q+f

e−qh = (1− Ta

Th
)q−h

e−qf = −(1− Ta

Tf
)q+f

η =
e−qf
e+

η =
e−qh
e+

Heat pump cycles: Exercise-Based Formula (Week 5 and 6)

ϵĖ+
x = ṁx∆hx

Q̇+
x (power − heat) =

∑
n=1

(ṁn ∗ (hn out − hn in)) +
∑
m=1

(ϵĖ−
m − ϵĖ+

m)

Q̇−
x (energetic losses (power − heat losses)) =

∑
n=1

(ṁn ∗ (hn in − hn out)) +
∑
m=1

(ϵĖ+
m − ϵĖ−

m)

Q̇−
x = (1− ϵx) ∗ Ė+

x

ϵ =
Q̇given∑
n=1 Ė

+
n

Ė−
qx(exergy heat) = −(1− Ta

Tx
) ∗ Q̇+

x

Ė−
qx(exergy heat given) = (1− Ta

Tx
) ∗ Q̇−

x

Ė+
x total(exergy power) =

∑
n=1

Ė+
n +

∑
m=1

Ė+
qm

kx = hx − TASx

ka−b = hb − ha − TACpln(
Tb

Ta
)

L̇x(exergetic losses) =
∑
n=1

(ṁn ∗ (kn in − kn out)) +
∑
m=1

(Ė+
m − Ė−

m)

η =
Ė−

qx

Ė+
x total
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Volumetric compressors:

V̇s =
ṁ

ρin

V̇st = Vst ∗ fc

ηV =
Vs

Vst
= ηV 1 · ηV 2 · ηV 3

ηV 1 =
p′1
p1

ηV 2 = 1− V0

Vst

[
Π

1
κ − 1

]
ηis = ηis−max · ηth

ηth =

κ

Πκ− 1

κ − 1


V κ−1
R − κ+ (κ− 1) · Π

VR

κ =
cp
cv

Π =
p2
p1

eis = Cp(T2is − T1)

Pel =
eis
ηis

· ṁ

Turbomachinery:

ns =
ω · V̇ 0.5

e0.75is

ds =
d4 · e0.25is

V̇ 0.5

ηc−is = cpT01

(
p02
p01

)(γ−1)/γ

− 1

U2cθ2 − U1cθ1

e+ = ∆w = U2cθ2 − U1cθ1 = h02 − h01

Ω =
rpm

60
2π

ηD =
h2s − h1

h2 − h1
=

c21 − c22s
c21 − c22

=
T2s/T1 − 1

T2/T1 − 1

ηp =
dhis

dh
=

vdp

cpdT
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ṁ = ρvA

rt = U2/Ω

Ẇact =
Ẇc

ηm
=

ṁ∆w

ηm

c =
(
c2θ + c2r

)1/2
cr =

ṁ

ρ2πrtb

tanβ =
Vr

Vθ

Ẇshaft = ṁω [r2V2θ − r1V1θ]

Heat transfer:

Q̇ = −kA∇T =
∆T

Rth−cond

Rth−cond =
L

kA

Rth−cond−cyl =
ln( r2r1 )

2πLk

Q̇ = hA(Ts − T∞) =
∆T

Rth−conv

Rth−cond =
1

hA

Rth−cond =
1

h2πrL

Re =
vx

ν

Nu =
hx

kf

Pr =
ν

α

α =
k

ρcp

Gr =
gβ∆Tx3

ν2

Q̇ = AϵσT 4

σ = 5.67 · 10−8[
W

m2K4
]

1 = ρ+ τ + α

ν =
µ

ρ

Q̇ = UA∆Tlm
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∆Tlm =
Th2 − Tc1 − Th1 + Tc2

lnTh2−Tc1

Th1−Tc2

UA =
1

Rtotal
=

∑ 1

R

Ejectors:

(
ṁs

ṁp

)
ideal

=
hp − h(p+1)s

h(s+1)s − hs

η =
(ṁs/ṁp)actual
(ṁs/ṁp)ideal

hdischarge =
ṁshs + ṁphp

ṁs + ṁp
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