MPC exam 2017 June 22, 2017

Problem 1.
/25

When there are multiple choices in the following, select all statements that are true.

1. Consider the system x™ = 2x + 1 + u subject to the constraints u < 0. Which of the
following sets are control invariant?

O {0.1,2}

O {xllIxl <1}
O {x|x <0}
O {x|x=0}
OR

2. Consider the system x* = 4x + 5 + u subject to the constraints |u| <5 and |x| < 1.
i) What is the pre-set of the set Q = {x|a < x < (§}?
Ola-106  OlaB+5] Ojla-108  Ojla-8  OR

i) What is the maximum control invariant set?

Ol-11] O zl-1.1] O O[-1.0] OR
3. Consider the following standard MPC problem which generates the control law my(x)

N—1
JnC) =min Y i(xi, u)

=0
s.t. X1 = Axi + Bu;
(X,', U,') e X xU
XN = 0

i) Assume for all of the following cases that the state x is feasible and non-zero and mark
the correct statements.

O ) < Iy (x)

O J_1(x) < Iy(Ax 4+ Bry(x))

O Jy_1(x) > I (Ax + Bry—1(x))

O Jy(Ax+ Bry-1(x)) = Jy_1(x)

O Iy_1(Ax+ Brn(x)) = Jy(x) — I(x, mn(x))
O Jy_1(Ax+ Bry(x)) < Iy(x) = I(x, mn(x))
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i) Let {z"(x)} be the closed-loop sequence generated by the dynamic system z* =
Az + Bmry(z) starting at state x, and the function Jy(x) = 352, (2N (x), mn (2N (%))
be the resulting closed-loop cost. Mark all statements that are correct for all feasible,
non-zero x

O In(x) < I (x)

O In(x) < In—a(x)

O In(x) = In-1(x)

O lIMyseo In(X) = lIMpyso0 In—1(X)
O liMyseo In(X) > lIMyso0 In—1(X)
O liMyso In(x) < limyae In—1(x)

i) If the state x is feasible for the MPC problem above and the controller 7y (x) is applied,
then the closed-loop system will arrive at the origin in exactly N steps.

(O True (O False

4. Consider the following parametric optimization problem:

J(x,y) =min —4x? + xuy + uf + yuyus + 3+ xud
u

|l Juro-n ()] <rri 70

(Mark all correct statements)

i) The feasible set of this problem is convex for

(O any xory

(O noxory

(O x>0and any y
O x=0andy=2/3
O x>-1landy=0

i) The problem is convex for

(O any xory

(O noxory

(O x>0andany y
O x=0andy=2/3
O x>-landy=0

Hint: A 2x2 symmetric matrix A is positive semidefinite if and only if det A > 0 and
traceA>0
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5. Mark all invariant sets of the system x* = x? contained within the constraint set
X = {xllIxl <2}
O {xl-1<x<1}
O X
O {xlosx<1}
O {0}
O {1}
O {-1.01}
O {-1}

6. If X is an invariant set for the system x™ = f(x), then aX is too. Mark all conditions
under which this statement is true.
(O fislinear, a >0
O fislinear, x <0
(O f is smooth
(O Always false

O a>0
O a=0

7. T and Q are invariant sets for the system x* = f(x). Mark the correct statements.
O T NQ is invariant

O T UQ is invariant

8. Give an example of a system that benefits from using soft state constraints.

9. Give an example of a system that benefits from using soft input constraints.
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10.

11.

12.

13.

Consider the following optimization problem, which has a local optimizer at x = x*

min ¢’ x

st. x Qx+q'x>1
Which conditions guarantee that x* is also a global minimum?

O Q positive definite
(O @ positive semi-definite
(O Q negative semi-definite

O c>0
O ag>0

Suppose that Y is a robust control invariant set for the system xt = Ax + Bu + w
subject to the state and input constraints X and U and the noise w € W. For which
of the following scenarios is Y still a robust invariant set for the resulting system?

(O Disturbance set changes to 2W

(O Disturbance set changes to 0.5W/

(O Input constraint set changes to 2U

(O Input constraint set changes to U + 1

(O State constraint set changes to —X

Let xp be a state in the maximum control invariant set Co, for the system x* = f(x, u)
under the constraints (x, u) € X x U. Is it possible that there exists a controller k(x)
such that the 3-step sequence {xp, x1, %2} is in X and {k(xp), k(x1)} is in U, where
x1 = f(x0, K(x0)) and xo = f(x1, K(x1))?

O Yes (O No

A controller is called static if its output depends only on its input, and not on an internal
state. Which of the controllers studied in class are static?

(O Nominal MPC regulation
(O Offset-free MPC

(O Tube-MPC

(O Open-loop robust MPC
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14. Consider the system x* = Ax + u+ w subject to the constraints |x|| < 1 and |jul| < 1
. 1 0 . .
and a bounded disturbance w, ||w| <0.1. If A= [1 1 2} what is the set of feasible

states of an open-loop robust MPC problem as the horizon goes to infinity?

O

(O It won't converge

O R”
(O Acircle

15. If Y is a robust control invariant set for the system x* = f(x, u) + w subject to the
constraints (x,u) € X x U and w € W, is Y also a control invariant set for the system

xt = f(x,u)?

O Yes (O No
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Problem 2.
/15

Consider the finite-horizon optimal control problem
N
V5 (X0) = min Z I(xj, uj) st. xi1=2x +uj
i=0
where the stage cost is

I, u) = @T ()

and let ky(x) be the resulting MPC controller.

1. Give the bellman recursion for this problem.

2. Compute the smallest horizon N° such that the closed-loop system xT = Ax+ Bk peo(x)
is asymptotically stable.

3. Suppose now that the system is subject to input constraints u € U and consider the
MPC controller below

N
min Z I1(x;, ui) + Vive (Xn)

i=0
s.t. Xjip1 = 2x; + u;
upe U

Will the closed-loop system x™ = 2x + u*(x) be asymptotically stable, where u*(x) is
the optimal solution of the above MPC problem? Why, or why not?
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Problem 3.

. Consider the dynamic system x* = [

/15

05 05 X
05 —-0.5

Show that the set E = {x|x'x < 1} is invariant
Give a Lyapunov function for this system

. Consider the MPC controller u*(x) defined by the following optimization problem

N-1
min > [1x[1? + u? + Vi (xw)
i=0
s.t. Xip1 = AX,‘ + BU,‘
-1 S uj S 1
xy € Xr

State conditions on Vf and Xr such that the MPC controller is recursively feasible and
invariant and the closed-loop system x™ = Ax + Bu*(x) is asymptotically stable.

Give a non-trivial set X¢ (i.e., not {0}) and non-zero function V; that satisfy your
conditions for the following system
25 35 1
A= [4.5 5.5} 5= [2}
Hint : Helpful relation
4 6
/ > /
13x'x > x [6 9]x Vx
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Problem 4.
/15
Consider the dynamic system
xt = Ax + Bu )
y=Cx

subject to input constraint U, which is non-empty and contains the origin, and the following
MPC formulation

N—1
J(x,r)=min Z I(xi — Xs, uj — us) + Ve(xy — Xs) (2)
X,u,Y,Xs,Us —o0
s.t. X1 =Axi+Bu; i=0,..., N—1

upeu i=0,....,.N—1
XNy — Xs € Xr
Xs = Axs + Bus

r=Cxs
us € U
Xo =X

Denote the MPC control law resulting from the above optimization problem as m(x, r).

1. Give conditions on the reference r, the stage cost /, the terminal cost V4, the terminal
set Xr and the system dynamics A, B, C such that the output of the closed-loop system
xt = Ax + Bw(x, r), asymptotically converges to the reference r without violating the
system constraints; lim; o, ¥j = r and w(x;, r) € U, Vi.

2. Sketch a proof showing that the system converges for a given constant r under the
conditions given in the previous question.

3. Propose a modification to (2), so that the following conditions are met:

e If a feasible solution exists for (x,0) in your controller, then for all r a feasible
solution exists for (x, r)

e If the closed-loop system converges to the reference without violating constraints
for controller (2), then it does for your controller too.

10
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Problem 5.

Consider the following parametric LCP

W—|: ! O]Z—Qx—i—q

-1 1
w,z>0
wlz=0

1. Give the complementarity cones for this problem and sketch them.

12

/15




MPC exam 2017 June 22, 2017

2. Sketch the solution w(x) and z(x) for Q = (é) and g = <(1J)

w1 (x)

wa(x)

71(x)

Z2(x)

13



MPC exam 2017 June 22, 2017

14



MPC exam 2017 June 22, 2017

Problem 6.
/15

Consider the following nonlinear discrete-time dynamic system
+_ 1 3, 1
xXT=—-(x=1 "4+ -+u:="f(xu)
6 6
subject to the state and input constraints X = {x||x| <1/2} and U = {u||u| < 1}.
Your goal is to design a robust linear MPC controller for this system to regulate it to the

origin.

1. Find values a and b by linearizing the system around the origin and the smallest w such
that the evolution of the following uncertain linear dynamic system contains that of the
nonlinear system above within the set X.

xT =ax+bu+w weWw=w-[-1,1] (3)

a=_ b=__ W =
Hint: Ensure that Vx € X 3w € W such that ax + bu+ w = f(x, u)

2. Compute the maximum robust invariant set X for the system (3) within the constraint
set X for the control law v = 0. Use the value w = 0.2 for this question.

Xf =

3. Fill in the blanks in the following set so that any controller u(x) € C(x) will ensure
robust constraint satisfaction for system (3). Use the value w = 0.2 for this question.

o
75

C(x) =< up |3

IN
IN

Hint: a[-1,1]© b[~1,1] = (a— b)[-1,1] fora> b >0

4. Will the dynamic system x* = f(x, u*(x)) satisfy the constraints x € X and v € U
where u*(x) be the robust MPC controller defined above? Explain your answer.

(O Yes
O No

(O Not enough information

15
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