EPFL — Spring 2025 Spectral theory Francois Genoud

HOMEWORK WEEK 12

1. The position operator X of the quantum particle on the line is defined by
Dx ={Y € L’(R); ay(x) € L*(R)}, (X9)(x) = a¢(x)
(cf. Problem 3, Week 10). Using the probabilistic interpretation of the distribution function
FX()\) - <E>\1/}7 ¢> )
recover the statement that the probability of finding the particle in a normalized state v

in the interval A = [a, b] is given by fab | (2)|? da.

2. The group of translations acting on L?(R) is defined by
(Ua¥)(z) =¥(z —a), acR.

Show that (U,)qcr is a strongly continuous one-parameter unitary group.

3. The momentum operator P of the quantum particle on the line is defined by
h d
Dp = {4 € *(R); ¥ is AC and ¥/(2) € L*R)},  (PU)(x) = ()
(cf. Problem 3, Week 8). Prove that
XP— PX =1ihl,

where [ is the identity operator on the domain ®xp_px =D xp N Dpx.

4. Let A and B be selfadjoint operators acting in the Hilbert space L*(R). Prove that the
commutator C' = AB — BA satisfies

[ {C)y | < 2A4(A)Ay(B),
forall v € Do =D NDpa.

Hint: First show that C' = ST — T'S where S = A — (A), and T'= B — (B)
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