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HOMEWORK SOLUTION WEEK 1

1. Let v € H and u,, = v in ‘H, n — oco. Then, by Cauchy-Schwarz,
| (Un, ) = (u,0) | = [ (un = w,0) | < Jlun = ull o] =0, n — o0,
showing that u — (u,v) is continuous. That v — (u,v) is also continuous now follows from this result
and the identity (u,v) = (v, u).
On the other hand, if u,, — u in H, n — oo, the triangle inequality implies that
[unll = lull < lun —ulf =0, n = oo,

showing that u — ||u|| is continuous.

2. We define
HAHB(Hl,Hg) =infQu, Qq:={C >0; HAuHHQ <C HuH;,{1 YVu € Hi}.

On the other hand, we let
[Aully,
Spi= sup ——.
u€H1\{0} HUH’Hl

We will prove that ||A|| = S4. We drop the indices from the norms to simplify the notation.

Firstly, by definition of Sy, we have that || Au|| < S ||u|| for all u € Hy, hence Sy € Q4 and S4 > ||A].
Now suppose by contradiction that S4 > ||A||. Then, by definition of ||A]|, there exists C € [||A|,Sa)
such that ||Au|| < C ||u|| for all uw € H;. Hence,

[[Aull
[l

But this contradicts the definition of S4.
Finally, we prove that

<C < Sy VuEH1\{0}.

Au
sup 240 — sy auf = sup [l4u] .
w0 Ul =1 lull<1
The first identity follows directly by the linearity of A and the positive homogeneity of the norm. We
now prove the second one. The inequality supj,—1 [[Aul| < supj,<; [|Aul| is trivial. To conclude, observe
o J4u) J4u)
u u
sup |[Au|| = sup > > sup || Aull.
ufl=1 w0 Ul " ocpu<r lull 7 <t

3. We recall that a linear operator is bounded if and only if it is continuous.

Suppose that A is bounded. Consider a sequence ((uy,v,)) C G4 such that (uy,,v,) — (u,v) asn — 0.
By continuity of A, v, = Au, — Au, hence (u,v) = (u, Au). Therefore, (u,v) € G4, showing that G4 is
closed.

Conversely, suppose that G4 C X1 x &5 is closed. Then G4, endowed with the product norm inherited
from X} x X», is a Banach space. Consider the projections 7j : G4 — X; (j = 1,2) defined by

71 (u, Au) — u, 72 (u, Au) — Au.

Both are bounded linear maps of norm one. Since m; is a bounded bijection between Banach spaces, the
inverse mapping theorem ensures that lis continuous. Since, A = my o T ! we conclude that A is
continuous, hence bounded.

4. By assumption, Ry(A) = (A — M)~! is well defined and bounded on a dense subspace D,(A) of X.
Let u € X. The Closed Graph Theorem implies that the graph

Gan={(@,(A-M)z):re X} C X xX



EPFL — Spring 2025 Spectral theory Francgois Genoud

of (A — AI) is closed. Hence,
Grya) = {(z,y) € X X X : (y,2) € Ga_an}

is closed as well. We prove that © ,\(A) is closed, hence ©)(A) = D\(A) = X. Take any sequence
(un) C D(A) such that u, — u € X. We need to show that u € ©,(A). Observe that

[BA(A)un = Ba(A)um|| < [BACA) [} [[un = um|| =0 (n,m = o0),

ie. (Rx(A)u,) is a Cauchy sequence in X, hence converges. Call v its limit. We have proved that
(tn, Rx(A)un) C Gg,(a) converges to (u,v) € X. Since the graph of R)(A) is closed, (u,v) € Gg,(4)- In
particular, u € ©)(A), which finishes the proof.

Alternative argument which does not use the Closed Graph Theorem : A bounded operator
defined on a dense subset of a Banach space has a unique bounded extension defined on the whole Banach
space. Such an extension is obtained as follows. If x € X, take a sequence (un)neny C D(A) for which

r = lim wu, and define
n—-+0o

)\

Ry(A)x = nll)glw Rx(A)uy,

The sequence (Ry(A)un)nen is Cauchy, hence converges in X, as was shown above. One easily checks
that the definition of R)(A)x is independent of the chosen sequence (uy,)nen. Moreover, by continuity of
the norm

o o . T |
IRA(A)al| = || lim Ry(A)unl| = Tim [|Ra(A)unl| < Tin [[BA(A)] - lfunl| = [IRA(A)] - Jo]

meaning that the extension R)(A)z is still bounded with unchanged norm. As (A — AI) is also bounded,
one has
(A= A)R\(A)z = lim (A—A)Rx(A)u, = lim u, ==z

n—-+0oo n—-+oo
for all x € X. Similarly,
Ry(A) A=Az =2 VreX

which concludes the proof.

5. (a) By assumption, there exists M € [0, 00) such that sup,,~; [0, = M. Hence,
[Aul =" [0nun]® < M? " funl? = M2 |[ul®,  Vu = (tn)nz1 € €2,

n>1 n=1

This implies that A is bounded, with ||A]| < M

(b) For each ng > 1, 6, is an eigenvalue of A, with eigenvector e,, = (dpn.ng)n>1-
Hence, 0,(A) = (0n)n>1-

Since o(A) is closed, it follows that

mn>l - U(A) (1)
On the other hand, if A & (0,,),,5;, for any v = (vn)n>1 € £2, the equation
(A= A)u=v (2)

can be solved in 2. Indeed, since |#,, — A| is bounded away from zero, u, = (6, — \)~lv, yields a unique
sequence u = (uy)n>1 € £2 satisfying (2). Hence,

AE (On)nzy = A€ p(A). (3)
We conclude from (1) and (3) that o(A) = (6),,51-

=

(c) Consider a limit point A\ € (6,) Jn>1 \ (0n)n=>1. Then there exists a subsequence (fy;);>1 such that
On;, — A as j — oo. Now consider the sequence (en;);j>1 C ¢? defined by en; = (Onn;)n>1, for all j > 1.
We have ||e,, || =1 for all j > 1 and

1A= AD en, |* = S 100 — A 2000, = 00, — A2 = 00 (j = o0).

n>1
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(d) A is symmetric if and only if (6,,),>1 C R.

6. Define T on C0, 1] by
Tu(z) = t(z)u(z), =ze€]l0,1],
where t € C[0, 1] is any function whose range is equal to [a,b]. Then (T'— AI)u = v can be solved uniquely
in C10, 1] by the formula
u(z) = (t(x) — N to(z), =ec](0,1],
if and only if A & [a,b]. Hence, o(T') = [a, b].



