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Conductive Heat Transfer - 2
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 Types of boundary conditions

 Planar and cylindrical (1D) solutions

Learning Objectives:
 Identify the possible boundary conditions

 Express mathematically the various boundary conditions

 Calculate the temperature profile in a planar or cylindrical wall



Heat Diffusion Equation – 3D

3

Non-isothermal! 𝛻𝛻2𝑇𝑇 +
𝑞̇𝑞
𝑘𝑘

=
1
𝛼𝛼
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

Assumption 1: incompressible medium
Assumption 2: medium at rest (no convection) 
Assumption 3: isotropic material 
Assumption 4: k is independent of T

To solve the equation we need:

• Initial condition: T t = 0 = 𝑇𝑇𝑖𝑖 𝑥𝑥, 𝑦𝑦, 𝑧𝑧
• Boundary conditions

Assumption 5: steady-state ( ⁄𝝏𝝏 𝝏𝝏𝝏𝝏 = 𝟎𝟎)

Assumption 6: no heat sources (𝒒̇𝒒 = 𝟎𝟎)

𝜵𝜵𝟐𝟐𝑻𝑻 = 𝟎𝟎



Heat Diffusion Equation – Boundary Conditions

4Heat and Mass Transfer Course |  2018

B.C. of the 1st kind (Dirichlet condition): 
constant surface temperature 

𝑇𝑇 𝑟𝑟 𝑟𝑟=𝑟𝑟𝑖𝑖 = 𝑇𝑇𝑤𝑤

B.C. of the 2nd kind (Neumann condition): 
known heat flux

−𝑘𝑘
𝜕𝜕𝑇𝑇
𝜕𝜕𝑥𝑥 𝑥𝑥=𝑥𝑥𝑖𝑖

= 𝑞𝑞𝑤𝑤"

−𝑘𝑘
𝜕𝜕𝑇𝑇
𝜕𝜕𝑥𝑥 𝑥𝑥=𝑥𝑥𝑖𝑖

= 0

B.C. of the 3rd kind (Robin condition): 
convection surface condition

−𝑘𝑘
𝜕𝜕𝑇𝑇
𝜕𝜕𝑥𝑥

𝑥𝑥𝑖𝑖

= ℎ 𝑇𝑇 𝑥𝑥𝑖𝑖 , 𝑡𝑡 − 𝑇𝑇∞ (adiabatic)



Heat Diffusion Equation – 1D, steady-state, no-heat sources, Dirichlet’s BC
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𝑇𝑇(𝑥𝑥) =
𝑇𝑇2 − 𝑇𝑇1

𝐿𝐿
𝑥𝑥 + 𝑇𝑇1

Planar Wall

𝑟𝑟1 𝑟𝑟2

𝑇𝑇 𝑟𝑟 =
𝑇𝑇1 − 𝑇𝑇2

ln( ⁄𝑟𝑟1 𝑟𝑟2)
ln

𝑟𝑟
𝑟𝑟2

+ 𝑇𝑇2

r 𝑇𝑇1

𝑇𝑇2

Logarithmic !!

Radial System

Linear !!

T1

T2

0 L

𝑞𝑞𝑞



Heat Diffusion - Example
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LA LB

kA kB

h

T4

T1
T2

T3

kA kB>

𝑄𝑄𝑥𝑥

Linear !!

𝑇𝑇1 = 900𝐶𝐶 = 1173𝐾𝐾
𝑇𝑇4 = 10𝐶𝐶 = 283𝐾𝐾

𝐿𝐿𝐴𝐴 = 10 𝑐𝑐𝑐𝑐 = 0.1𝑚𝑚
𝐿𝐿𝐵𝐵 = 50 cm = 0.5m

ℎ = 50 �𝑊𝑊 𝑚𝑚2𝐾𝐾

• Calculate Q
• Calculate T3, T2
• Draw the temperature profile

𝑘𝑘𝐴𝐴 = 100 �𝑊𝑊 𝑚𝑚𝑚𝑚
𝑘𝑘𝐵𝐵 = 0.1 �𝑊𝑊 𝑚𝑚𝑚𝑚

𝑄𝑄𝑥𝑥 = �𝑘𝑘𝐴𝐴𝐴𝐴
𝐿𝐿𝐴𝐴 𝑇𝑇1 − 𝑇𝑇2𝑄𝑄𝑥𝑥 = ℎ𝐴𝐴 𝑇𝑇3 − 𝑇𝑇4 𝑄𝑄𝑥𝑥 = �𝑘𝑘𝐵𝐵𝐴𝐴

𝐿𝐿𝐵𝐵 𝑇𝑇2 − 𝑇𝑇3

A = 4𝑚𝑚2

Q = 708.6 W,  T2 = 899.8 C,  T3 = 13.54 C  



Conductive Heat Transfer - 3
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 Thermal resistance

 Bi Number

 Intro to Thermal Circuits

Learning Objectives:
 Calculate the thermal resistances

 Calculate the Bi number

 Solve 1D problems using thermal circuits



Thermal resistance
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𝑇𝑇(𝑥𝑥) =
𝑇𝑇2 − 𝑇𝑇1

𝐿𝐿
𝑥𝑥 + 𝑇𝑇1

x

T1

T2

0 L

𝑄𝑄 = 𝐴𝐴𝐴𝐴"

V1

V2

V

𝑰𝑰

k

𝑄𝑄 = −
𝑘𝑘𝐴𝐴
𝐿𝐿

(𝑇𝑇2 − 𝑇𝑇1)



Thermal resistance – Planar Wall - Conduction
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𝑇𝑇(𝑥𝑥) =
𝑇𝑇2 − 𝑇𝑇1

𝐿𝐿
𝑥𝑥 + 𝑇𝑇1

x

T1

T2

0 L

𝑄𝑄 = 𝐴𝐴𝐴𝐴"

𝑄𝑄 = −
𝑘𝑘𝐴𝐴
𝐿𝐿 (𝑇𝑇2 − 𝑇𝑇1) =

𝑇𝑇1 − 𝑇𝑇2
𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 =
𝐿𝐿
𝑘𝑘𝑘𝑘 [ K/W ]

T1 T2

𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

𝑄𝑄 = 𝐴𝐴𝐴𝐴"
k



Thermal resistance – Planar Wall - Conduction
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𝑇𝑇(𝑥𝑥) =
𝑇𝑇2 − 𝑇𝑇1

𝐿𝐿
𝑥𝑥 + 𝑇𝑇1

𝑄𝑄 = −
𝑘𝑘𝐴𝐴
𝐿𝐿 (𝑇𝑇2 − 𝑇𝑇1) =

𝑇𝑇1 − 𝑇𝑇2
𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 =
𝐿𝐿
𝑘𝑘𝑘𝑘 [ K/W ]

T1 T2

𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

𝑄𝑄 = 𝐴𝐴𝐴𝐴"

x

T1

T2

0 L

𝑄𝑄 = 𝐴𝐴𝐴𝐴"

𝑘𝑘𝑎𝑎

x

T1
T2

0 L

𝑄𝑄 = 𝐴𝐴𝐴𝐴"

𝑘𝑘𝑏𝑏 > 𝑘𝑘𝑎𝑎



Thermal resistance – Cylindrical Pipe - Conduction
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T1 T2

𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

𝑄𝑄

T1 T2

T(r)
r1 r2

r

𝑇𝑇 𝑟𝑟 =
𝑇𝑇1 − 𝑇𝑇2

ln( ⁄𝑟𝑟1 𝑟𝑟2) ln
𝑟𝑟
𝑟𝑟2

+ 𝑇𝑇2

𝑄𝑄𝑟𝑟 =
2𝜋𝜋𝜋𝜋𝜋𝜋

ln( ⁄𝑟𝑟2 𝑟𝑟1) 𝑇𝑇1 − 𝑇𝑇2 =
𝑇𝑇1 − 𝑇𝑇2

𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐−𝑐𝑐𝑐𝑐𝑐𝑐



Thermal resistance – Convection
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𝑄𝑄 = ℎ𝐴𝐴 𝑇𝑇𝑠𝑠 − 𝑇𝑇∞

T∞

Ts

𝑸𝑸

Ts

r2
r



Thermal resistance –Radiation
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𝑄𝑄 = 𝐴𝐴𝜀𝜀𝜀𝜀 𝑇𝑇𝑠𝑠4 − 𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠4

Tsurr

Ts

𝑸𝑸

Tsurr

Ts

𝑸𝑸



Thermal resistance
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𝑇𝑇(𝑥𝑥) =
𝑇𝑇2 − 𝑇𝑇1

𝐿𝐿
𝑥𝑥 + 𝑇𝑇1

x

T1

T2

0 L

𝑄𝑄 = 𝐴𝐴𝐴𝐴"

𝑄𝑄 = −
𝑘𝑘𝐴𝐴
𝐿𝐿 (𝑇𝑇2 − 𝑇𝑇1) =

𝑇𝑇1 − 𝑇𝑇2
𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

𝜎𝜎 = 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝐴𝐴 = 𝑤𝑤𝑤𝑤𝑤𝑤𝑤𝑤 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

𝐼𝐼 =
𝑉𝑉1 − 𝑉𝑉2
𝑅𝑅𝑒𝑒𝑒𝑒

𝑅𝑅𝑒𝑒𝑒𝑒 =
𝐿𝐿
𝜎𝜎𝜎𝜎

V1

V2

V

𝑰𝑰

V(𝑥𝑥) = 𝑉𝑉2−𝑉𝑉1
𝐿𝐿

𝑥𝑥 + 𝑉𝑉1

𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 =
𝐿𝐿
𝑘𝑘𝑘𝑘 [ K/W ]

k



Thermal resistance – Planar Wall - Conduction
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𝑇𝑇(𝑥𝑥) =
𝑇𝑇2 − 𝑇𝑇1

𝐿𝐿
𝑥𝑥 + 𝑇𝑇1

x

T1

T2

0 L

𝑄𝑄 = 𝐴𝐴𝐴𝐴"

𝑄𝑄 = −
𝑘𝑘𝐴𝐴
𝐿𝐿 (𝑇𝑇2 − 𝑇𝑇1) =

𝑇𝑇1 − 𝑇𝑇2
𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 =
𝐿𝐿
𝑘𝑘𝑘𝑘 [ K/W ]

T1 T2

𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

𝑞𝑞" =
𝑄𝑄
𝐴𝐴 =

𝑇𝑇1 − 𝑇𝑇2
𝐴𝐴𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

=
𝑇𝑇1 − 𝑇𝑇2
𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

"

𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
" =

𝐿𝐿
𝑘𝑘

[ m2K/W ]

𝑄𝑄 = 𝐴𝐴𝐴𝐴"

𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
" = 𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝐴𝐴

For a planar wall:

k



Thermal resistance – Planar Wall - Conduction
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𝑇𝑇(𝑥𝑥) =
𝑇𝑇2 − 𝑇𝑇1

𝐿𝐿
𝑥𝑥 + 𝑇𝑇1

𝑄𝑄 = −
𝑘𝑘𝐴𝐴
𝐿𝐿 (𝑇𝑇2 − 𝑇𝑇1) =

𝑇𝑇1 − 𝑇𝑇2
𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 =
𝐿𝐿
𝑘𝑘𝑘𝑘 [ K/W ]

T1 T2

𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

𝑄𝑄 = 𝐴𝐴𝐴𝐴"

x

T1

T2

0 L

𝑄𝑄 = 𝐴𝐴𝐴𝐴"

𝑘𝑘𝑎𝑎

x

T1
T2

0 L

𝑄𝑄 = 𝐴𝐴𝐴𝐴"

𝑘𝑘𝑏𝑏 > 𝑘𝑘𝑎𝑎

The higher the thermal 
conductivity the lower the thermal 

resistance, the lower the 
temperature drop



Thermal resistance – Cylindrical Pipe - Conduction
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[ K/W ]

T1 T2

𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

𝑞𝑞′ =
𝑄𝑄
𝐿𝐿 =

𝑇𝑇1 − 𝑇𝑇2
𝐿𝐿𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐−𝑐𝑐𝑐𝑐𝑐𝑐

=
𝑇𝑇1 − 𝑇𝑇2

𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐−𝑐𝑐𝑐𝑐𝑐𝑐
′

𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
′ =

𝑙𝑙𝑙𝑙( ⁄𝑟𝑟2 𝑟𝑟1)
2𝜋𝜋𝜋𝜋

[ mK/W ]

𝑄𝑄

𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐−𝑐𝑐𝑐𝑐𝑐𝑐
′ = 𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐−𝑐𝑐𝑐𝑐𝑐𝑐𝐿𝐿

For a cylindrical pipe:

T1 T2

T(r)
r1 r2

r

𝑇𝑇 𝑟𝑟 =
𝑇𝑇1 − 𝑇𝑇2

ln( ⁄𝑟𝑟1 𝑟𝑟2) ln
𝑟𝑟
𝑟𝑟2

+ 𝑇𝑇2

𝑄𝑄𝑟𝑟 =
2𝜋𝜋𝜋𝜋𝜋𝜋

ln( ⁄𝑟𝑟2 𝑟𝑟1) 𝑇𝑇1 − 𝑇𝑇2 =
𝑇𝑇1 − 𝑇𝑇2

𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐−𝑐𝑐𝑐𝑐𝑐𝑐

𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐−𝑐𝑐𝑐𝑐𝑐𝑐 =
𝑙𝑙𝑙𝑙( ⁄𝑟𝑟2 𝑟𝑟1)

2𝜋𝜋𝜋𝜋𝜋𝜋



Thermal resistance – Convection
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𝑄𝑄 = ℎ𝐴𝐴 𝑇𝑇𝑠𝑠 − 𝑇𝑇∞ =
𝑇𝑇𝑠𝑠 − 𝑇𝑇∞
𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 =
1
ℎ𝐴𝐴

[ K/W ]

𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
" =

1
ℎ

[ m2K/W ]

T∞

Ts

𝑸𝑸

Ts

r2
r

𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 =
1

ℎ2𝜋𝜋𝑟𝑟2𝐿𝐿
[ K/W ]

𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐−𝑐𝑐𝑐𝑐𝑐𝑐
′ =

1
ℎ2𝜋𝜋𝑟𝑟2

[ mK/W ]



Thermal resistance –Radiation
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𝑄𝑄 = 𝐴𝐴𝜀𝜀𝜀𝜀 𝑇𝑇𝑠𝑠4 − 𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠4 = A𝜀𝜀𝜀𝜀 𝑇𝑇𝑠𝑠2 + 𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠2 𝑇𝑇𝑠𝑠 + 𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑇𝑇𝑠𝑠 − 𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

𝑄𝑄 = 𝐴𝐴𝐴𝑟𝑟𝑟𝑟𝑟𝑟 𝑇𝑇𝑠𝑠 − 𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠 =
𝑇𝑇𝑠𝑠 − 𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠
𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

𝑅𝑅𝑡𝑡𝑡,𝑟𝑟𝑟𝑟𝑟𝑟 =
1

ℎ𝑟𝑟𝑟𝑟𝑟𝑟𝐴𝐴
[ K/W ]

𝑅𝑅𝑡𝑡𝑡,𝑟𝑟𝑟𝑟𝑟𝑟
" =

1
ℎ𝑟𝑟𝑟𝑟𝑟𝑟

[ m2K/W ]

Tsurr

Ts

𝑸𝑸

Tsurr

Ts

𝑸𝑸

𝑅𝑅𝑡𝑡𝑡,𝑟𝑟𝑟𝑟𝑟𝑟−𝑐𝑐𝑐𝑐𝑐𝑐 =
1

ℎ𝑟𝑟𝑟𝑟𝑟𝑟2𝜋𝜋𝜋𝜋𝜋𝜋
[ K/W ]

𝑅𝑅𝑅𝑡𝑡𝑡,𝑟𝑟𝑟𝑟𝑟𝑟−𝑐𝑐𝑐𝑐𝑐𝑐 =
1

ℎ𝑟𝑟𝑟𝑟𝑟𝑟2𝜋𝜋𝜋𝜋𝜋𝜋
[ mK/W ]
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𝑄𝑄 =
𝑇𝑇1,𝑠𝑠 − 𝑇𝑇2,∞𝑠𝑠𝑠𝑠𝑠𝑠

𝑅𝑅𝑡𝑡𝑡𝑅𝑅𝑡𝑡𝑡,𝑟𝑟𝑟𝑟𝑟𝑟 =
1

ℎ𝑟𝑟𝑟𝑟𝑟𝑟𝐴𝐴

[ K/W ]

T1,s
T 2,∞,sur

Rth

𝑸𝑸Conduction:

Convection:

Radiation:

𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 =
1
ℎ𝐴𝐴

𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 =
𝐿𝐿
𝑘𝑘𝑘𝑘

[ K/W ]

[ K/W ]



Thermal Resistance Cylindrical (Radial) System
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𝑄𝑄𝑥𝑥 =
𝑇𝑇1,𝑠𝑠 − 𝑇𝑇2,∞𝑠𝑠𝑠𝑠𝑠𝑠

𝑅𝑅𝑡𝑡𝑡𝑅𝑅𝑡𝑡𝑡,𝑟𝑟𝑟𝑟𝑟𝑟 =
1

ℎ𝑟𝑟𝑟𝑟𝑟𝑟2𝜋𝜋𝜋𝜋𝜋𝜋

[ K/W ]

T1,s
T 2,∞,sur

Rth

𝑸𝑸𝒙𝒙Conduction:

Convection:

Radiation:

𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 =
1

ℎ2𝜋𝜋𝜋𝜋𝜋𝜋
[ K/W ]

[ K/W ]

𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐−𝑐𝑐𝑐𝑐𝑐𝑐 =
𝑙𝑙𝑙𝑙( ⁄𝑟𝑟2 𝑟𝑟1)

2𝜋𝜋𝜋𝜋𝜋𝜋
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 Thermal resistance

 Bi Number

 Intro to Thermal Circuits

Learning Objectives:
 Calculate the thermal resistances

 Calculate the Bi number

 Solve 1D problems using thermal circuits



Biot Number
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T∞

𝑄𝑄 =
𝑇𝑇1 − 𝑇𝑇2
𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

=
(𝑇𝑇2−𝑇𝑇∞)
𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

𝑇𝑇1 − 𝑇𝑇2
(𝑇𝑇2 − 𝑇𝑇∞) =

𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

≡ 𝐵𝐵𝐵𝐵

𝑩𝑩𝑩𝑩 ≡
𝒉𝒉𝒉𝒉
𝒌𝒌

Note: L can be generalized to be a characteristic 
dimension of a body (e.g. diameter of a sphere)

T1

T2

0 L

𝑄𝑄

∆𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

∆𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠/𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓
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T∞

T1
T2

0 L

𝑄𝑄

∆𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠~∆𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠/𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓

𝑩𝑩𝑩𝑩 ≡
𝒉𝒉𝒉𝒉
𝒌𝒌 ~𝟏𝟏

T∞

T1
T2

0 L

𝑄𝑄

∆𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ≫ ∆𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠/𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓

𝑩𝑩𝑩𝑩 ≡
𝒉𝒉𝒉𝒉
𝒌𝒌 ≫ 𝟏𝟏

T∞

T1
T2

0 L

𝑄𝑄

∆𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ≪ ∆𝑇𝑇𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠/𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓

𝑩𝑩𝑩𝑩 ≡
𝒉𝒉𝒉𝒉
𝒌𝒌 ≪ 𝟏𝟏

Solid has ~constant temperature
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 Thermal resistance

 Bi Number

 Intro to Thermal Circuits

Learning Objectives:
 Calculate the thermal resistances

 Calculate the Bi number

 Solve 1D problems using thermal circuits



Thermal Circuits
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R1 R2 𝑅𝑅𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 = 𝑅𝑅1 + 𝑅𝑅2+. . = �𝑅𝑅𝑖𝑖
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LA LB

kA kB

h

T4

T1
T2

T3

kA kB>

𝑄𝑄𝑥𝑥

𝑇𝑇1 = 900𝐶𝐶 = 1173𝐾𝐾
𝑇𝑇4 = 10𝐶𝐶 = 283𝐾𝐾

𝐿𝐿𝐴𝐴 = 10 𝑐𝑐𝑐𝑐 = 0.1𝑚𝑚
𝐿𝐿𝐵𝐵 = 50 cm = 0.5m

ℎ = 50 �𝑊𝑊 𝑚𝑚2𝐾𝐾

𝑘𝑘𝐴𝐴 = 100 �𝑊𝑊 𝑚𝑚𝑚𝑚
𝑘𝑘𝐵𝐵 = 0.1 �𝑊𝑊 𝑚𝑚𝑚𝑚

A = 4𝑚𝑚2

Draw the electrical circuit equivalent to this problem then reduce it to a single resistor. 

Compare your solution to the procedure you used in Slide 21. 

• Calculate Q
• Calculate T3, T2
• Draw the temperature profile
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LA LB

kA kB

h

T4

T1
T2

T3

kA kB>

𝑄𝑄𝑥𝑥

𝑇𝑇1 = 900𝐶𝐶 = 1173𝐾𝐾
𝑇𝑇4 = 10𝐶𝐶 = 283𝐾𝐾

𝐿𝐿𝐴𝐴 = 10 𝑐𝑐𝑐𝑐 = 0.1𝑚𝑚
𝐿𝐿𝐵𝐵 = 50 cm = 0.5m

ℎ = 50 �𝑊𝑊 𝑚𝑚2𝐾𝐾

𝑘𝑘𝐴𝐴 = 100 �𝑊𝑊 𝑚𝑚𝑚𝑚
𝑘𝑘𝐵𝐵 = 0.1 �𝑊𝑊 𝑚𝑚𝑚𝑚

𝑄𝑄𝑥𝑥 =
𝑇𝑇3 − 𝑇𝑇4
𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

A = 4𝑚𝑚2

Q = 708.6 W,  
T2 = 899.8 C,  
T3 = 13.54 C  

𝑄𝑄𝑥𝑥 =
𝑇𝑇1 − 𝑇𝑇2
𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐,𝐴𝐴

𝑸𝑸𝒙𝒙 =
𝑻𝑻𝟏𝟏 − 𝑻𝑻𝟒𝟒
𝑹𝑹𝒕𝒕𝒕𝒕𝒕𝒕,𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔𝒔

=
𝑻𝑻𝟏𝟏 − 𝑻𝑻𝟒𝟒

𝑹𝑹𝒕𝒕𝒕𝒕,𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄,𝑨𝑨 + 𝑹𝑹𝒕𝒕𝒕𝒕,𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄,𝑩𝑩 + 𝑹𝑹𝒕𝒕𝒕𝒕,𝒄𝒄𝒄𝒄𝒄𝒄𝒄𝒄

𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐,𝐴𝐴 𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐,𝐵𝐵

�1
ℎ𝐴𝐴�𝐿𝐿𝐵𝐵

𝑘𝑘𝐵𝐵𝐴𝐴�𝐿𝐿𝐴𝐴
𝑘𝑘𝐴𝐴𝐴𝐴
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 Thermal resistance

 Bi Number

 Intro to Thermal Circuits

Learning Objectives:
 Calculate the thermal resistances

 Calculate the Bi number

 Solve 1D problems using thermal circuits



Next Week
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 Thermal Circuits & Overall Heat Transfer Coefficient

 1D steady-state conduction with heat sources

 Introduction to Fins

Learning Objectives:
 Solve 1D steady state heat conduction problems in different 

geometries, with & without heat sources



Supplementary Slides
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1D Steady State Heat Diffusion & Thermal Resistance - Recap
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Assumption 1: incompressible medium
Assumption 2: medium at rest (no convection) 
Assumption 3: isotropic material 

Assumption 4: k independent of T
Assumption 5: steady state
Assumption 6: no heat sources

Single layer

𝑄𝑄



Be careful to the signs!
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𝑇𝑇(𝑥𝑥) = 𝐶𝐶1𝑥𝑥 + 𝐶𝐶2

Boundary Conditions:
𝑇𝑇(𝑥𝑥 = 0) = 𝑇𝑇1
𝑇𝑇(𝑥𝑥 = 𝐿𝐿) = 𝑇𝑇2

𝑇𝑇(𝑥𝑥) =
𝑇𝑇2 − 𝑇𝑇1

𝐿𝐿
𝑥𝑥 + 𝑇𝑇1

𝜕𝜕2𝑇𝑇
𝜕𝜕𝑥𝑥2

= 0

𝑄𝑄𝑥𝑥 = −𝑘𝑘𝑘𝑘
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 = −𝑘𝑘𝑘𝑘

𝑇𝑇2 − 𝑇𝑇1
𝐿𝐿

If T1>T2, Qx>0

If T1<T2, Qx<0 

T1
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T∞𝑸𝑸𝒙𝒙

𝑄𝑄𝑥𝑥 =
𝑇𝑇1 − 𝑇𝑇2𝐵𝐵
𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

=
(𝑇𝑇2𝐵𝐵−𝑇𝑇∞)
𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

𝑇𝑇1 − 𝑇𝑇2𝐵𝐵
(𝑇𝑇2𝐵𝐵 − 𝑇𝑇∞) =

𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐

≡ 𝐵𝐵𝐵𝐵

𝑩𝑩𝑩𝑩 ≡
𝒉𝒉𝒉𝒉
𝒌𝒌

Note: L can be generalized to be a characteristic 
dimension of a body (e.g. diameter of a sphere)



Thermal Resistance Cylindrical (Radial) System – Critical Value
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[ mK/W ]

𝑅𝑅𝑅𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 =
1

ℎ2𝜋𝜋𝑟𝑟2
[ mK/W ]

𝑅𝑅′𝑡𝑡𝑡,𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐−𝑐𝑐𝑐𝑐𝑐𝑐 =
𝑙𝑙𝑙𝑙( ⁄𝑟𝑟2 𝑟𝑟1)

2𝜋𝜋𝜋𝜋
Increases as r2 increases

Decreases as r2 increases

r2r1

The sum of conduction and convection resistance 
presents an extremum for a critical value of r2

h2T∞,2 T1



Thermal Resistance Cylindrical (Radial) System – Critical Radius
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r2rik

T∞ Tih

𝑘𝑘
ℎ
− 𝑟𝑟𝑖𝑖

Minimum R’tot
Maximum heat flux
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