EPFL — Spring 2025 Spectral theory Francois Genoud

HoMEWORK WEEK 10

1. Let A:®4 CH — H be a selfadjoint operator. Prove that o,.(A) = .

2. Let H = L*(R) and define H : D5 C H — H by
d? ~
H = —@, @H = Cc (R)

(a) Prove that H is symmetric.

d2
(b) Prove that H* is given by H* = —— on Dy~ = D, where

dzx
D :={ve L*R);veC'(R), v € AC[a,b] for any —oo < a < b < o0, v" € L*(R)}.
(¢) Using Theorem 3.5.6, determine whether H is essentially selfadjoint.
3. Consider the multiplication operator in H = L?(R) defined by
(Xu)(z) :==zu(z), Dx :={uec L’R); zu(z) € L*(R)}.

(a) Show that X is unbounded and selfadjoint.
(b) Find the spectrum and the spectral family of X.



