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This is a closed book examination. No extra papers, calculators, books etc. are permitted for use during the
exam. Answer the questions in the space provided. Please ensure you show all your work and your answers are
legible. Keep your answers to the point. When appropriate, include sufficient information to indicate reasoning.
This will allow us to give you partial credit, even if you do not answer the question completely. If you need
additional space, continue on the back of the page. You have 3 hours to complete the exam. Good Luck!
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1. Are the following statements true or false? No credit will be given if the answer is not justified based on
rigorous thermodynamic arguments.

(a) (3 points) The volume of a system is held constant in a reversible process. The work done on the
system by the environment is zero.
⃝ True ⃝ False

(b) (3 points) Heat transfer from a system at a high temperature to a system at a lower temperature can
only be achieved through an irreversible process.
⃝ True ⃝ False

(c) (3 points) During the adiabatic expansion of a material, the temperature of the material must decrease.
⃝ True ⃝ False

(d) (2 points) Enthalpy is a conserved quantity ⃝ True ⃝ False

(e) (9 points) Consider the characteristic potential, denoted Λ, of a pure element that has as its natural
variables, µ, S and p. Here, µ is the chemical potential of the element, S is the entropy, and p is the
pressure. Sketch Λ as a function of its natural variables in the below plots. Provide a thermodynamic
reason for the shapes of each of your schematic curves.

An extra figure is below should you need to make some corrections:
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2. The Helmholtz free energy per atom of a system is given by:

F = U − TS =
∑
ij

v0Aij(ϵij −
1

2
)2 (1)

where v0 is the volume per atom of the system, Aij is a constant, ϵij is the strain of the system relative to a
reference state, and ij refers to the components of the strain tensor. The above relation holds at constant
temperature. You can assume that the temperature is held to be a constant for the following questions.

(a) (5 points) Compute a relationship between stress (σij) and strain (ϵij) for this system.

(b) (2 points) Does the material follow Hooke’s law?

(c) (3 points) Compute the elasticity (also called the stiffness) tensor for this system

(d) (5 points) Compute the value of strain that is attained by the system if it is allowed to equilibrate against
an environment where all the stresses are zero.
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3. Consider a hypothetical universe that is entirely made of a single element called universium. This element
is found to occur in one of three possible phases: α, β, γ. The internal energies of these phases are:

Uα = AS +BV (2)

Uβ =
A

2
S +

B

2
V (3)

Uγ = 2AS + 2BV (4)

where Uα, Uβ, Uγ are the internal energies of α, β, and γ respectively, S and V are the entropy and volume.
B is a positive constant and A is another constant.

The universe is initially prepared, such that all the universium is in the α phase and has an initial entropy
and volume of S0, V0.

(a) (3 points) What is the sign of A? Justify your answer based on a rigorous thermodynamic argument.

(b) (5 points) After the universe attains equilibrium, what phases of universium can be found in the uni-
verse?

(c) (10 points) Compute all state variables (S,U, p, T, V ) of the universe after it reaches equilibrium. Ex-
press all your answers in terms of S0, V0, A,B.

(d) (2 points) Did the temperature of the universe at equilibrium increase or decrease as compared with its
initial temperature?
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4. The Otto cycle is a convenient approximation to the operation of a gasoline engine. An ideal gas is first
compressed adiabatically from an initial volume of V0 to V1. It is then heated at constant volume. In the third
step of the cycle, the ideal gas is expanded adiabatically to a volume of V0. Finally the ideal gas is cooled at
constant volume back to its initial state. All steps of the Otto cycle are performed reversibly.

(a) (6 points) Sketch the various steps of the Otto cycle on the S − V and T − S graphs provided below.
Clearly label the four states of the ideal gas as 1, 2, 3, and 4. Where 1 is the initial state of the ideal
gas.

(b) (9 points) Show that the efficiency of the Otto cycle is given by:

ηOtto = 1−
(
V1

V0

)Cp−Cv
Cv

(5)

Cp and CV are the constant pressure and constant volume heat capacities of an ideal gas. Both heat
capacities are constant and independent of temperature. For an ideal gas, along an adiabatic path, pV γ =
constant, where γ =

Cp

CV

An extra figure is included below should you need to make some corrections:
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5. (15 points) You are asked to explore whether a material that is under an applied hydrostatic stress can be
used to cool its environment. The idea would be to place the material in an environment where it is subject
to a hydrostatic stress given by p. When cooling is required, the applied stress would be suddenly removed.
The hope is that the resultant relaxation of the total volume would be accompanied by an absorption of heat.

Derive an expression for the amount of heat absorbed by the material at constant temperature after an initial
pressure with value p1 is suddenly removed. The temperature T of the material is less than Tc

The following relationships between thermodynamic state variables, and response functions are known for
the material:

V (T, p) = A(TC − T )
1
2 + χp2 (6)

where V , p and T are the volume, pressure and temperature of the material, A,χ, and TC are constants.
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6. (15 points) The enthalpy of a material is found to be H = CT , where C is a positive constant with units J/K.
The material is cooled from a high temperature (TH ) to a low temperature (TL) by operating a refrigerator that
releases its heat to a thermal reservoir at TH and absorbs heat from the material during the low temperature
heat absorption. The refrigerator operates in a cycle, and work is done on the refrigerator during the course
of the cycle. What is the minimum work that must be performed on the refrigerator to cool the material from
TH to TL?
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