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 Heat Conduction

 Introduction to Convection

 Forced Convection

 External Forced Convection

 Internal Forced Convection



Transport Laws
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Newton’s LawFourier’s Law

𝒒𝒒𝒒 = −𝒌𝒌
𝒅𝒅𝒅𝒅
𝒅𝒅𝒅𝒅

𝒒𝒒𝒒 = �𝒉𝒉 (𝑻𝑻𝒔𝒔 − 𝑻𝑻∞)

Conduction Convection

Initially it was only a 
boundary condition and 
𝒉𝒉 was given, now we 
want to calculate it.



Introduction to Convection
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Convection refers to the heat transfer between a solid and a fluid in motion when they are at different temperatures.

1. Forced 
Convection 2. Natural (Free) 

Convection

3. Boiling 4. Condensation

We impose the velocity/ 
temperature of the fluid



Forced Convection
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Convection refers to the heat transfer between a solid and a fluid in motion when they are at different temperatures.

FLUID DYNAMICS HEAT TRANSFER
Mass conservation → Continuity equation 
Momentum conservation → Navier-Stokes equations

Energy conservation → 1st Law of Thermodynamics

Velocity profile: 𝒖𝒖(𝒙𝒙,𝒚𝒚)

Temperature profile: 𝑻𝑻(𝒙𝒙,𝒚𝒚)

Heat transfer includes advection!

Flow condition (Laminar/turbulent) → 𝑹𝑹𝑹𝑹 Boundary Conditions (Heat flux/Temperature)
𝑷𝑷𝑷𝑷

• Shear stress 𝜏𝜏𝑤𝑤
• Friction coefficient 𝐶𝐶𝑓𝑓
• Friction factor 𝑓𝑓

Forced convection occurs when we can impose the initial velocity (or mass flow rate) and temperature of the fluid.  



Forced Convection – Boundary Layer Equations
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ℎ =
−𝑘𝑘𝑓𝑓 �𝝏𝝏𝑻𝑻

𝝏𝝏𝒚𝒚 𝑦𝑦=0

(𝑇𝑇𝑠𝑠 − 𝑇𝑇∞)𝑻𝑻𝒔𝒔

𝑻𝑻∞
𝑻𝑻𝒔𝒔 > 𝑻𝑻∞

 Conservation of mass

 Conservation of momentum

 Conservation of energy

𝑢𝑢
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝑣𝑣

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = −

1
𝜌𝜌
𝜕𝜕𝑝𝑝
𝜕𝜕𝑥𝑥 + ν

𝜕𝜕2𝑢𝑢
𝜕𝜕𝑦𝑦2

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 +

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = 0

𝑢𝑢
𝜕𝜕𝑇𝑇
𝜕𝜕𝑥𝑥 + 𝑣𝑣

𝜕𝜕𝑇𝑇
𝜕𝜕𝜕𝜕 = 𝛼𝛼

𝜕𝜕2𝑇𝑇
𝜕𝜕𝑦𝑦2

Velocity boundary layer

Thermal boundary layer

The geometry and flow characteristics 
are critical for convective heat transfer



Forced Convection
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Convection refers to the heat transfer between a solid and a fluid in motion when they are at different temperatures.

FLUID DYNAMICS HEAT TRANSFER
Mass conservation → Continuity equation 
Momentum conservation → Navier-Stokes equations

Energy conservation → 1st Law of Thermodynamics

Velocity profile: 𝒖𝒖(𝒙𝒙,𝒚𝒚)

Temperature profile: 𝑻𝑻(𝒙𝒙,𝒚𝒚)

Heat transfer includes advection!

Flow condition (Laminar/turbulent) → 𝑹𝑹𝑹𝑹 Boundary Conditions (Heat flux/Temperature)
𝑷𝑷𝑷𝑷

𝑄𝑄𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 𝑄𝑄𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐,𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤

Transport Laws (Newton/Fourier)

ℎ(𝑇𝑇𝑠𝑠 − 𝑇𝑇∞) = −𝑘𝑘𝑓𝑓 �
𝝏𝝏𝑻𝑻
𝝏𝝏𝒚𝒚 𝑦𝑦=0

No slip condition 𝑢𝑢 𝑥𝑥, 0 = 0

𝑵𝑵𝑵𝑵

• Shear stress 𝜏𝜏𝑤𝑤
• Friction coefficient 𝐶𝐶𝑓𝑓
• Friction factor 𝑓𝑓

Forced convection occurs when we can impose the initial velocity (or mass flow rate) and temperature of the fluid.  



Forced Convection -
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1. Forced 
Convection

1. External Forced Convection: 

2. Internal Forced Convection

• Horizontal plate

• Cross-flow around a cylinder
• Bank of tubes

Laminar vs Turbulent Heat Flux vs Temperature

Flow Condition (Re) Thermal BC

• Circular pipe

• Non-circular pipe
Laminar vs Turbulent Heat Flux vs Temperature

Flow Condition (Re) Thermal BC

Convection refers to the heat transfer between a solid and a fluid in motion when they are at different temperatures.

Forced convection occurs when we can impose the initial velocity (or mass flow rate) and temperature of the fluid.  



Forced Convection – Laminar Flow
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B. Constant 𝑻𝑻𝒔𝒔
𝑻𝑻𝒔𝒔

𝑁𝑁𝑁𝑁𝐷𝐷 =
ℎ𝐷𝐷
𝑘𝑘𝑓𝑓

= 3.66

A. Constant heat flux

𝒒𝒒𝒔𝒔"

𝑁𝑁𝑁𝑁𝐷𝐷 =
ℎ𝐷𝐷
𝑘𝑘𝑓𝑓

= 4.36

ReD<2300 Rex<𝟓𝟓 � 𝟏𝟏𝟏𝟏𝟓𝟓

𝑁𝑁𝑁𝑁𝑥𝑥 = 0.332𝑅𝑅𝑅𝑅𝑥𝑥1/2𝑃𝑃𝑃𝑃1/3

𝑁𝑁𝑁𝑁𝑥𝑥 = 0.664𝑅𝑅𝑅𝑅𝑥𝑥1/2𝑃𝑃𝑃𝑃1/3

𝑻𝑻𝒔𝒔

𝒒𝒒𝒔𝒔" 𝑁𝑁𝑁𝑁𝑥𝑥 = 0.435𝑅𝑅𝑅𝑅𝑥𝑥1/2𝑃𝑃𝑃𝑃1/3

Internal Forced Convection External Forced Convection
𝑻𝑻𝒇𝒇 = 𝑻𝑻𝒎𝒎 =

(𝑻𝑻𝒎𝒎,𝒊𝒊 + 𝑻𝑻𝒎𝒎,𝒐𝒐)
𝟐𝟐

𝑻𝑻𝒇𝒇 =
(𝑻𝑻𝒔𝒔 + 𝑻𝑻∞)

𝟐𝟐

Fully developed flow (x>xfd,t)



This Lecture
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 Introduction to Free Convection

 Governing Equations of Free Convection 

 Grashof number and Rayleigh number

Learning Objectives:
 Understand free convection

 Derive the equation of free convection



Introduction to Convection
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Convection refers to the heat transfer between a solid and a fluid in motion when they are at different temperatures.

1. Forced 
Convection

2. Natural (Free) 
Convection

3. Boiling 4. Condensation



Introduction to Free Convection
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Introduction to Free Convection
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A solid is in contact with a fluid at a different temperature. Free convection occurs when temperature-driven

density changes result in a net-buoyancy force that sets the fluid in motion. 

Convection refers to the heat transfer between a solid and a fluid in motion when they are at different temperatures.

Forced convection occurs when we can impose the initial velocity (or mass flow rate) and temperature of the fluid.  

The velocity and the temperature of the fluid are controlled by the heat exchange with the solid. 

Free (Natural) Convection



Free Convection
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Free convection occurs when temperature-driven density changes result in a net-buoyancy force that sets the fluid in motion.

FLUID DYNAMICS HEAT TRANSFER
Mass conservation → Continuity equation 
Momentum conservation → Navier-Stokes equations Energy conservation → 1st Law of Thermodynamics

Velocity profile: 𝒖𝒖(𝒙𝒙,𝒚𝒚) Temperature profile: 𝑻𝑻(𝒙𝒙,𝒚𝒚)

Heat transfer includes advection!Flow condition (Laminar/turbulent) → 𝑹𝑹𝑹𝑹 Boundary Conditions (Temperature)
𝑷𝑷𝑷𝑷

𝑄𝑄𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 𝑄𝑄𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐,𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤

Transport Laws (Newton/Fourier)

ℎ(𝑇𝑇𝑠𝑠 − 𝑇𝑇∞) = −𝑘𝑘𝑓𝑓 �
𝝏𝝏𝑻𝑻
𝝏𝝏𝒚𝒚 𝑦𝑦=0

No slip condition 𝑢𝑢 𝑥𝑥, 0 = 0

𝑵𝑵𝑵𝑵

• Shear stress 𝜏𝜏𝑤𝑤
• Friction coefficient 𝐶𝐶𝑓𝑓
• Friction factor 𝑓𝑓 Temperature-driven fluid-motion!



This Lecture
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 Introduction to Free Convection

 Governing Equations of Free Convection 

 Grashof number and Rayleigh number

Learning Objectives:
 Understand free convection

 Derive the equation of free convection



Governing Equations 
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Assumptions:
1. Steady-state
2. Gravity is along negative y-direction
3. Apart from the effect on buoyancy, the fluid is incompressible
4. Boundary layer approximation is valid

FLUID DYNAMICS
(momentum conservation)

�𝐹𝐹 = ∆𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑥𝑥,𝑖𝑖𝑖𝑖−𝑜𝑜𝑜𝑜𝑜𝑜

g

Forces F:
• Shear stresses
• Pressure 
• Gravity (volume force)

Momentumx:
• 𝑚̇𝑚𝑥𝑥𝑢𝑢 = 𝜌𝜌𝜌𝜌𝜌𝜌𝜌𝜌 𝑢𝑢
• 𝑚̇𝑚𝑦𝑦𝑢𝑢 = 𝜌𝜌𝑣𝑣𝑑𝑑𝑥𝑥 𝑢𝑢

*See appendix D2 for complete derivation

𝑢𝑢
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝑣𝑣

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = −

1
𝜌𝜌
𝑑𝑑𝑝𝑝∞
𝑑𝑑𝑑𝑑 − 𝒈𝒈 + ν

𝜕𝜕2𝑢𝑢
𝜕𝜕𝑦𝑦2

*Compare to W5L1-1h slide 16 

(*)

boundary layer



Governing Equations
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In the quiescent fluid, away from the wall, 𝑢𝑢 = 0 and 𝑣𝑣 = 0 :

FLUID DYNAMICS
(momentum conservation)

𝑢𝑢
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝑣𝑣
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= −
1
𝜌𝜌
𝑑𝑑𝑝𝑝∞
𝑑𝑑𝑑𝑑

− 𝒈𝒈 + ν
𝜕𝜕2𝑢𝑢
𝜕𝜕𝑦𝑦2

0 = −
1
𝜌𝜌∞

𝑑𝑑𝑝𝑝∞
𝑑𝑑𝑑𝑑

− 𝑔𝑔
𝑑𝑑𝑝𝑝∞
𝑑𝑑𝑑𝑑

= −𝜌𝜌∞𝑔𝑔

Using the same pressure-gradient in the boundary layer:

𝑢𝑢
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝑣𝑣
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝒈𝒈
∆𝝆𝝆
𝝆𝝆

+ ν
𝜕𝜕2𝑢𝑢
𝜕𝜕𝑦𝑦2

∆𝜌𝜌 = 𝜌𝜌∞ − 𝜌𝜌

HEAT TRANSFER
(Temperature-driven density changes)

boundary layer



Governing Equations – Boussinesq Approximation
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𝑢𝑢
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝑣𝑣
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝑔𝑔
∆𝜌𝜌
𝜌𝜌

+ ν
𝜕𝜕2𝑢𝑢
𝜕𝜕𝑦𝑦2

∆𝜌𝜌 = 𝜌𝜌∞ − 𝜌𝜌

Volumetric thermal expansion coefficient: 

boundary layer

𝛽𝛽 = −
1
𝜌𝜌

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝑝𝑝

Boussinesq Approximation: 𝛽𝛽 ≈ −
1
𝜌𝜌
∆𝜌𝜌
∆𝑇𝑇 = −

1
𝜌𝜌
𝜌𝜌∞ − 𝜌𝜌
𝑇𝑇∞ − 𝑇𝑇

𝜌𝜌∞ − 𝜌𝜌
𝜌𝜌 ≈ 𝛽𝛽 𝑇𝑇 − 𝑇𝑇∞

𝑢𝑢
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝑣𝑣
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝒈𝒈𝜷𝜷 𝑻𝑻 − 𝑻𝑻∞ + ν
𝜕𝜕2𝑢𝑢
𝜕𝜕𝑦𝑦2

Ideal gas: 𝛽𝛽 = 1
𝑇𝑇

Other fluids (water-vapor included!): see Tables for 𝛽𝛽
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boundary layer

𝑢𝑢
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝑣𝑣
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝑔𝑔𝛽𝛽 𝑇𝑇 − 𝑇𝑇∞ + ν
𝜕𝜕2𝑢𝑢
𝜕𝜕𝑦𝑦2

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 0

𝑢𝑢
𝜕𝜕𝑇𝑇
𝜕𝜕𝑥𝑥

+ 𝑣𝑣
𝜕𝜕𝑇𝑇
𝜕𝜕𝜕𝜕

= 𝛼𝛼
𝜕𝜕2𝑇𝑇
𝜕𝜕𝑦𝑦2 Heat transfer 

includes 
advection!

Temperature-driven 
fluid-motion!

(Mass conservation)

(Momentum conservation)

(Energy conservation)



Governing Equations
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𝑢𝑢
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝑣𝑣
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝒈𝒈𝜷𝜷 𝑻𝑻 − 𝑻𝑻∞ + ν
𝜕𝜕2𝑢𝑢
𝜕𝜕𝑦𝑦2

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 0

𝑢𝑢
𝜕𝜕𝑇𝑇
𝜕𝜕𝑥𝑥

+ 𝑣𝑣
𝜕𝜕𝑇𝑇
𝜕𝜕𝜕𝜕

= 𝛼𝛼
𝜕𝜕2𝑇𝑇
𝜕𝜕𝑦𝑦2

Heat transfer 
includes advection!

Temperature-driven 
fluid-motion!

 Conservation of mass

 Conservation of momentum

 Conservation of energy

𝑻𝑻𝒔𝒔

𝑻𝑻∞

𝑢𝑢
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝑣𝑣
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= −
1
𝜌𝜌
𝜕𝜕𝑝𝑝
𝜕𝜕𝑥𝑥

+ ν
𝜕𝜕2𝑢𝑢
𝜕𝜕𝑦𝑦2

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 0

𝑢𝑢
𝜕𝜕𝑇𝑇
𝜕𝜕𝑥𝑥

+ 𝑣𝑣
𝜕𝜕𝑇𝑇
𝜕𝜕𝜕𝜕

= 𝛼𝛼
𝜕𝜕2𝑇𝑇
𝜕𝜕𝑦𝑦2

Heat transfer 
includes advection!

Forced Convection Free Convection



This Lecture
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 Introduction to Free Convection

 Governing Equations of Free Convection 

 Grashof number and Rayleigh number

Learning Objectives:
 Understand free convection

 Derive the equation of free convection



Governing Equations – Grashof Number
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boundary layer 𝑥𝑥∗ =
𝑥𝑥
𝐿𝐿

𝑦𝑦∗ =
𝑦𝑦
𝐿𝐿

𝑢𝑢∗ =
𝑢𝑢
𝑢𝑢0

𝑣𝑣∗ =
𝑣𝑣
𝑢𝑢0

𝑇𝑇∗ =
𝑇𝑇 − 𝑇𝑇𝑠𝑠
𝑇𝑇∞ − 𝑇𝑇𝑠𝑠

Non-dimensional variables: 

𝑢𝑢∗
𝜕𝜕𝑢𝑢∗

𝜕𝜕𝑥𝑥∗ + 𝑣𝑣∗
𝜕𝜕𝑢𝑢∗

𝜕𝜕𝑦𝑦∗ =
𝑔𝑔𝑔𝑔 𝑇𝑇𝑠𝑠 − 𝑇𝑇∞ 𝐿𝐿

𝑢𝑢02
𝑇𝑇∗ +

1
𝑹𝑹𝑹𝑹𝑳𝑳

𝜕𝜕2𝑢𝑢∗

𝜕𝜕𝑦𝑦∗2

𝑢𝑢∗
𝜕𝜕𝑇𝑇∗

𝜕𝜕𝑥𝑥∗ + 𝑣𝑣∗
𝜕𝜕𝑇𝑇∗

𝜕𝜕𝑦𝑦∗ =
1

𝑹𝑹𝑹𝑹𝑳𝑳𝑷𝑷𝑷𝑷
𝜕𝜕2𝑇𝑇∗

𝜕𝜕𝑦𝑦∗2

(Momentum conservation)

(Energy conservation)

The choice of 𝒖𝒖𝟎𝟎 is arbitrary (no clear reference velocity): 𝑢𝑢02 ≡ 𝑔𝑔𝑔𝑔 𝑇𝑇𝑠𝑠 − 𝑇𝑇∞ 𝐿𝐿

𝑹𝑹𝑹𝑹𝑳𝑳 =
𝜌𝜌𝑢𝑢0𝐿𝐿
𝜇𝜇 =

𝑔𝑔𝑔𝑔 𝑇𝑇𝑠𝑠 − 𝑇𝑇∞ 𝐿𝐿3

ν2 = 𝑮𝑮𝑮𝑮𝑳𝑳

𝑮𝑮𝑮𝑮𝑳𝑳 ≡
𝒈𝒈𝒈𝒈 𝑻𝑻𝒔𝒔 − 𝑻𝑻∞ 𝑳𝑳𝟑𝟑

𝝂𝝂𝟐𝟐
Grashof number – replaces Re in free 
convection problems (it accounts for 
thermal effects on the flow)



Governing Equations – Rayleigh Number & Flow Conditions
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boundary layer

𝐺𝐺𝐺𝐺𝑥𝑥 ≡
𝑔𝑔𝑔𝑔 𝑇𝑇𝑠𝑠 − 𝑇𝑇∞ 𝑥𝑥3

𝜈𝜈2

Rayleigh number – determines 
the flow conditions𝑅𝑅𝑅𝑅𝑥𝑥 ≡ 𝐺𝐺𝐺𝐺𝑥𝑥𝑃𝑃𝑃𝑃 =

𝑔𝑔𝑔𝑔 𝑇𝑇𝑠𝑠 − 𝑇𝑇∞ 𝑥𝑥3

𝜈𝜈𝛼𝛼

𝑅𝑅𝑅𝑅𝑥𝑥 < 109

𝑅𝑅𝑅𝑅𝑥𝑥 > 109

Laminar Flow

Turbulent Flow



This Lecture

26

 Introduction to Free Convection

 Governing Equations of Free Convection 

 Grashof number and Rayleigh number

Learning Objectives:
 Understand free convection

 Derive the equation of free convection
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