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 1D steady-state conduction with heat sources

Learning Objectives:
 Solve 1D steady state heat conduction problems in different 

geometries, with heat sources



Heat Diffusion Equation – 1D, steady-state, WITH heat sources
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The heat transfer rate is not constant! 
It depends on the position along x. 

𝑄𝑄(𝑥𝑥) ≠
∆𝑇𝑇
𝑅𝑅𝑡𝑡𝑡

The electrical analogy fails! 
We cannot use the thermal resistance concept in layers with heat sources.
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At the centerline of the wall effectively the heat flux is zero, satisfying the symmetry of the problem.
This is equivalent to having a perfectly insulated boundary at x=0.  
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We can draw an equivalent electrical circuit only 
for the layers WITHOUT heat sources. 

Layers WITH heat sources inject into the 
equivalent circuit a certain Q



This Lecture
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 2D Conduction & Shape Factor

 Exercises

Learning Objectives:
 Approach simple 2D conduction problems



𝑇𝑇1

𝑇𝑇2

2D Conduction – Method of Separation of Variables
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Shape Factor for known 2D and 3D Heat Diffusion Problems
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For numerous geometries an analytical solution has already been found and can be 
easily retrieved using a Shape Factor, S

𝑄𝑄 = 𝑘𝑘
2𝜋𝜋𝜋𝜋

cosh−1 4𝑤𝑤2 − 𝐷𝐷12 − 𝐷𝐷22
2𝐷𝐷1𝐷𝐷2

𝑇𝑇1 − 𝑇𝑇2

𝑄𝑄 = 𝑘𝑘𝑘𝑘 𝑇𝑇1 − 𝑇𝑇2
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𝑅𝑅𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 =
1
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Shape Factor for known 2D and 3D Heat Diffusion Problems
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For numerous geometries an analytical solution has already been found and can be 
easily retrieved using a Shape Factor, S



This Lecture
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 2D Conduction & Shape Factor

 Exercises

Learning Objectives:
 Approach simple 2D conduction problems



Heat Diffusion Equation – The Heated Slab Case (Example)
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Assumption 1: incompressible medium (solid)
Assumption 2: medium at rest (no convection) 
Assumption 3: isotropic material 
Assumption 4: k independent of T
Assumption 5: steady state



12

⁄𝑅𝑅𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐,𝐵𝐵
" 𝑅𝑅𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐" = Bi = 0.13

<

T∞

𝑇𝑇1 − 𝑇𝑇2
(𝑇𝑇2 − 𝑇𝑇∞)

=
𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
≡ 𝐵𝐵𝐵𝐵

T1

T2

0 L

𝑄𝑄

∆𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

∆𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠/𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓



Heat Diffusion Equation – The Heated Slab Case (Example)
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Assumption 1: incompressible medium (solid)
Assumption 2: medium at rest (no convection) 
Assumption 3: isotropic material 
Assumption 4: k independent of T
Assumption 5: steady state
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Assumption 1: incompressible medium (solid)
Assumption 2: medium at rest (no convection) 
Assumption 3: isotropic material 
Assumption 4: k independent of T
Assumption 5: steady state
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Heat Diffusion Equation – The Heated Slab Case (Example)
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Assumption 1: incompressible medium (solid)
Assumption 2: medium at rest (no convection) 
Assumption 3: isotropic material 
Assumption 4: k independent of T
Assumption 5: steady state



Heat Diffusion Equation – The Heated Slab Case (Example)
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Assumption 1: incompressible medium (solid)
Assumption 2: medium at rest (no convection) 
Assumption 3: isotropic material 
Assumption 4: k independent of T
Assumption 5: steady state



Heat Diffusion Equation – The Heated Slab Case (Example)
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Assumption 1: incompressible medium (solid)
Assumption 2: medium at rest (no convection) 
Assumption 3: isotropic material 
Assumption 4: k independent of T
Assumption 5: steady state

𝑅𝑅𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐,𝐵𝐵
" = 7.5𝑅𝑅𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐"



Heat Diffusion Equation – The Heated Slab Case (Example)
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Assumption 1: incompressible medium (solid)
Assumption 2: medium at rest (no convection) 
Assumption 3: isotropic material 
Assumption 4: k independent of T
Assumption 5: steady state



Heat Diffusion Equation – The Heated Slab Case (Example)
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Assumption 1: incompressible medium (solid)
Assumption 2: medium at rest (no convection) 
Assumption 3: isotropic material 
Assumption 4: k independent of T
Assumption 5: steady state



Heat Diffusion Equation – The Heated Cylinder (Example)
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Heat Diffusion Equation – The Heated Cylinder (Example)
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Assumption 1: incompressible medium (solid)
Assumption 2: medium at rest (no convection) 
Assumption 3: isotropic material 
Assumption 4: k independent of T
Assumption 5: steady state

Assumption 6: uniform volumetric heat generation
Assumption 7: outer surface is adiabatic (no heat flux)

1
𝑟𝑟
𝜕𝜕
𝜕𝜕𝑟𝑟

𝑘𝑘𝑘𝑘
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= −
𝑞̇𝑞
𝑘𝑘

Boundary Conditions:

𝑇𝑇 𝑟𝑟 = −
𝑞̇𝑞
4𝑘𝑘

𝑟𝑟2 + 𝐶𝐶1 ln 𝑟𝑟 + 𝐶𝐶2



Heat Diffusion Equation – The Heated Cylinder (Example)
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Boundary Conditions:

𝑇𝑇 𝑟𝑟 = −
𝑞̇𝑞
4𝑘𝑘

𝑟𝑟2 + 𝐶𝐶1 ln 𝑟𝑟 + 𝐶𝐶2

Assumption 7: outer surface is adiabatic (no heat flux)



Heat Diffusion Equation – The Heated Cylinder (Example)
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𝑄𝑄𝑟𝑟 = −𝑘𝑘𝑘𝑘(𝑟𝑟)
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑 = −𝑘𝑘 𝟐𝟐𝝅𝝅𝝅𝝅𝝅𝝅

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

𝑞𝑞𝑟𝑟′ (𝑟𝑟) =
𝑄𝑄𝑟𝑟
𝐿𝐿

= −𝑘𝑘 𝟐𝟐𝝅𝝅𝝅𝝅
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

𝑞𝑞𝑟𝑟′ (𝑟𝑟2) = 0Sanity check: we know that

heat generated equal the heat removed OK



Heat Diffusion Equation – The Heated Cylinder (Example)
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𝑞𝑞𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐′ = ℎ 2𝜋𝜋𝑟𝑟1 𝑇𝑇𝑠𝑠,1 − 𝑇𝑇∞ = 𝑞𝑞𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐′ (𝑟𝑟1)

We will see later that h is related to the velocity of the fluid so this 
would be our free parameter. However, pressure drops can become 
too large and hence a cooler fluid might be needed



Until Now
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Learning Objectives:

 Solve 1D&2D steady state heat transfer problems with/without heat sources

 Heat Diffusion and Boundary Conditions (W1L2-3)

 Heat Diffusion Equation without Heat sources (W1L3-4; W2L1)

 Thermal Resistance & Overall Heat Transfer Coefficient

 Bi number

 Thermal Circuits 

 Heat Diffusion WITH Heat Sources (W2L2-3)



Next Lectures
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 Heat transfer from extended surfaces (Fins)

 Fins of uniform cross-section

 Fins Performance

Learning Objectives:
 Understand the concept of fins

 Calculate the heat transfer in fins of different shapes

 Calculate the performance of a fin-based system
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