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HOMEWORK SOLUTION WEEK 11

1. (a) For all u € H,
1Tull* = (U, Un) = (u,u) = [ull”. (1)
Hence, |U|| = 1.

(b) It follows from () that Uu = 0 iff w = 0. Hence, kerU = {0} and U is one-to-one. Since U is also
surjective, we conclude that U is invertible on . Now, for u € H, let v = U~ 'u. Then, for all w € H,

(Uw,u) = (Uw,Uv) = (w,v) = (w,U ).
By uniqueness of U*, it follows that U* = U~!. Furthermore, for all u,v € H,
<U_1u, U_1v> = (u, (U_l)*U_1U> = (u, (U*)_IU_IU> = (u, (U*)_IU*U> = (u,v).
Since U~ is surjective, it follows that it is unitary.

We have just seen that U € B(H) is unitary = UU* = U*U = I. For the converse, observe that
UU* =U*U =1 = U surjective and, for all u,v € H,

(Uu,Uv) = (u, U*Uv) = (u,v),
hence U is unitary.
2. Suppose (Uy)ier is a weakly continuous one-parameter unitary group: for all ¢y € R, for all u,v € H,
tll}% (Ugu,v) = (Ugyu,v) .
Then, given tyg € H and u € H,

|Uu — Upyul|?* = (Upu — Uy, Upu — Uyu) = (Upu, Upns) — 2Re (Ugu, Uyt + (Upy i, Upy )
= (u,u) — 2Re (Upu, Ugyu) + (u, u) — (u,u) — 2Re (U u, Ugyu) + (u,u) =0, t — to.



