Math 667 final project

Please choose one problem among the following, and write up a short text (around 3-5 pages in
LaTex) on it, which includes a short introduction/motivation (in the context of our class) as well
as a proof of the result in question.

1. Consider the algebras U? and V* defined on pages 13-14 of the lecture notes, for any choice of

{Cz‘j(@ < m}i,jef

(in the notation referenced, V* =V and VYV~ = V°P). Prove that there exists a well-defined pairing
UtV —K (1)
given by the formulas at the middle of page 17 of the lecture notes.
2. Show that the pairing is the unique such pairing determined by the initial condition
(€ik: 251) = 0ijOk110
and the fact that it extends to a bialgebra pairing (see page 2 of the lecture notes)
UZ®Vs 5K (2)
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(the bialgebra structures on the tensor factors of was defined on page 16 of the lecture notes).

3. Given any shuffle algebra V (corresponding to a choice of set I, field K, and rational functions

K[xil} )

Gij(x) € =2y

a collection
i1,.-.,ip €I and 71,...,7% €K

is called a wheel if Gjyi,(71) = Gigiz(72) = -+ = Giniy (3n) = 0 and 71 ... 7, = 1. Show that

S = {R which vanishes at z;,4; = Ziyao V1, Zisas = ZigazV2s - - - s Zinan = Zira; Yns

Vay,...,an > 1t ag # ay ifix:z'y}



is a subalgebra of V with respect to the shuffle product.

4. Consider representations of a doubled quiver ) with vertex set I, of some henceforth fixed
dimension vector n = (n; > 0);cr. If we fix for all i € I a basis

v = Cvil D---P (Cvini
then we may regard a doubled quiver representation as an element of the quotient stack
S = AXeing 2nmj/H
where H = [],.; [[,2; C* and the affine space above parameterizes the matrix coefficients of

@ : CM = C™ :¢*}
{ ¢ € V edge e:i—j

in our chosen basis, and the (i,a)-th copy of C* in H scales the basis vector Cuv;,. We also
have an action T' ~ S, via dilating the linear maps ¢, ¢; by certain henceforth fixed characters
te, -+ T'— C*. The gist of this construction is that

Kr(S) = Kpxn (AEe:Hj 2%%) = Repyl..., 22 .. ]

Y “ia )

and the K-theoretic Hall algebra that we’ve been studying lies inside the invariant part of the
polynomial ring on the right with respect to the permutation of the variables.

Fix i¢,7 € I, some a € {1,...,n;}, and some v € Repy. Now consider the locally closed substack
U C AXocimg 20

consisting of {¢e, ¢Z}edge ¢ for which the only non-zero matrix entries are
be(Vj1) = TeViq
®% (Via) = YeVj2

be (Via) = Yervj2

e (V1) = TeVig

where e runs over those arrows j — 4 such that t. = v and ¢’ runs over those arrows 7 — j such
that £ = ~. Moreover, in the definition of U, the z.’s and y.’s are complex numbers which are
e

required to satisfy the relation
erye - er’ye’ 7& 0
e e/

Show that the restriction map
KTXH <AZ€:7L—>]‘ 2711'71]') — KTXH(U)

coincides with the natural quotient map

Reprl..., 25t ...] = Repyl..., 250, .. ]/ (sz —qzj1, (Zia — ’yzjl)#>

where # denotes the number of arrows j — ¢ such that t. = 7 plus the number of arrows i — j
such that % = ~. If this all seems too complicated, first do the case # = 1 and then # = 2.



