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Transient Heat Conduction

Bi < 0.1

TIME

Lumped Capacitance 
Model Spatially Dependent T



Previously
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 Transient Heat Diffusion

 Generalized solution for planar/radial/spherical geometries

Learning Objectives:
 Solve transient heat conduction under convective cooling



Transient Heat Conduction – Bi>0.1,  Fo>0.2
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θ∗ = 𝐴𝐴1 exp −λ12𝐹𝐹𝐹𝐹 cos
λ1 𝑥𝑥
𝐿𝐿

θ∗ = θ0 cos
λ1 𝑥𝑥
𝐿𝐿

θ0 = 𝐴𝐴1 exp −λ12𝐹𝐹𝐹𝐹
θ0= temperature evolution at the center of the slab

𝑄𝑄
𝑄𝑄0

= 1 −
sin λ1
λ1

θ0

Planar Wall

θ∗ = 𝐴𝐴1 exp −λ12𝐹𝐹𝐹𝐹 𝐽𝐽0
λ1 𝑟𝑟
𝑟𝑟0

θ∗ = θ0 𝐽𝐽0
λ1 𝑟𝑟
𝑟𝑟0

θ0 = 𝐴𝐴1 exp −λ12𝐹𝐹𝐹𝐹
θ0= temperature evolution at the center of the cylinder

𝑄𝑄
𝑄𝑄0

= 1 − 2
λ1
θ0𝐽𝐽1(λ1 )

Cylinder

θ∗ = 𝐴𝐴1 exp −λ12𝐹𝐹𝐹𝐹
1

λ1 ⁄𝑟𝑟 𝑟𝑟0
𝑠𝑠𝑠𝑠𝑠𝑠

λ1 𝑟𝑟
𝑟𝑟0

θ∗ = θ0
1

λ1 ⁄𝑟𝑟 𝑟𝑟0
𝑠𝑠𝑠𝑠𝑠𝑠

λ1 𝑟𝑟
𝑟𝑟0

θ0 = 𝐴𝐴1 exp −λ12𝐹𝐹𝐹𝐹

θ0= temperature evolution at the center of the sphere

𝑄𝑄
𝑄𝑄0

= 1 − 3
λ13
θ0[sin(λ1 )-λ1 cos(λ1 )]

Sphere

𝐹𝐹𝐹𝐹 =
𝛼𝛼𝑡𝑡
𝐿𝐿2

𝐹𝐹𝐹𝐹 =
𝛼𝛼𝑡𝑡
𝑟𝑟02Half thickness 

of the layer!!

𝑩𝑩𝑩𝑩 =
𝒉𝒉𝒓𝒓𝟎𝟎
𝒌𝒌𝑩𝑩𝑩𝑩 =

𝒉𝒉𝒉𝒉
𝒌𝒌

𝐹𝐹𝐹𝐹 =
𝛼𝛼𝑡𝑡
𝑟𝑟02

𝑩𝑩𝑩𝑩 =
𝒉𝒉𝒓𝒓𝟎𝟎
𝒌𝒌

𝑄𝑄
𝑄𝑄0

= 1 − 𝐷𝐷1exp −λ12𝐹𝐹𝐹𝐹

𝜃𝜃∗ =
𝜃𝜃
𝜃𝜃𝑖𝑖

=
𝑇𝑇 𝑥𝑥, 𝑡𝑡 − 𝑇𝑇∞
𝑇𝑇𝑖𝑖 − 𝑇𝑇∞



Transient Heat Transfer 
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Critical dimension L and Bi number

2r0

Lumped Capacitance Model 𝐵𝐵𝐵𝐵𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿 =
ℎ2𝑡𝑡
𝑘𝑘

𝐵𝐵𝐵𝐵𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿 =
ℎ𝑟𝑟0
3𝑘𝑘𝐵𝐵𝐵𝐵𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿 =

ℎ𝑟𝑟0
2𝑘𝑘

2r0

Bi >0.1 𝐵𝐵𝐵𝐵 =
ℎ𝑟𝑟0
𝑘𝑘𝐵𝐵𝐵𝐵 =

ℎ𝑡𝑡
𝑘𝑘

𝐵𝐵𝐵𝐵 =
ℎ𝑟𝑟0
𝑘𝑘

2t

𝑳𝑳 = �𝑽𝑽 𝑨𝑨𝒔𝒔

𝑳𝑳 depends on 
non-dimensional variable



This Lecture
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 Transient Heat Diffusion

 Infinite solid

 Periodic Heating

Learning Objectives:
 Solve transient heat conduction under convective cooling



Transient Heat Transfer – Semi-infinite Wall (1D)

7

𝜵𝜵𝟐𝟐𝑻𝑻 +
𝒒̇𝒒
𝒌𝒌

=
𝟏𝟏
𝜶𝜶
𝝏𝝏𝝏𝝏
𝝏𝝏𝝏𝝏

𝑇𝑇 𝑥𝑥 → ∞, 𝑡𝑡 = 𝑇𝑇𝑖𝑖



Transient Heat Transfer – Semi-infinite Wall (1D)
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𝜕𝜕2𝑇𝑇
𝜕𝜕𝑥𝑥2

=
1
𝛼𝛼
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

We need to find a similarity variable η that transform the function 
of two variables, 𝑇𝑇 𝑥𝑥, 𝑡𝑡 , into a single variable function 𝑇𝑇 η

η =
ζ
2

=
𝑥𝑥
4𝛼𝛼𝛼𝛼

1
4𝛼𝛼𝛼𝛼

𝜕𝜕2𝑇𝑇
𝜕𝜕η2

= −
1
𝛼𝛼

𝑥𝑥
2𝑡𝑡 4𝛼𝛼𝛼𝛼

𝜕𝜕𝜕𝜕
𝜕𝜕η

𝝏𝝏𝟐𝟐𝑻𝑻
𝝏𝝏𝜼𝜼𝟐𝟐

= −𝟐𝟐𝜼𝜼
𝝏𝝏𝝏𝝏
𝝏𝝏𝜼𝜼𝛼𝛼 =

𝑘𝑘
𝜌𝜌𝜌𝜌

= 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 [
𝑚𝑚2

𝑠𝑠
]



Transient Heat Transfer – Semi-infinite Wall (1D)
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𝝏𝝏𝟐𝟐𝑻𝑻
𝝏𝝏𝜼𝜼𝟐𝟐

= −𝟐𝟐𝜼𝜼
𝝏𝝏𝝏𝝏
𝝏𝝏𝜼𝜼



Transient Heat Transfer – Semi-infinite Wall (1D)

10

𝐶𝐶2 = 𝑇𝑇𝑠𝑠

η = ⁄𝑥𝑥 4𝛼𝛼𝛼𝛼



Transient Heat Transfer – Semi-infinite Wall (1D)
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𝐶𝐶2 = 𝑇𝑇𝑠𝑠

η = ⁄𝑥𝑥 4𝛼𝛼𝛼𝛼

𝑇𝑇 − 𝑇𝑇𝑠𝑠
𝑇𝑇𝑖𝑖 − 𝑇𝑇𝑠𝑠

≥ 0.99 η =
𝑥𝑥
4𝛼𝛼𝛼𝛼

≥ 1.8214 𝑥𝑥 ≥ 3.64 𝛼𝛼𝛼𝛼

• For position in the slabs farther from the surface than 3.64 𝛼𝛼𝛼𝛼 the 
local temperature has changed less than 1% compared to 𝑇𝑇𝑠𝑠

• If an object of interest is larger than 3.64 𝛼𝛼𝛼𝛼 then up to time t it 
can be analyzed using the semi-infinite body approximation. 



Transient Heat Transfer – Semi-infinite Wall (1D)
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The initial heat flux is very large ∝ 1/ 𝑡𝑡 but then it 
decreases rapidly

η = ⁄𝑥𝑥 4𝛼𝛼𝛼𝛼



Transient Heat Transfer – Semi-infinite Wall (1D)
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Transient Heat Transfer – Semi-infinite Wall (1D)
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Transient Heat Transfer – Semi-infinite Wall (1D)
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Transient Heat Transfer – Semi-infinite Wall (1D)
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Transient Heat Transfer – Semi-infinite Wall (1D)
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η =
ζ
2

=
𝑥𝑥
4𝛼𝛼𝛼𝛼



This Lecture
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 Transient Heat Diffusion

 Infinite solid

 Periodic Heating

Learning Objectives:
 Solve transient heat conduction under convective cooling



Transient Heat Transfer – Periodic Heating
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There are many situations in which the surface temperature or the heat
flux change periodically (e.g. seasonal temperature variation of soil
temperature, periodic heat dissipation in electronic chips)

𝜕𝜕2𝑇𝑇
𝜕𝜕𝑥𝑥2

=
1
𝛼𝛼
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

𝑒𝑒𝑥𝑥𝑥𝑥 −
𝑥𝑥
ω/2𝛼𝛼

≥ 0.9 𝑥𝑥 ≥ 4 𝛼𝛼/𝜔𝜔

The amplitude of temperature fluctuations is reduced by more than 90% for depths larger than 4 𝛼𝛼/𝜔𝜔

The average heat flux over a period is zero



This Lecture
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 Transient Heat Diffusion

 Infinite solid

 Periodic Heating

Learning Objectives:
 Solve transient heat conduction under convective cooling



Until Now
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 Heat Diffusion and Boundary Conditions (W1L2-3)

 Steady State Heat Diffusion Equation 

 Without Heat sources (W1L3-4; W2L1)

 Thermal Resistance & Overall Heat Transfer Coefficient

 Bi number

 Thermal Circuits 

 WITH Heat Sources (W2L2-3)

 Fins and Fin Arrays (W3L1-3)

 Transient Heat Diffusion (W4L1-3)



What’s Next

22

convection



Part II: Newton’s Law and Heat Convection
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Condensation

Forced Convection Natural Convection

Boiling

𝒒𝒒𝒒 = �𝒉𝒉 (𝑻𝑻𝒔𝒔 − 𝑻𝑻∞)
h = convective heat 
transfer coefficient, 
[ W/m2K ]
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Transient Heat Transfer – Spatial Effects
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The Semi-infinite Wall (Example)

erfc 0



Transient Heat Transfer – Periodic Heating
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