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IPESE
Industrial Process and 

Energy Systems Engineering

MILP formulation

Objective function

The objective is to minimize the total annualized cost function:

TOTEX = OPEX + CAPEX + ENVEX [CHF/year] (1)

where:

• Annual operating cost:

OPEX =

Z top

0

RX

r

cr(t)ṁr(t)dt+

UX

u

cuSu +

Z top

0
c+e (t)Ė

+
(t)dt�

Z top

0
c�e (t)Ė

�
(t)dt (2)

⇡
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u Su +
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t
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+
t �tt �

TX

t

c�e,tĖ
�
t �tt [CHF/year] (3)

• Annualized investment cost:

CAPEX =
1

⌧

UX

u

I(su) ⇡ 1

⌧

UX

u

⇣
cinv1u yu + cinv2u su

⌘
[CHF/year] (4)

• Annual cost related to emissions:

ENVEX = cco2
TX

t

h
ṁco2,t�tt + kco2,t

⇣
Ė
+
t � Ė

�
t

⌘
�tt
i

[CHF/year] (5)
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Technology constraints and modeling equations

• Inequality constraints 8t 2 T , 8u 2 U

fmin
u yu  fu  fmax

u yu (6)

fmin
u yu,t  fu,t  fmax

u yu,t (7)

fu,t  fu (8)

• Modeling equations
example: heat pump
u = heat pump

ė+u =
q̇�u

COP
(9)

COP =

 
T̃sink

T̃sink � T̃source

!
⌘carnot with ⌘carnot ⇡ 0.55 (10)

The heat pump COP can be calculated as a function of the temperature at each time step t and
distribution system d considered:
u = heat pump, 8t 2 T , 8d 2 D

ė+u,d,t =
q̇�u,d,t
COP

(11)

COPd,t =

 
T̃sink
d,t

T̃sink
d,t � T̃source

d,t

!
⌘carnot (12)

Energy and mass balances

• Heat distribution 8t 2 T , 8d 2 D with Td+1,t � Td,t

UX

u

q̇u,dfu,t � Q̇d,t = ? (13)

Q̇
res
d+1,t + Q̇d,t �

BX

b

Q̇b,d,t = Q̇
res
d�1,t (14)

Q̇d,t = ṁd,tcpd(T
s
d,t � Tr

d,t) (15)

Q̇
res
0,t = ?, Q̇

res
nd+1,t = ? (16)

Q̇
res
d,t � ? (17)
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• Electricity balance 8t 2 T

Ė
+
t � Ė

�
t +

UX

u

fu,tė
�
u �

UX

u

fu,tė
+
u �

BX

b

Ėb,t = ? (18)

• Resource and material balance 8t 2 T , 8r 2 R

ṁr,t =

UX

u

fu,tṁr,u (19)

example: emissions of CO2 8t 2 T , r = co2

ṁ
�
co2,t =

UX

u

fu,tṁco2,u (20)

The goal is to calculate the set of variables fu,t, yu,t, fu, yu, Ė
�
t , Ė

+
t , ṁr,t, Q̇d,t, Q̇

res
d,t that minimizes

the objective TOTEX.

3



Index and set Description

t 2 T Time T = {t1 ... tnt}
u 2 U Utility U = {boiler, heat pump, refrigeration, ...}
r 2 R Resource R = {hydrogen, natural gas, chocolate, ...}
d 2 D Distribution system D = {d1 ... dnd}
b 2 B Building B = {b1 ... bnb}
Parameter Description

top Total operating time per year [h/year]
�tt Duration of time interval t [h]
cr,t Specific cost of resource r at time t [CHF/kg]
c+e,t Price for purchased electricity at time t [CHF/kWh]
c�e,t Price for sold electricity at time t [CHF/kWh]
cinv1u Fixed investment cost of utility u [CHF]
cinv2u Variable investment cost of utility u [CHF/size]
cmt
u Maintenance specific cost of utility per yea u [CHF/size/year]
1
⌧

Annualization factor of investment [1/year]
fmin
u Minimum sizing factor of utility u [-]

fmax
u Maximum sizing factor of utility u [-]

kco2,t CO2 equivalent emissions of the grid at time t [tonco2 /kWh]
ṁr,u Reference mass flow of resource r in utility u [kg/s]
q̇�u Reference heat load produced by utility u [kW]
q̇+u Reference heat load consumed by utility u [kW]
ė�u Reference electrical power produced by utility u [kW]
ė+u Reference electrical power consumed by utility u [kW]
Td,t Logarithmic mean temperature of the distribution system d at time t [K]
Ts
d,t Supply temperature of the distribution system d at time t [K]

Tr
d,t Return temperature of the distribution system d at time t [K]

ṁd,t Mass flow in the distribution system d [kg/s]
cpd Heat capacity of the fluid in the distribution system d [kJ/K/kg]
q̇u,d Reference heat load of utility u fed in the distribution system d [kW]
Q̇b,d,t Heat load demand of building b at time t in the distribution system d [kW]
Ėb,t Electricity consumption of building b at time t [kW]
COP Coefficient Of Performance of the heat pump [-]
T̃sink Logarithmic mean temperature of the heat sink of the heat pump [K]
T̃source Logarithmic mean temperature of the heat source of the heat pump [K]
⌘carnot Carnot efficiency [-]

Variable Description

fu Sizing factor of utility u [-]
fu,t Sizing factor of utility u at time t [-]
yu Binary variable to use or not utility u [-]
yu,t Binary variable to use or not utility u at time t [-]
Ė
+
t Purchased electrical power at time t [kW]

Ė
�
t Sold electrical power at time t [kW]

ṁr,t Mass flow of resource r at time t [kg/s]
Q̇d,t Total utility heat load at time t in the distribution system d [kW]
Q̇
res
d,t Heat load cascaded from distribution system d to d+ 1 at time t [kW]
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