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 Heat transfer from extended surfaces (Fins)

Learning Objectives:
 Understand the concept of fins
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T1

0 L

𝑞̇𝑞 = 0 𝑇𝑇∞

ℎ

𝑘𝑘

Tb

𝑅𝑅𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑅𝑅𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝑸𝑸𝒙𝒙 𝑸𝑸𝒙𝒙

𝑄𝑄𝑥𝑥 =
𝑇𝑇1 − 𝑇𝑇∞

𝑅𝑅𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 + 𝑅𝑅𝑐𝑐𝑐𝑐𝑐𝑐𝑣𝑣

In many technical problems, 𝑇𝑇1 and 𝑅𝑅𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 are fixed by the 
operating conditions and the mechanical requirements of a 
structure. Then the heat transfer rate is primarily controlled by 
convection. If we need to increase 𝑄𝑄𝑥𝑥 then we can: 
(i) decrease 𝑇𝑇∞; 
(ii) decrease 𝑅𝑅𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = ⁄1 ℎ𝐴𝐴 by increasing ℎ or 𝐴𝐴.
Decreasing 𝑇𝑇∞ and increasing ℎ can have a high energy cost 
so we increase 𝐴𝐴 by adding a fin. 
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0 L

𝑞̇𝑞 = 0
𝑇𝑇∞

ℎ

𝑘𝑘

Tb 𝐴𝐴𝑓𝑓𝑓𝑓𝑓𝑓
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𝑅𝑅𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑅𝑅𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 The fin has a more complex behavior than the simple planar 
system because heat transfer by conduction and convection 
occur along different directions and are interdependent. Hence 
a simple equivalent electrical circuit cannot be immediately 
identified.

L x

𝑇𝑇∞

ℎ

𝑇𝑇∞

𝑇𝑇∞

Tb

0

ℎ

T(x)

𝐴𝐴0
𝐴𝐴𝑓𝑓𝑓𝑓𝑓𝑓
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L x

𝑇𝑇∞

ℎ

𝑇𝑇∞

𝑇𝑇∞

T1

0

ℎ

T(x)
𝑄𝑄 = �ℎ𝐴𝐴 𝑇𝑇𝑠𝑠 − 𝑇𝑇∞ ∝ 𝐴𝐴 = 𝐴𝐴0 + 𝐴𝐴𝑓𝑓𝑓𝑓𝑓𝑓

It is necessary to optimize the fin in order to maximize the advantage of adding extra surface 
area (𝐴𝐴𝑓𝑓𝑓𝑓𝑓𝑓) without wasting material (beyond a certain length L, the temperature difference will be 

so small that the heat transfer becomes negligible)

𝑞𝑞" = �ℎ (𝑇𝑇𝑠𝑠(𝑥𝑥) − 𝑇𝑇∞) ∝ 𝑇𝑇𝑠𝑠(𝑥𝑥) − 𝑇𝑇∞

𝐴𝐴0
𝐴𝐴𝑓𝑓𝑓𝑓𝑓𝑓
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Uniform Cross-Section Non-uniform Cross-Section

What is the temperature profile along the fin, 𝑻𝑻 = 𝑻𝑻 𝒙𝒙 ? 
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 Heat transfer from extended surfaces (Fins)

 Boundary Conditions and Temperature Profiles

Learning Objectives:
 Calculate the temperature profile in fins with constant cross-section
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Transport Laws:

1st Law of Thermodynamics (Energy Balance):

Assumption 1: isotropic material
Assumption 2: k independent of T
Assumption 3: steady state
Assumption 4: no heat sources

𝐴𝐴𝑐𝑐 ≠ 𝐴𝐴𝑠𝑠

𝑄𝑄𝑥𝑥 = −𝑘𝑘𝐴𝐴𝑐𝑐
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

𝑄𝑄𝑥𝑥+𝑑𝑑𝑑𝑑 = 𝑄𝑄𝑥𝑥 +
𝑑𝑑𝑄𝑄𝑥𝑥
𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑 = −𝑘𝑘𝐴𝐴𝑐𝑐

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 − k

𝑑𝑑
𝑑𝑑𝑑𝑑 𝐴𝐴𝑐𝑐

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 𝑑𝑑𝑑𝑑

𝑄𝑄𝑥𝑥 = 𝑄𝑄𝑥𝑥+𝑑𝑑𝑑𝑑 + 𝑑𝑑𝑄𝑄𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

𝑑𝑑𝑑𝑑𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = ℎ𝑑𝑑𝐴𝐴𝑠𝑠(𝑇𝑇 𝑥𝑥 − 𝑇𝑇∞)

𝑸𝑸𝒙𝒙

𝑸𝑸𝒙𝒙+𝒅𝒅𝒅𝒅

𝒅𝒅𝒅𝒅𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄

𝐴𝐴𝑐𝑐 = 𝐴𝐴𝑐𝑐(𝑥𝑥)

𝑑𝑑𝑑𝑑𝑠𝑠 = 𝑃𝑃 𝑥𝑥 𝑑𝑑𝑑𝑑
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Assumption 1: isotropic material
Assumption 2: k independent of T
Assumption 3: steady state
Assumption 4: no heat sources

0 = 𝑄𝑄𝑥𝑥+𝑑𝑑𝑑𝑑 − 𝑄𝑄𝑥𝑥 + 𝑑𝑑𝑄𝑄𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑸𝑸𝒙𝒙

𝑸𝑸𝒙𝒙+𝒅𝒅𝒅𝒅

𝒅𝒅𝒅𝒅𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄

1st Law of Thermodynamics (Energy Balance):

𝑑𝑑
𝑑𝑑𝑑𝑑

𝐴𝐴𝑐𝑐
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑 −
ℎ
𝑘𝑘
𝑑𝑑𝐴𝐴𝑠𝑠 𝑇𝑇 𝑥𝑥 − 𝑇𝑇∞ = 0

𝐴𝐴𝑐𝑐 = 𝐴𝐴𝑐𝑐(𝑥𝑥)

𝑑𝑑𝑑𝑑𝑠𝑠 = 𝑃𝑃 𝑥𝑥 𝑑𝑑𝑑𝑑

𝑑𝑑2𝑇𝑇
𝑑𝑑𝑥𝑥2

+
1
𝐴𝐴𝑐𝑐
𝑑𝑑𝐴𝐴𝑐𝑐
𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

−
ℎ
𝐴𝐴𝑐𝑐𝑘𝑘

𝑑𝑑𝐴𝐴𝑠𝑠
𝑑𝑑𝑑𝑑

𝑇𝑇 − 𝑇𝑇∞ = 0

Assumption 5: constant cross-section

𝐴𝐴𝑐𝑐 = constant 𝑑𝑑𝑑𝑑𝑠𝑠 = 𝑃𝑃𝑑𝑑𝑑𝑑
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Assumption 1: isotropic material
Assumption 2: k independent of T
Assumption 3: steady state
Assumption 4: no heat sources
Assumption 5: constant cross-section

1st Law of Thermodynamics (Energy Balance):

𝑑𝑑2𝑇𝑇
𝑑𝑑𝑥𝑥2

+
1
𝐴𝐴𝑐𝑐
𝑑𝑑𝐴𝐴𝑐𝑐
𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

−
ℎ
𝐴𝐴𝑐𝑐𝑘𝑘

𝑃𝑃 𝑇𝑇 − 𝑇𝑇∞ = 0

𝒅𝒅𝟐𝟐𝑻𝑻
𝒅𝒅𝒙𝒙𝟐𝟐

−
𝒉𝒉𝑷𝑷
𝑨𝑨𝒄𝒄𝒌𝒌

𝑻𝑻 − 𝑻𝑻∞ = 𝟎𝟎

ξ = 𝑥𝑥/𝐿𝐿 𝑚𝑚2 = �ℎ𝑃𝑃
𝑘𝑘𝐴𝐴𝑐𝑐Θ =

𝜃𝜃
𝜃𝜃𝑏𝑏

=
𝑇𝑇 − 𝑇𝑇∞
𝑇𝑇𝑏𝑏 − 𝑇𝑇∞Non-dimensional variables:

𝑑𝑑2θ
𝑑𝑑𝑥𝑥2 − 𝑚𝑚2θ = 0

𝑄𝑄𝑓𝑓

𝑄𝑄𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

𝑄𝑄𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

𝒅𝒅𝟐𝟐𝚯𝚯
𝒅𝒅𝝃𝝃𝟐𝟐 − 𝒎𝒎𝒎𝒎 𝟐𝟐𝚯𝚯 = 𝟎𝟎
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Assumption 1: isotropic material
Assumption 2: k independent of T
Assumption 3: steady state
Assumption 4: no heat sources
Assumption 5: constant cross-section

(𝑚𝑚𝑚𝑚)2=
ℎ𝑃𝑃𝐿𝐿2

𝑘𝑘𝐴𝐴𝑐𝑐
=

�𝐿𝐿 𝑘𝑘𝐴𝐴𝑐𝑐
�1
ℎ𝑃𝑃𝑃𝑃

~
𝑅𝑅𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝑅𝑅𝑐𝑐𝑐𝑐𝑐𝑐𝑣𝑣

A good fin will have a value of (mL)2 of the order of 100 to 
balance internal and external resistance

If (𝑚𝑚𝑚𝑚)2≫ 1 the fin has added a large thermal resistance;
If (𝑚𝑚𝑚𝑚)2≪ 1 the fin has added little surface area;

𝑄𝑄𝑓𝑓

𝑄𝑄𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

𝑄𝑄𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

d2Θ
dξ2

− mL 2Θ = 0
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x=0 x=L

𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡

The fin was added to enable better heat transfer.
So we want to know how much heat is being
removed by the fin. We observe that convection on
the fin can remove only as much heat as it initially
enters the fin by conduction.

𝑄𝑄𝑓𝑓𝑓𝑓𝑓𝑓 = 𝑄𝑄𝑏𝑏,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = −𝑘𝑘𝑘𝑘 �
𝑑𝑑𝜃𝜃
𝑑𝑑𝑑𝑑 𝑥𝑥=0

= −
𝑘𝑘𝑘𝑘
𝐿𝐿

(𝑇𝑇𝑏𝑏 − 𝑇𝑇∞) �
𝑑𝑑Θ
𝑑𝑑ξ ξ=0

Therefore the total heat removed by the fin is equal to:

Knowing the temperature profile we can calculate the total heat removed by a single fin. 



1. Adiabatic

2. Convection

3. Temperature

4. Infinite fin

Heat Transfer from Fin of Uniform Cross-Section
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Boundary conditions:

• Fin base
x=0 x=L
ξ=0 ξ=1

𝑑𝑑2Θ
𝑑𝑑𝜉𝜉2

− 𝑚𝑚𝑚𝑚 2Θ = 0 𝚯𝚯 = 𝑪𝑪𝟏𝟏𝒆𝒆𝒎𝒎𝒎𝒎𝝃𝝃 + 𝑪𝑪𝟐𝟐𝒆𝒆−𝒎𝒎𝒎𝒎𝝃𝝃

Θ𝜉𝜉=0 = 1𝑇𝑇 = 𝑇𝑇𝑏𝑏

• Fin tip

�
𝑑𝑑Θ
𝑑𝑑𝜉𝜉 𝜉𝜉=1

= 0

�
𝑑𝑑Θ
𝑑𝑑𝜉𝜉 𝜉𝜉=1

= ℎ𝐴𝐴𝑐𝑐(𝑇𝑇 𝐿𝐿 − 𝑇𝑇∞)

Θ𝜉𝜉=1 = Θ𝐿𝐿

Θ𝐿𝐿 → 0

ξ = 𝑥𝑥/𝐿𝐿

𝑚𝑚2 = �ℎ𝑃𝑃
𝑘𝑘𝐴𝐴𝑐𝑐

Θ =
𝜃𝜃
𝜃𝜃𝑏𝑏

=
𝑇𝑇 − 𝑇𝑇∞
𝑇𝑇𝑏𝑏 − 𝑇𝑇∞

𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡
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Boundary conditions:
𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡 = 0

• Fin base Θ𝜉𝜉=0 = 1𝑇𝑇 = 𝑇𝑇𝑏𝑏

• Fin tip �
𝑑𝑑Θ
𝑑𝑑𝜉𝜉 𝜉𝜉=1

= 0𝑄𝑄𝑡𝑡𝑡𝑡𝑡𝑡 = 0

If mL>3 at the tip very small temperature difference

Θ =
𝜃𝜃
𝜃𝜃𝑏𝑏

=
cosh 𝑚𝑚𝑚𝑚(1 − 𝜉𝜉)

cosh𝑚𝑚𝑚𝑚

𝑑𝑑2Θ
𝑑𝑑𝜉𝜉2

− 𝑚𝑚𝑚𝑚 2Θ = 0 𝚯𝚯 = 𝑪𝑪𝟏𝟏𝒆𝒆𝒎𝒎𝒎𝒎𝝃𝝃 + 𝑪𝑪𝟐𝟐𝒆𝒆−𝒎𝒎𝒎𝒎𝝃𝝃



Heat Transfer from Fin of Uniform Cross-Section – Adiabatic Tip

15

𝑄𝑄 = −
𝑘𝑘𝑘𝑘
𝐿𝐿

(𝑇𝑇𝑏𝑏 − 𝑇𝑇∞) �
𝑑𝑑Θ
𝑑𝑑ξ ξ=0

If mL>3 at the tip very small temperature difference
And there is negligible residual heat flow in the fin.

Θ =
𝜃𝜃
𝜃𝜃𝑏𝑏

=
cosh 𝑚𝑚𝑚𝑚(1 − 𝜉𝜉)

cosh𝑚𝑚𝑚𝑚
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Boundary conditions:

• Fin base Θ𝜉𝜉=0 = 1𝑇𝑇 = 𝑇𝑇𝑏𝑏

• Fin tip �
𝑑𝑑Θ
𝑑𝑑𝜉𝜉 𝜉𝜉=1

= ℎ𝐴𝐴𝑐𝑐 𝑇𝑇 𝐿𝐿 − 𝑇𝑇∞ = −𝑘𝑘𝐴𝐴𝑐𝑐 �
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 𝑥𝑥=

1

ξ 1

θ

Θ =

𝑑𝑑2𝜃𝜃
𝑑𝑑𝜉𝜉2

− 𝑚𝑚𝑚𝑚 2𝜃𝜃 = 0 𝜽𝜽 = 𝑪𝑪𝟏𝟏𝒆𝒆𝒎𝒎𝒎𝒎𝝃𝝃 + 𝑪𝑪𝟐𝟐𝒆𝒆−𝒎𝒎𝒎𝒎𝝃𝝃
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1

ξ 1

θ

Θ =

𝑄𝑄𝑓𝑓 = 𝑄𝑄𝑏𝑏 = −𝑘𝑘𝐴𝐴𝑐𝑐 �
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 𝑥𝑥=0

− 𝑘𝑘𝐴𝐴𝑐𝑐 �
𝑑𝑑𝜃𝜃
𝑑𝑑𝑑𝑑 𝑥𝑥=0

Sanity Check 1: 𝑄𝑄𝑓𝑓

𝑄𝑄𝑓𝑓 =

Sanity Check 2: if ℎ𝐿𝐿
𝑚𝑚𝑚𝑚𝑚𝑚

≪ 1 i.e. ℎ𝐿𝐿
𝑘𝑘

= �𝐿𝐿 𝑘𝑘
�1 ℎ

~ 𝑅𝑅𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝑅𝑅𝑐𝑐𝑐𝑐𝑐𝑐𝑣𝑣

≪ 1 then �𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 𝑥𝑥=𝐿𝐿

~0

equivalent to an adiabatic tip.
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𝑄𝑄𝑓𝑓



Heat Transfer from Fin of Uniform Cross-Section (Example)
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• We first consider a rod made of copper. What is its thermal conductivity?
• What tip boundary condition do we use when describing the rod as a “fin”?



Heat Transfer from Fin of Uniform Cross-Section (Example)
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• We first consider a rod made of copper. What is its thermal conductivity?
• What tip boundary condition do we use when describing the rod as a “fin”?
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Heat Transfer from Fin of Uniform Cross-Section (Example)
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This Lecture
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 Heat transfer from extended surfaces (Fins)

 Boundary Conditions and Temperature Profiles

Learning Objectives:
 Calculate the temperature profile in fins with constant cross-section



Next lecture
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 Fins Performance

 Array of Fins

Learning Objectives:
 Calculate the performance of a fin-based system
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Supplementary Slides



Heat Transfer from Fin of Uniform Cross-Section (Example)
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Heat Transfer from Generalized Fin – b>>
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Let’s consider a fin with non-uniform 
cross-section for which b>>thickness:

𝐴𝐴 𝑥𝑥 = 2𝛿𝛿 �𝑥𝑥 𝐿𝐿 𝑏𝑏



Heat Transfer from Generalized Fin – b>>
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Let’s consider a fin with non-uniform 
cross-section for which b>>thickness:

𝐴𝐴 𝑥𝑥 = 𝑏𝑏𝑏𝛿𝛿( �𝑥𝑥 𝐿𝐿)



Heat Transfer from Generalized Fin – b>>
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η𝑓𝑓 ≡
𝑄𝑄𝑓𝑓

𝑄𝑄𝑓𝑓,𝑚𝑚𝑚𝑚𝑚𝑚
=

𝑄𝑄𝑓𝑓
ℎ𝐴𝐴𝑓𝑓(𝑇𝑇0 − 𝑇𝑇∞)

𝑅𝑅𝑓𝑓 ≡
𝑇𝑇0 − 𝑇𝑇∞
𝑄𝑄𝑓𝑓

=
1

ℎ𝐴𝐴𝑓𝑓η𝑓𝑓



Fins of Nonuniform Cross-section – radial fin
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Fins of Nonuniform Cross-section – radial fin
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