Heat and Mass Transfer
ME-341

Instructor: Giulia Tagliabue

Spring Semester




Conductive Heat Transfer - 2

Types of boundary conditions

Planar and cylindrical (1D) solutions

Learning Objectives:
dentify the possible boundary conditions

v xpress mathematically the various boundary conditions

Calculate the temperature profile in a planar or cylindrical wall



Heat Diffusion Equation - 3D

Non-isothermal!

24

'?= -k 7T

There is a heat

Lo 3
source, g (r ) Wim
distributed through R

Assumption 1: incompressible medium
Assumption 2: medium at rest (no convection)
Assumption 3: isotropic material

Assumption 4: k is independent of T

To solve the equation we need:

 |Initial condition: T(t = 0) = T;(x, y, z)
« Boundary conditions

Assumption 5: steady-state (d/dt = 0)

Assumption 6: no heat sources (¢4 = 0)

VT =0



Heat Diffusion Equation — Boundary Conditions

/B.C. of the 2" kind (Neumann condition): )
known heat flux

\

. (T I
S1an 0\ dx = dw
X=Xi

b

- A - oT
Tix, 1) —k e =0
X=Xi

T (adiabatic)

'B.C. of the 1t kind (Dirichlet condition); )
constant surface temperature
r
Tix, 1) T(F)T_'):T‘_)l — TW
—=x
\_ /
4 ) . . N
B.C. of the 3 kind (Robin condition):
convection surface condition
(0, 1)
hMBI . oT _
T ,h N - <a>x - (T(Xl', t) - Too)
T TT F+x\ Ty, 0
\_ v

. /
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Heat Diffusion Equation - 1D, steady-state, no-heat sources, Dirichlet’s BC

a .
g Planar Wall A Radial System h
T, — I —-T r
T(x) = = 7 ~x + Ty T(r) = ln(r1/7‘z)ln (7”2) T
Linear !! Logarithmic !!
ﬁ T1
T1
Ty T,
o 0 L / N 51 Y, /




A = 4m?
LA LB Tl =900C = 1173K h =50 W/mZK
K, ke Ky > K T, = 10C = 283K
T4 T~ Ly=10cm = 0.1m ka =100 W/m[(

T, \ h Lg =50cm = 0.5m kg = 0.1 W/mK
Linear|!! \\ « Calculate Q
« Calculate T, T,

]
Q, EEEE——— ) 4 « Draw the temperature profile

Qr =hA(T3 —T,) Qx = kAA/LA (T; —Tp) Qx = kBA/LB (T, — T3)

Q=708.6W, T2=899.8C, T3=13.54C



Conductive Heat Transfer - 3

Learning Objectives:

H Thermal resistance
H Bi Number

H Intro to Thermal Circuits

(1 Calculate the thermal resistances

(1 Calculate the Bi number

O Solve 1D problems using thermal circuits



Thermal resistance

T, — T
T(x) = I x+T;

kA

Q=-—(T~T)

V)

JlLp—
=




Thermal resistance — Planar Wall - Conduction

= Aq"
Q = Aq

-1
L

T(x) = x+T;

(T, = Tp)

0=-L0r,-1) =
L 2 ! Rth,cond

L
Rth,cond = k_A [ K/VV]

R th,cond



Thermal resistance — Planar Wall - Conduction

0=4q 0=4q

= Aqg"

T1 ka T1 EI;
Ty T T
k, > kg TV VvV ¢

T2 Rin cond

» X X
0 L 0 L
T (x) =T2;T1x+T1

(1 —Ty)
Rth,cond

kA
Q=~—(T,~T)

L
Rtn,cona = kA [KIW]



Thermal resistance — Gylindrical Pipe - Gonduction

CEE B A

R th,cond

T(r) =

T,—T, <r>+T
In(ry/13) ?

2mwLk T, — T
n (Tl—T2)=(1—2)

r In(r, /1) Rth,cond—cyl
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Thermal resistance — Gonvection




Thermal resistance —Radiation
T

surr

Q = AEO-(T54 - Ts%zrr)
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Thermal resistance

Q — Aq" V‘
. v, —[oub—
|
T2 —V,
» X
O L o] L =
T, —T Vo=V
=) T(x)= ZL Lx+ T, =) V) ="—x+V
kA T, —T V, =V
é Q:__(Tz_Tl):(l 2) é I:(l 2)
L Rth,cond Rel
L _ L o = electrical conductivity
é Rth,cond = a [ K/W ] é Rel O'_A A = wire cross section
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Thermal resistance — Planar Wall - Conduction

= Ag"
Q qi
Ty
» X
0 L
I, -Ty
my T(x)= X +T;
kA (T, — T,)
= Q=-—7(,-T)="F——
th,cond
L
=> Rincona = KA [ K/W]

»

R th,cond

For a planar wall:

q.,

_2_ (T, — T2) . (Ty — T>)
A ARth,cond R

th,cond

Rth,cond = Rth,condA

’ L
Rth,cond — E [ mzK/W]
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Thermal resistance — Planar Wall - Conduction

0 = Aq
T1 ka T1
T2
» X
0 L
I, -Ty
my T(x)= X + T;
kA (T, — T,)
= Q= —7 (I —T) =Rl—2
th,cond
L
=> Rincona = KA [ K/W]

Q= Aq’

k, >k,

Q =Aq"
——)
B AAAN—T
Rth,cond
4 N
The higher the thermal

.

conductivity the lower the thermal

resistance, the lower the
temperature drop

/
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Thermal resistance — Gylindrical Pipe - Gonduction

U =t/

=> Rth,cond—cyl —

2Lk

(T1 - Tz) =

In(ry/m)

»

Lin(2) +1,

(T, = Ty)

Rth,cond—cyl

[K/W ]

R th,cond

For a cylindrical pipe:

, Q@ (Ih—T) (Ty — T2)

q _ — = !/
L LRth,cond—Cyl Rth cond—cyl

’ —
th,cond—cyl — Rth,cond—cylL

/ _ In(ry/11)
th,cond — W [

mK/W ]
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Thermal resistance — Gonvection

Q
T. — T,
0 = hA(Ty ~ T,) = =)
th,conv 1
Rth,conv = % [ K/VV] Rth,conv — hZTETZL [ K/W]
1

; ! / - mK/W!

Rip cona = W [ mZK/W] Rth,conv—cyl h2mr, [ ]
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Thermal resistance —Radiation

TSU rr TSU rr
T, E T
Q Q

Q =Aeo(Td—Th,) =Aeo(TE + T )(Ts + Towrr)(Ts — Tourr)

(Ts — Tsur)
Q =Ahpgq (T sur) — }; =
1 th,conv 1
Renraa = hagd [KIW] Renrad—cyt = hoq 2L [KIW]
" 1 . 1
Renraa = hyaa [mKW] Renrad-cyt = Ryaa27rL [mK/V\{Q]



Thermal Resistances for a Planar Wall

L
Conduction: Rincona = o [KIW ] 0
—
T1,s \/ \/ \/_ T2,°°,sur
1
Convection:  Rencona =7 [KIW] R,
1 _ (Tl,s - T2,oosur)

Radiation: Rinrad = [KIW] \ Ry,

hradA
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Thermal Resistance Cylindrical (Radial) System

[
1
Convection:  Rencony = 75— [KW]
e _ 1 [KIW] Qx
Radiation. Rihraa = P
rad
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Conductive Heat Transfer - 3

Thermal resistance

H Bi Number

H Intro to Thermal Circuits

Learning Objectives:
Calculate the thermal resistances

(1 Calculate the Bi number

O Solve 1D problems using thermal circuits
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—Q> 0 = (Ty — T3) _ (T;—Tw)

- Rth,cond - Rth,conv
' M
T2 ATsolid é (Ty — T3) _ Rth,cond —

= = Bi
(TZ - 00) Rth,conv
ATsotid/fluid

T hL

0 ] . $ BiET

Note: L can be generalized to be a characteristic
dimension of a body (e.g. diameter of a sphere)
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Q
>
Ty
12
T.
0o L

ATso1ia K ATsotia/ fluia

B'_hL<<1
=%

Solid has ~constant temperature

ATso1ia~ATsotia/ fluia

gi=_ 4
=%

Q
>
T
\t
I T°°
o L

ATso1ia > ATsotia/ fiuia

B'_hL>>1
=%
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Conductive Heat Transfer - 3

Learning Objectives:

f Thermal resistance
‘?/ Bi Number

H Intro to Thermal Circuits

Calculate the thermal resistances
Calculate the Bi number

O Solve 1D problems using thermal circuits
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Thermal Circuits

Rseries = Ry + Ro+.. = z R;
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Thermal Circuits

LA LB
Ky kg
T1 \

0, mE———————

L

T,

A = 4m?

T; =900C = 1173K

h=50W
T, = 10C = 283K [m2K

ko =100"/
kg =01W/

Ly=10cm = 0.1m
Lz =50cm = 0.5m

« Calculate Q
« Calculate T, T,
* Draw the temperature profile

Draw the electrical circuit equivalent to this problem then reduce it to a single resistor.

Compare your solution to the procedure you used in Slide 21.
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Thermal Circuits

A = 4m?
T, =900C = 1173K h=50W/ )
k> Kg T, = 10C = 283K meK
T, h Ly=10cm = 0.1m ko =100"/
] ' ] Lg =50 cm = 0.5m kg = 0.1 W/mK
0 T{—T, B T{—-T,
Qx T4 * Rtot,series Rth,cond,A + Rth,cond,B + Rth,conv
0. = I3 =T,
‘ ._/\/\/\/_.J\/\/\/_.J\/\/\/_. ‘ g Rin conv Q=7086W,
T2 =899.8 C,
Rth,cond,A Rth,cond,B Rth,conv T, —T, T3=1354C

L L Or =
Y A /i 5A 1 hA Rehcond.s 2



Conductive Heat Transfer - 3

Learning Objectives:

{ Thermal resistance
{ Bi Number

{ Intro to Thermal Circuits

{Calculate the thermal resistances
‘{Calculate the Bi number
J Solve 1D problems using thermal circuits
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Next Week

H Thermal Circuits & Overall Heat Transfer Coefficient
O 1D steady-state conduction with heat sources

H Introduction to Fins

Learning Objectives:
O Solve 1D steady state heat conduction problems in different

geometries, with & without heat sources
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Supplementary Slides
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1D Steady State Heat Diffusion & Thermal Resistance - Recap

Assumption 1: incompressible medium

Assumption 2: medium at rest (no convection)

Assumption 3: isotropic material

Assumption 4: k independent of T
Assumption 5: steady state
Assumption 6: no heat sources

h

Single layer

Plane Wall

Cylindrical Wall”

Heat equation

Temperature
distribution

Heat flux (q”}

Heat rate ()

Thermal
resistance (R, g

Ld( dT\ _
3 dr(} dr) .

In (r/ry)
I“ {f'|.|‘rf'2_}

T,,+ AT

kAT
rin (r/r))

girfk.-ﬁ?_“
In (ry/ry)

In (ry/r))
2wlLk

Spherical Wall

L af ,dar\ _
rzdr(r dr) &

1 — (r/r)
T, —AT| ———
[l ) ("Lfrz]:l

kAT
(1 /r) — (1/ry)]

4k AT

c;l.h]} . [:l.ffrz)

(1/r)) — (1/ry)
47k
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Be careful to the signs!
A 92T
dx?

nT TeT, 7T Tx=0)=T;
Boundary Conditions: T(x=1)=T,

=0 Q T(x)=C1x+C2

-1
L

T - => T(X) = X + Tl

oT T, —1, [fT>T5, Q>0
. = —kA— = —kA
= ¢ 0x L If T,<T,, Q,<0
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Biot Number

T2B

Qx _ (Tl _ TZB) _ (TZB_ oo)

Rth,cond R th,conv

g (Tl - TZB) _ Rth,cond = Bi
(TZB - 00) Rth,conv

Note: L can be generalized to be a characteristic
dimension of a body (e.g. diameter of a sphere)
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Thermal Resistance Gylindrical (Radial) System - Critical Value

T°°,2 h2

—l
—_— r
—_— -

In(r,/r :
R’ thcond—cyl = (2;{(1) [mK/W] Increases as r, increases
’ T

1 :
R'th conv = 2T [ MK/W] Decreases as r, increases

The sum of conduction and convection resistance
presents an extremum for a critical value of r,
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Thermal Resistance Gylindrical (Radial) System - Critical Radius

. | Y T.,
L =AAAAN——ANAAA~0
—_— In{rir;) 1
— 2nk 2nrh
In (+/ I
n(rir;
Rl:'.'ll - ( ‘) '|‘ 1 R -
2wk 2arh 6
dr tfm 1 1 k g ! _—
=) - =0 r—— 4 I
dr 2mkr 2arh h 7 | N Minimum R’,,
at r = k/h, o OS Maximum heat flux
dlelot — | 1 1 _ 1 :
2 s 2 3 AL - > O 0 4 50
dr®  w(khy*\k 2K/ 2qmk*/n? o k_ .
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