
Control Systems : Exam Formula Sheet

Zieger-Nichols

Type KP Ti Td

P 1
aL

PI 0.9
aL

3.3L

PID 1.2
aL

2L 0.5L

Type KP Ti Td

P 0.5Kpc

PI 0.45Kpc 0.83Tc

PID 0.6Kpc 0.5Tc 0.125Tc

Second order systems

Tp =
π

ωn
√
1− ζ2

=
π

ωd

Mp × 100% = 100e−ζπ/
√
1−ζ2

Ts =
− ln δ
ζωn

=
4

ζωn
=
4

σ

G(jω) =
1

(jω/ωn)2 + 2ζ(jω/ωn) + 1
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System Types

Type r(t) = 1 r(t) = t r(t) = t2

0
1

1 + γ
∞ ∞

1 0
1

γ
∞

2 0 0
1

γ

Resonance and Phase Margin

Tustin Approximation

s ≈
2

T

z − 1
z + 1
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Phase Lead Compensators

ωmax =
1

TD
√
α

sinφmax =
1− α
1 + α

α =
1− sinφmax
1 + sinφmax
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State Space

G(s) =
Y (s)

U(s)
= C(sI − A)−1B +D

Canonical Forms

G(s) =
Y (s)

U(s)
=

b1s
n−1 + · · ·+ bn−1s + bn

sn + a1sn−1 + · · ·+ an−1s + an

ẋ =


−a1 −a2 −a3

1 0 0

0 1 0

 x +

1

0

0

 u
y =

[
b1 b2 b3

]
x

ẋ =


−a1 1 0

−a2 0 1

−a3 0 0

 x +

b1

b2

b3

 u
y =

[
1 0 0

]
x
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Ackermann’s Formula

K =
[
0 0 . . . 1

]
C−1α(A) L = αe(A)O−1


0

0
...

1



O =


C

CA
...

CAn−1

 C =
[
B AB A2B . . . An−1B

]

Bessel polynomials

n = 1 θ1(s) = s + 1

n = 2 θ2(s) = s
2 + 3s + 3

n = 3 θ3(s) = s
3 + 6s2 + 15s + 15

n = 4 θ4(s) = s
4 + 10s3 + 45s2 + 105s + 105

n = 5 θ5(s) = s
5 + 15s4 + 105s3 + 420s2 + 945s + 945

LQR

u = −Kx

K = R−1BTP ATP + PA− PBR−1BTP +Q = 0

Laplace Transforms

1 1
s

tn, f or n = 0, 1, 2, . . . n!
sn+1

eat 1
s−a

sinωt ω
s2+ω2

cosωt s
s2+ω2

eat sinωt ω
(s−a)2+ω2

eat cosωt (s−a)
(s−a)2+ω2
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