EPFL — Spring 2025 Spectral theory Francois Genoud

HoMEWORK WEEK 7

1. Consider an operator 7' : ®pr C ‘H — H, and suppose that T is bounded on D7, in the
sense that there is a constant C' > 0 such that ||Tu|| < C||u||, for all u € ©p. Show that T’
can be extended to a bounded linear operator on H. (Remark: It is not assumed that D
is dense).

2. Let S:®g CH — H be a one-to-one operator. Consider the following properties.

(i) S is closed.
(ii) rge S is dense.
(iii) rge S is closed.
(iv) There is a constant C' such that ||Sul|| > Clul|, for all u € Dg.
(a) Prove that (i)-(ii)-(iii) imply (iv). Hint: Apply the Closed Graph Theorem to S~
(b) Prove that (ii)-(iii)-(iv) imply (i).
(c) Prove that (i) and (iv) imply (iii).
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3. Prove that, if 77!, T* and (T7')* exist, then (T*)7! also exists, and (T~!)* = (T*)~".
4. We define an operator T on L*(R) by (Tu)(z) = ¢(x)u(z), where ¢ € L=(R).

(a) Show that 7" is bounded and compute its norm.
(b) Find T*. Under what condition is 1" = T*7
(c) If S is defined by (Su)(x) = ¢¥(z)u(x) with ¢ € L*(R), find T'S and (T'S)*.

5. Consider again the multiplication operator T' : L*(R) — L*(R), (Tu)(x) = ¢(z)u(x).

Suppose now that ¢ : R — C is continuous and satisfies lirf |p(x)| = +o0.
T—r+00

(a) Find the domain of T" and show that 7" is unbounded.
(b) Find T*.
Hint: Start by showing that ®7 C D¢« and T*v = ¢, for all v € Dp.



