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HoMEWORK WEEK 9

1. Let H = L?[0,1]. We continue here our study of the differential operator i%. We now

consider D3 : ®p, C H — H defined by

d
Dy i=iT, Dp, = Cy(0,1).

(a) Show that Dj is unbounded.

(b) Prove that the adjoint D3* of D3 exists and is given by

d
D3* = i Doy =9:= {ue AC[0,1]; u' € L?[0,1]}.

Hint: For any subinterval [a,b] C [0, 1], construct a sequence (u,) C ©p, which
converges to X4 Use this sequence to compute fab(Dg*u)(a:) dz for any u € Dp,+.

(c) Observe the inclusion relations between D p,, ® p,~ and Dp,, D p, .

(d) Prove that the closure D3 of Dj is given by

Dy = z‘d%, Dp; = {u € AC[0,1]; v’ € L?[0,1] and u(0) = u(1) =0} .

2. Prove Theorem 3.6.5 from the lecture notes : Let (E))er be a spectral family and f: R —
C be an F-measurable function. Then the following properties hold true.

(2) u € Dy <= 1E)ull” = [ /P gy < +oo.

(b) If f is bounded, then D gy = H, E(f) € B(H) and ||E(f)|| < esssupyeg [f(A)].

(c¢) If f(A) =1 for all A € R, then E(f) = I.

(d) For all u € Dy,

() = [ FO) dnye,

(e) For a,b € C and any E-measurable function g : R — C,
aB(f) +0E(g) € E(af +b9),  Du(p)rp) = DE|si+)
(f) For all u € R,
E.E(f) C E(f)E,
with equality if f is bounded.
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(g) For any E-measurable functions f,g: R — C,
E(N)E(9) € E(f9),  Du(pee) = Dreg) N Di(rg)

Hint: For the equality of domains, show that

+o0 +oo
/ P T —— / £ g

for any F-measurable functions f,g : R — C. Try to prove it first when f is a step
function.

(h) Dy is dense.
Hint: For u € H, try the sequence u, := E(X|—nz) © [)u.
(1) _
E(f)=EW)s Doy =Dy
(j) The operator E(f) is normal, i.e. E(f)E(f)* = E(f)*E(f).



