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HOMEWORK SOLUTION WEEK 12

1. The spectral family of X is given by
Exty = X(—oonU, AER, ¢ € L*R).

Hence, the distribution function of X is
A

Fx()) = (Bxi, o) =/R e @ >|2d:c=/ ()2 de

— 00
and the result follows from relations (4.2.6) of the lecture notes.
2. That (U,)qer is unitary group is easy to check. To prove strong continuity, dominated convergence
cannot be applied directly and we use an approximation by smooth functions.

Let ¢ € L?>(R), a € R, and consider a sequence a,, — a. Let ¢ > 0 and ¢ € C*(R) a function with
compact support K such that

2
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Then there is a constant C' > 0 (independent of ¢, € and n) such that
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The first and last integrals in the right-hand side are < €. On the other hand, by the mean-value theorem,
there exists Cy > 0 such that

(2 — an) — p(z — a)* < Cilan — af’.

Hence,
/ [W(x — an) — ¥(z — a)|* dz < 2Ce + C1|K||a, — af* — 2Ce, n — oc.
R
Since € > 0 is arbitrary, we conclude that

/ [Y(z — an) —¢(x—a)]2dx — 0, n— oo.
R

3. For any ) € ©(XP — PX) =9xp NDpx, there holds

(XP — PX)i(a) = X(Pu)(x) ~ P(X)(x) = 27 ~ab(a) — © < (a(a)

= (e 0l@) — 9(@) 22 (w)) =~ Tb(a) = ().

4. For ¢ € L*(R), let S = A —(A),, and T = B — (B),,. Then D(ST —T'S) = D(AB — BA) and a direct
calculation shows that
ST —-TS=AB—-BA=2C.
It follows that
[{C)y | = [{(ST = TS)h, ) | <[ (ST, ¥) [+ [(T'SY, ) | = [T, SP) | + | (Sp, Ty | < 2(|SY| 1T+,

where

1591l = [[(A = (A)) D]l = Ay(A)
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and

[Tl = [I(B = (B)y)¢ll = Ay(B).



